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PREFACE TO THE EIGHTH EDITION

TR " A A e S|
AGA TGA | JaFaaqd Ha: ||

The Eighth edition of this textbook is an outcome of new syllabus of Engineering
Mathematics IIT (NAS-301/NAS-401) for the students of B. Tech. II year (Both IIT and IV
semester in all branches) proposed and implemented by the U.P. Technical University
(U.P.T.U.), Lucknow recently. The book has been renovated in the light of the latest syllabus.
It will work as the latest ready reckoner for the readers.

The subject matter has been made more lucid and easier to understand. A large number
of new solved examples and questions have been added. All the answers have been checked
and verified. All the questions of latest university papers have been added in the body of the
text. The suggestions from our colleagues and readers have been incorporated at the proper
places. An appreciably heavy demand of the book ensures its utility to the users.

Separate exercise (TEST YOUR KNOWLEDGE) have been given at the end of each
unit.

This book is written with a unique style only meant for the welfare of dear students. We
hope that this book will be a strength for them and it will serve their very purpose of attaining
excellent results.

We are highly obliged to Dr. Hari Kishan, Ex-Head, Department of Mathematics,
K.R. (P.G.) College, Mathura, also an eminent author, for his valuable help round the clock in
making this book PERFECT in all senses.

We are indebted to GOD for shower of blessing. The suggestions with a view to enhance
the utility of the book are always welcome.

—AUTHORS

(ix)
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SYLLABUS

U.P. TECHNICAL UNIVERSITY, LUCKNOW
MATHEMATICS-III

NAS-301/NAS-401 LTP
310
Unit I: Function of Complex variable 8

Analytic functions, C-R equations. Harmonic Functions, Cauchy’s integral theorem,
Cauchy’s integral formula. Derivatives of analytic functions, Taylor’s and Laurent’s series,
Singularities, Zeroes and Poles, Residue theorem, Evaluation of real integrals of the type

J.jnf (cos 0, sin 0) do and j_ :f (x) dx.

Unit II: Integral Transforms 8

Fourier integral, Complex Fourier transform, Inverse Transforms, Convolution
Theorems, Fourier sine and cosine transform, Applications of Fourier transform to simple one
dimensional heat transfer equations, wave equations and Laplace equations, Z-transform and
its application to solve difference equations.

Unit III: Statistical Techniques 8

Moments, Moment generating functions, Skewness, Kurtosis, Curve fitting, Method of
least squares, Fitting of straight lines, Polynomials, Exponential curves, Correlation, Linear,
Non-linear and multiple regression analysis, Binomial, Poisson and Normal distributions,
Tests of significations: Chi-square test, t-test.

Unit IV: Numerical Techniques-I 8

Zeroes of transcendental and polynomial equations using Bisection method, Regula-
falsi method and Newton-Raphson method, Rate of convergence of above methods.

Interpolation: Finite differences, Newton’s forward and backward interpolation,
Lagrange’s and Newton’s divided difference formula for unequal intervals.

Unit V: Numerical Techniques-II 8

Solution of system of linear equations, Matrix Decomposition methods, Jacobi method,
Gauss Seidal method.

Numerical differentiation, Numerical integration, Trapezoidal rule, Simpson’s one third
and three-eight rules.

Solution of ordinary differential equations (first order, second order and simultaneous)
by Euler’s, Picard’s and fourth-order Runge-Kutta methods.

()
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11.

13.

15.

17.

19.

21.
22,

23.

24.

26.

28.

30.

32.
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STANDARD RESULTS

% (x™) = nx™ !
% (e*) = e

d 1
T (log,, x) = < log,, e

d .
— (cosx) =—sinx
dx

d
. (cosec x) = — cosec x cot x
X

4 (sec x) = sec x tan x

dx

Te (cos™tx) = 2
d 1

= (secly) = ———
dx xyx? -1

a4 (coseclx) =— L
dx xyx?-1

e* +e %

2

cosh x =

[\J

10.

12.

14.

16.

18.

20

d
— (@®) =a*log a
dx Be

d 1
= =—
dx(Ogex) x

d .
. — (sin x) = cos x
d

X

. di (tan x) = sec? x

X

di (cot x) = — cosec? x

X
% (sin"lx) = —
% (tan 2) = 1+1x2
sinh x = el e’
tanh x = Zz ;E:i

cosh? x — sinh? x = 1, sech? x + tanh? x = 1, coth? x = 1 + cosech? x

cosh? x + sinh? x = cosh 2x

sinh~ x = log (x + ya2 +1), cosh™Lx = log (x + /x2 - 1)

a (sinh x) = cosh x

dx

a (tanh x) = sech? x

dx

d

— (sech x) = — sech x tanh x

dx

d dv du

Product rule: o (uv) = U + v
& _dv &

dx ~ dt dx

ify = f,(¢) and x = f,(t)

25.

217.

29.

31.

(i)

di (cosh x) = sinh x

X

4 (coth x) = — cosech? x
dx

di (cosech x) = — cosech x coth x
X

vdu udv
: L4 (¥)_ Tdx dx
Quotient rule: ar (UJ =3
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41.
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(xi1)

. n n T
sinlx + cos 1 x = 3 tanlx + cot1x = 3 seclx + coseclx = 3

1+ab 1-ab

tan! [12’62J = sin! (12x2J =2tanlx
- X + X

sin 8x = 3 sin x — 4 sin® x, cos 3x = 4 cos® x — 3 cos x, tan 3x =

tan! [ a-b ) =tanla —tan! b, tan! [ atb J =tanla +tan1d

3 tan x — tan® x
1-3tan® x

. . 2 tan x
sin 2x = 2 sin x cos x, tan 2x = ————,
1-tan® x

9 s 9 s 1-tan? x
cos2x=2cos*x—1=1-2sin“x=cos“x—sin“x=—-""_ 5 _
1+tan” x

3 5 7 2 4 6
. x
sinx=x-2 +%X 24 cosx=1-2 4= _ % 4 |
3! 5! 21 4! 6!

2 x3

X
ef=1+x+—"—+—+
2! 3!

Q-0 t=1+x+x2+x3+..; x| <1 (A+x0)t=1-x+22-23+..
(1-x)2=1+2x+3x%+4x% + ... (1+x)2=1-2x + 3x% — 43 + ...

C+D C-D
(¢

0S 3 ,sin C —sin D = 2 cos C+D si

C-D
in

2

sinC +sin D =2sin

cos C + cos D = 2 cos C;D cos C;D,cosC—cosD:2sin C;D sin D;C

2 cos A cos B=cos (A + B) +cos (A—-B), 2sin Asin B =cos (A-B)—-cos (A+B)
2 sin A cos B =sin (A + B) + sin (A —B), 2 cos A sin B = sin (A + B) — sin (A — B)
sin (A + B) = sin A cos B + cos A sin B, sin (A — B) = sin A cos B — cos A sin B

cos (A + B)=cos A cos B—sin A sinB, cos(A—-B)=cosAcosB+sinAsinB

d . -1 _ 1 d -1 — 1
a (Slnh x) = m , a (COSh x) = x2 1

% (tanh ! x) = ﬁ, where | x | <1, % (coth™' x) = x21— T where | x | > 1

d 1 d
-1 —_ -1 - _
e (sech ' x) = = In (cosech™ x)

1
x1/x2 +1

(cos © + 1 sin 0)" = cos nb + i sin n0, (cos O + i sin )™ = cos nd — i sin nd

xy1—x

sin20 +cos20=1,sec20—tan?0 =1, 1 + cot® O = cosec? 0
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44.

45.

46.

47.

48.

49.

50.
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(xiii)

0 0° 30° 45° 60° 90° 180° 270°
sin 0 0 1/2 142 J3/2 1 0 -1
cos 6 1 NEYD) 1/4J2 1/2 0 -1 0
tan 0 0 1/4/3 1 V3 oo 0 oo
0 90° -0 90°+06 mw-0 T+
sin © cos 0 cos 0 sin® —sin©
cos 0 sin 0 —sin® —cos® —cosH
tan 6 cot © —cot®6 —tan©® tan©
. b c . b2 +c2-a?
sine formula: SnA - SnB - snC’ cosine formula: cos A = TN’
Area of triangle A = \[s(s - a) (s —b) (s - ¢) , Where s = arb+e
n!
nC’ T rln-r!
xn+1
Jx”dx= +e;n#—1
n+1
1 x a*
j—dx=logex+c;'[exdx=ex+c;ja dx = +c
x log, a

J sinxdx=_cosx+c;J cosxdx =sinx + ¢

J tan x dx =logsecx+c;J‘ cot x dx =log sinx + ¢

J sec x dx = log (sec x + tan x) + ¢ = log tan (g+g) +c

_[ cosec x dx = log (cosec x — cot x) + ¢ = log tan g +c

.[secxtanxdx:secx+c;Jcosecx cot x dx = — cosecx + ¢
J‘ dx ) l(x) J‘ —dx l(x)
————=sin""|—|+¢c;| T/———=cos|—|+cC
Ja? —x? a Ja? —x? a
d 1 —d. 1
J. 2x2=—tan‘1(£j+c;‘|‘ 5 x2=—cot‘1(£j+c
a” +x a a a” +x a a
J‘ dx —ilo a+x +C_J‘ dx —ilo x-al, .
a? - x? 2a g a—-x ’ %% - a? 2a g x+a

J. L—lsec*1 (x) +c; J _—dx —lcosec*1 (ﬁj +c
xyx?-a2 @ a ’ xyx?-a? @ a
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51.

52.

53.

54.

55.

56.

57.

58.

59.
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(xiv)

J sech2xdx=tanhx+c,-[ cosech?x dx = —cothx + ¢
J sinhxdx:coshx+c,J. cosh x dx = sinh x + ¢
J sechxtanhxdx=—sechx+c,j cosech x coth x dx = — cosech x + ¢
J\/aZ—xZ dx=1x,/a2—x2 +laQSin*1£+c
2 2 a
1 1
2, .2 2, .2 2 2 .2
+x” dx==x + = a*log (x + +c
J a® +x 3 Ja® +x 2 g ( a® +x?%)

[ 1 1
J‘ _x2—a2dx=§x1'x2_a2—§a210g(x+ xz—a2)+c

X

dx X dx
J. ——— =sinh! (—) +C; j —— =cosh! (—j +cC
ﬂaz +.7C2 a ﬂxz—az a

ff(x) dx = j:f(w dy; ff(x) di = — j:ﬂx) d; j:f(m dx = j:ﬂa _wdx

Ja fx) dx = {2 J-o f(x)dx, if f(x)is even functlon}
- 0, if f(x) is odd function

Jzaf(x) dx = {2 Jo f) dx, if f(2a—x)=f(x) }
0 0, if f(2a —x)=— f(x)

Leibnitz rule for differentiation under the integral sign

d (v _ y(o) g dy(o) do(on)
0 Jyy 00 -jw) (e, 00) dx + fly(), o) L~ ol o) <22
O NI

d A A A -
It 7 = xi +5) =212 andi= L = MEWtzk
xi+yj+zk then |r|= 32442422 and 7 = — \/m
x“+y“+z

[l
-2 o . o . - —
AB = position vector of B-position vector of A = OB — OA

- - -
| | & |cos6;w0rkdone=f F-dr
c

- - - -
Area of parallelogram = a x b, Moment of force = r x F
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60.

61.

63.
64.
66.
68.
69.
70.
71.

72.

73.

74.

75.

76.
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(xv)
e a4 Gz a3 - -
¢ (xc)=label=|b by by|=(axb).c
€1 Cy C3
s . ~ e ~
where ¢ =X a7, b =Xb;i and ¢ =Zci
- - - - o o
If ¢« - (bxc)=0,then ¢, b, ¢ are coplanar.
- - - 5 - 5 - - - N
ax(bxc)=(a-c)b—(a -B)e 62(axb) (cxd)=

e T
c

(axb)x(cxd)=labd]
AAdj. A=A |1
Al=A=1A

(AB)C = A(BC); A(B+ C)=AB + AC
A+B=B+AA+B+C)=(A+B)+C
(AB)! = B-1A!

.
cld

- =
—lab

Walli’s formula

n-1 n-3 n-5
/2 /2 Y :
. n _ n _ n n-2 n-4
-[0 sin Ode_J.O cos” 0dO = n-l n-3 n—-5
n n-2 n-4
eax
Jeaxsinbxdxz 55 (a sin bx — b cos bx) + ¢
a“+b

ax

Je“x cos bx dx = 2e 7 (a cos bx + b sin bx) + ¢
a® +

(/2 =z, - 12) =2z

2 3 4 5 6
log(l+x)=oa—2 +2 X 4 X x
g ( ) 5 T3 "2

SN

65. AA1=1=A1A
67. (ABC) = C'B’A’

Wl N

| a

ol el
alol
Sl

if n is even

if n is odd

S

sin nw =0 ; cos nmt = (— 1), sin (n+%)n=(— 1)"; cos (n+%)n=0, wheren e 1

W +y3+23 - Bxyz = (x +y +2)x% + y? + 22 —xy — yz — 2x).
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UNIT 1

Function of Complex Variable

1.1 INTRODUCTION

A complex number z is an ordered pair (x, y) of real numbers and is written as

z=x+1y, wherei= \/—_1

The real numbers x and y are called the real and Ya
imaginary parts of z. In the Argand’s diagram, the complex
number z is represented by the point P(x, y). If (r, 6) are the

polar coordinates of P, then r = \/x2 + y? is called the modulus

P (x,y)

of z and is denoted by | z |. Also 6 = tan™! % is called the

argument of z and is denoted by arg. z. Every non-zero complex 0
number z can be expressed as 0

: X M X
z=r(cos 0 + i sin 0) = re'®
If z = x + iy, then the complex number x — iy is called the conjugate of the complex
number z and is denoted by z .
z

Clearly, lz|=]z],]2]?=2%,
z+z z—-z
Re(z) = 5 Im(z) = %

1.2 DEFINITIONS

Let S be a non-empty set of complex numbers and 6 be a positive real number.
1. Circle. |z —a| = r represents a circle C with centre at the point ¢ and radius r.

2. Open disk. The set of points which satisfies the equation |z —z;| < 6 defines an open disk
of radius 6 with centre at z, = (x, y,). This set consists of all points which lie inside circle C.

3. Closed disk. The set of points which satisfies the equation |z —z,| <& defines a closed disk
of radius § with centre at z, = (x, y,). This set consists of all points which lie inside and on the
boundary of circle C.

4. Annulus. The set of points which lie between two concentric circles C, : |z —a| =r; and
C,: |z —a| =r,defines an open annulus i.e., the set of points which satisfies the inequality r,
<l|z—-al| <r,.
The set of points which satisfies the inequality r, < |z —a | <r, defines a closed annulus.
It is to be noted that r, < |z —a| <, is neither open nor closed.
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5. Neighbourhood. 6-Neighbourhood of a point z, is the set of all points z for which
|z — 2z,| < & where 8 is a positive constant. If we exclude the point z, from the open disk
|z — z,| < & then it is called the deleted neighbourhood of the point z, and is written as
0<|z-2,] <.

6. Interior and exterior points. A point z is an interior point of S if all the points in some
d-neighbourhood of z are in S and an exterior point of S if they are outside S.

7. Boundary point. A point z is a boundary point of S if every 6-neighbourhood of z contains
at least one point of S and at least one point not in S. For example, the points on the circle
|z —z,| =r are the boundary points for the disk |z —z,| <7.

8. Open and closed sets. A set S is open if every point of S is an interior point while a set S
is closed if every boundary point of S belongs to S. e.g. S = {z : |z —2,| <} is open set while
S={z:|z-2,| <r}is closed set.

9. Bounded set. An open set S is bounded if 3 a positive real number M such that
| z | <Mfor all z € S otherwise unbounded.

For example: the set S={z: |z —2,| <r}is a bounded set while the set S={z: |z —2,| > 1} is
an unbounded set.

10. Connected set. An open set S is connected if any two points z; and z, belonging to S can
be joined by a polygonal line which is totally contained in S.

11. Domain. An open connected set is called a domain denoted by D.

12. Region. A region is a domain together with all, some or none of its boundary points. Thus
a domain is always a region but a region may or may not be a domain.

13. Finite complex plane. The complex plane without the point z = « is called the finite
complex plane.

14. Extended complex plane. The complex plane to which the point z = <~ has been added is
called the extended complex plane.

1.3 FUNCTION OF A COMPLEX VARIABLE

If x and y are real variables, then z = x + iy is called a complex variable. If corresponding to
each value of a complex variable z(= x + iy) in a given region R, there correspond one or more
values of another complex variable w (= u + iv), then w is called a function of the complex
variable z and is denoted by

w=fz)=u+1iv

For example, if w =22 wherez=x+iyandw =fz) =u +iv
then u+iv=x+1y)?=x2-y2) +i(2xy)
= u=x2-y? and v=2xy

Thus u and v, the real and imaginary parts of w, are functions of the real variables x and y.
o w = flz) = ulx, y) + iv(x, y)
If to each value of z, there corresponds one and only one value of w, then w is called a
single-valued function of z. If to each value of z, there correspond more than one values of w,

then w is called a multi-valued function of z. For example, w = [z is a multi-valued function.

To represent w = f(z) graphically, we take two Argand diagrams: one to represent the
point z and the other to represent w. The former diagram is called the XOY-plane or the
z-plane and the latter UOV-plane or the w-plane.

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

FUNCTION OF COMPLEX VARIABLE 3

1.4 LIMIT OF f(z)

A function f(z) tends to the limit / as z tends to z, along any  ya
path, if to each positive arbitrary number €, however small, Z
there corresponds a positive number J, such that

| iz) -1 | <e whenever 0<|z2-z,| <3

and we write Lt flz) =/, where [ is finite

z2— 2 ZO
Note. In real variables, x — x, implies that x approaches x, along
the number line, either from left or from right. In complex
variables, z — z, implies that z approaches z, along any path,
straight or curved, since the two points representing z and z, in a o
complex plane can be joined by an infinite number of curves.

193 4

1.5 CONTINUITY OF f(2)

A single-valued function f(z) is said to be continuous at a point z = z if flz) exists, lim f(z)
z— 2z
exists and Lt f(z) = flz)).
z— 2z

A function f(z) is said to be continuous in a region R of the z-plane if it is continuous at
every point of the region. A function f{z) which is not continuous at z is said to be discontinuous
at z,.

If the function f{z) = u + iv is continuous at z, = x, + iy, then the real functions u and v
are also continuous at the point (x, y,). Therefore, we can discuss the continuity of a complex
valued function by studying the continuity of its real and imaginary parts. If f{z) and g(z) are

f(2)

continuous at a point z, then the functions f{z) + g(2), flz) g(2) and T’ where g(z,) # 0 are also
g(z

continuous at z,.
If fiz) is continuous in a closed region S then it is bounded in Si.e., |flz)| <M Vze S.

Also, the function f(2z) is continuous at z = « if the function f[l] is continuous at £ =0

1.6 DERIVATIVE OF f(z)

Let w = f(z) be a single-valued function of the variable z(= x + iy), then the derivative or
differential co-efficient of w = f(z) is defined as

dw _ _ f(z+62) - f(2)
dz 52 -0 oz

provided the limit exists, independent of the manner in which 6z — 0.

1.7 ANALYTIC FUNCTION [G.B.T.U. 2012, M.T.U. 2012, U.P.T.U. 2014]

A function f(z) is said to be analytic at a point z if it is one-valued and differentiable not only
at z, but at every point of some neighbourhood of z,. For example: e* (cos y + i sin y). A function
f(z) is said to be analytic in a certain domain D if it is analytic at every point of D.
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4 A TEXTBOOK OF ENGINEERING MATHEMATICS

The terms ‘regular’, ‘holomorphic’ and ‘monogenic’ are also sometimes used as synony-
mous with the term analytic.
1

A function f(z) is said to be analytic at z = « if the function f (
z

) is analytic at z = 0.
Here it should be noted that analyticity implies differentiability but not vice versa. For
example, the function f{z) = |z |2 is differentiable only at z = 0 and nowhere else therefore f(z)
is differentiable at z = 0 but not analytic anywhere.
A function f{z) may be differentiable in a domain except for a finite number of points.
These points are called singular points or singularities of f{z) in that domain.

1.8 ENTIRE FUNCTION

A function f(z) which is analytic at every point of the finite complex plane is called an entire
function. Since the derivative of a polynomial exists at every point, a polynomial of any degree
is an entire function. Rational functions with non-zero denominators are also entire functions.

1.9 NECESSARY AND SUFFICIENT CONDITIONS FOR f(z) TO BE ANALYTIC
[M.T.U. 2012, U.P.T.U. (C.0.) 2008]

The necessary and sufficient conditions for the function
w = flz) = ulx, y) +iv(x, y)
to be analytic in a region R, are
. du du dv Jdvu

(i) —,=—,=—,— are continuous functions of x and y in the region R.
ox dy ox dy
.. O0u_dv Ju _ ov

(i1) a—g,@——g.

The conditions in (if) are known as Cauchy-Riemann equations or briefly C-R
equations.
Proof. (a) Necessary Condition. Let w = f{z) = u(x, y) + iv(x, y) be analytic in a region R, then
dw

o [’(z) exists uniquely at every point of that region.
Let 0x and &y be the increments in x and y respectively. Let du, dv and &z be the corre-

sponding increments in u, v and z respectively. Then,

flz+82)-f(2)

(uw+déu) +i(v +dv) — (u +1iv)

)= Lt —— 1~ = 1,

'@ azlso oz 52;50 oz
= Lt (6—””5—”) (1)
8z —-0\ Oz oz

Since the function w = f(z) is analytic in the region R, the limit (1) must exist independ-
ent of the manner in which 6z — 0, i.e., along whichever path dx and &y — 0.

First, let 82 — 0 along a line parallel to x-axis so that oy = 0 and 6z = d«.
[since z =x + 1y, z + &z = (x + 0x) + i(y + Oy) and 0z = dx + idy]

From (1), f/(z) = &Lto(ﬁu . Sv)_ du .o

(2)

— 4 — |=— -
or o) ox 0w
Now, let 8z — 0 along a line parallel to y-axis so that éx = 0 and 6z = iy.
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rom L 1 Tooolidy  idy) iy dy
¥ @ | S=-i
= ay ay ? =—1
F (2) and (3), we h a—u+ %—%—ia—u
rom (2) an we have = ~+1-- » o
. . . Ju _dv Ju _ dv
Equating the real and imaginary parts, and (U.P.T.U. 2015)
ox ay ay Cox

Hence the necessary condition for f(z) to be analytic is that the C-R equations must be

satisfied.
(b) Sufficient Condition. Let f{z) = u + iv be a single-valued function possessing partial

derivatives 8_u a_u v dv at each point of a region R and satisfying C-R equations.

ox’ ay’ o’ By
. du _dv Ju dv
t.e., a—x ay and $=—£.
We shall show that f (z) is analytic, i.e., f’(z) exists at every point of the region R.
By Taylor’s theorem for functions of two variables, we have, on omitting second and

higher degree terms of dx and dy.
flz + 6z) = ulx + dx,y + Oy) + tv(x + dx, y + dy)

Jdu Jdu v v
{u(x y)+(a—xS +$8yﬂ+{v(x y)+(ax8x+$8 H

. a aU au al)
= [ulx, y) + iv(x, y)] + (a +i a) Sx + (_ +i _j Sy

ay dy
v du .dv
= L —— [t i
ﬂz“( ax) (ayﬂ ]Sy
&) )—(a—”+ ” f[Srigt]s
or flz +82) - flz) = x  ox ly Y
ou v . .
(a_x a—x)6x+( Xy _x) | Using C-R equations
Ju .dv Ju .dv
LR . e 132
(ax ax] +(8x ax] %y [ mh=t
. 0v ov )
(ax x)(gxﬂgy) (—x+ 5)5 | Gx+idy = b
fz+8)-f(z) _ou .ov
oz T ox ox
o f(z+8)-f(2) _ou .ov
f(Z)_azLjo oz _8x+L8x
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Thus f’(z) exists, because B_u, @ exist.
ox  ox

Hence f(z) is analytic.
Note 1. The real and imaginary parts of an analytic function are called conjugate functions. Thus, if
fz) =ulx,y) +iv (x,y) is an analytic function, then u(x, y) and v(x, y) are conjugate functions. The relation
between two conjugate functions is given by C-R equations.
Note 2. When a function f(z) is known to be analytic, it can be differentiated in the ordinary way as if z
is a real variable.

Thus, flz) = 22 = f'2)=

fz) =sin z = f’(z) = cos z etc.

1.10 CAUCHY-RIEMANN EQUATIONS IN POLAR COORDINATES (U.P.T.U.2008)

Let (r, 6) be the polar coordinates of the point whose cartesian coordinates are (x, y), then
x=rcos0,y=rsin0,
z=x+1y=r(cos 8 +isin 0) = re’®

u +iv = flz) = flret®) (1)
D1fferent1at1ng (1) partially w.r.t. r, we have
ou .dv . .
— 41— =F’ 0 0
. 14 . [ (ret) . e ..(2)
Differentiating (1) partially w.r.t. 6, we have
ou .dv . . ou .dv
— 4+ — =F 0 el — 7 -+ — 1
% lae f’ (ret) . ire lr(ar larj | Using (2)
L P
o or
Equating real and imaginary parts, we get
u v o au
—=—r— and —
00 or 00 ar
or ou 1 9 and ov__1lou , which is the polar form of C-R equations.
o r o8 o  r o8

1.11 DERIVATIVE OF w, i.e., f'(z) IN POLAR COORDINATES

w =flz)
Ju .dv 9 ow
——f() —+ a—x—a—x(u+w) .
_ ow 8r+aw 00
or dx 90 ox w2 =x2+y2
— cos 0 %—w—(gu+i?)sme s dr/fdx=cosBasx=rcos0
d 0 o) r and 0=tan! (l)
ow ( ov .Bujsine o \x
=cos0 ——|—-r—+ir— 00 —sin6 .
or or or) r ™ =————asy=rsin®
xc r
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=cos 0 B_w_i(a_quia_v) sin9=coseaa—w—isin6 aa_w

or or or r r
dw L ow
= & = (cos 0 — i sin 0) . ...(1)

which is the result in terms of aa_w
r

Again dw _ow or dw 99 _(du 0v) oo Ow sin®
sat, dz or ox 00 ox \or or 0 r
lov i du sin 6 Jdw i(ou .ov sin 6 Jdw
=|-——-— co0s0———— =— —| —+i— |cosO— —
rood r 00 r 00 r\ 00 00 r 00
Jw sin O Jdw
=— ———cos0————
r 00 r 00
= d—w:—i(cose—isine)a—w
dz r 00

which is the result in terms of %—lg

1.12 HARMONIC FUNCTION [M.T.U. 2014, G.B.T.U. 2012, U.P.T.U. 2007, 2009]

A function of x, y which possesses continuous partial derivatives of the first and second orders
and satisfies Laplace’s equation is called a Harmonic function.

1.13 THEOREM

If f(z) = u + iv is an analytic function then u and v are both harmonic functions.

Proof. Let f(z) = u + iv be analytic in some region of the z-plane, then u and v satisfy C-R
equations.

u_
x oy (1)
; o .
an % .
Differentiating eqn. (1) partially w.r.t. x and eqn. (2) w.r.t. y, we get
2 2
JTu_Jv (3)
ox 0xdy
) Pu__ o )
an P Jyox ...(4)
2 2
Assuming I = v and adding equations (3) and (4), we get
oxdy 0dyox
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%u  0*
_I;' + _I;’ = 0 ...(5)
0x dy
Now, differentiating eqn. (1) partially w.r.t. y and eqn. (2) w.r.t. x, we get
%u 0%
=— ...(6)
dyox  dy
o%u 0%
d =—— (7
an 0xdy ox? ™
. u  %u .
Assuming = and subtracting eqn. (7) from eqn. (6), we get
dydx  0dxdy
%v 0%
— 4+ —=0 ...(8
ax?  oy? ®

Equations (5) and (8) show that the real and imaginary parts © and v of an analytic
function satisfy the Laplace’s equation. Hence u and v are harmonic functions.

Note. Here u and v are called conjugate harmonic functions.

1.14 ORTHOGONAL SYSTEM [M.T.U. 2012, U.P.T.U. 2009]

Every analytic function f(z) = u + iv defines two families of curves u(x, y) = ¢, and v(x, y) = c,,
which form an orthogonal system.

Consider the two families of curves

ulx,y) =c, ..(1)
and v(x,y) = c, ..(2)
Differentiating eqn. (1) w.r.t. x, we get
ou ou d u 1
u, du dy dy o
— .= _ = =
ox dy dx 0 qor dx du m, (say)
dy
Jdv
. dy _ x
Similarly, from eqn. (2), we get D o = m, (say)
dy
wu
ox ’ ox u (X, y)=C1
mme=ow w3 g ;
dy Ay
Since f(z) is analytic, u and v satisfy C-R equations
. ou dv du dv
ie., —=—" and — =——=—
ox oy dy 0x
W
From (3), mym,= % =-1
- @
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9

Thus, the product of the slopes of the curves (1) and (2) is —1. Hence the curves intersect

at right angles, i.e., they form an orthogonal system.

1.15 THEOREM (U.P.T.U. 2008)

An analytic function with constant modulus is constant.
Proof. Let f(z) = u + iv be an analytic function with constant modulus. Then,
| fiz) | = | u+iv | = constant

= Ju? +v? = constant = ¢ (say)

Squaring both sides, we get
u? + v? =c?
Differentiating eqn. (1) partially w.r.t. x, we get

(1)

du v
2u ™ +2v Pl 0
- L (2)
ox ox
Again, differentiating eqn. (1) partially w.r.t. y, we get
ou v
2u > +2v o 0
Jdu v
= u g +v g =0
v ou . du ov v du
= u(—a—xijv(a—x):O .(3) |- $=—£andg=$
Squaring and adding eqns. (2) and (3), we get
w32
u? + v?) " " =0
u)* (Y’ _ ee 2.2 _ 2
= (&) +(£) =0 | = w+vi=c*#0
, ou .dv
= | F/) [2=0 s @ =i

- | ) | =0
= f(z) is constant.

1.16 APPLICATION OF ANALYTIC FUNCTIONS TO FLOW PROBLEMS

Since the real and imaginary parts of an analytic function satisfy the Laplace’s equation in
two variables, these conjugate functions provide solutions to a number of field and flow problems.

For example, consider the two dimensional irrotational motion of an incompressible

fluid, in planes parallel to xy-plane.
—
Let V be the velocity of a fluid particle, then it can be expressed as

= 2 A
V=uv1+v,)
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Since the motion is irrotational, there exists a scalar function ¢(x, y), such that

V = Vo, y) = £1 + ai’ ; (2
From (1) and (2), we have v_= 8_4) and v, = a—q) ...(3)
¥ ox Y oy

The scalar function ¢(x, y), which gives the velocity components, is called the velocity
potential function or simply the velocity potential.

Also the fluid being incompressible, div \_)/ =0

= I i+ 9 (v I +v A') =
ox Jay * v/ =
dv, du,

Substituting the values of v, and v, from (3) in (4), we get

2 2
i(a_q’jJri B0 or a_¢+a_¢=0
ox\ox) dy\oy ox®  oy®

Thus, the function ¢ is harmonic and can be treated as real part of an analytic function
w =flz) = ¢x, y) + iy (x, y)
For interpretation of conjugate function v (x,y), the slope at any point of the curve
v (x,y) =c’ is given by

dy 9
dy _ ox _ 0
% - g_icv = % | By C-R equations
Wy
1%
N | By (3)
v

X

This shows that the resultant velocity ﬂvx2 + vy2 of the fluid particle is along the tangent

to the curve vy (x, y) = ¢’ i.e., the fluid particles move along this curve. Such curves are known
as stream lines and vy (x, y) is called the stream function. The curves represented by

0 (x, y) = c are called equipotential lines.

Since o0(x, y) and y(x, y) are conjugate functions of analytic function w = f(z), the
equipotential lines ¢ (x, y) = ¢ and the stream lines y (x, y) = ¢/, intersect each other orthogonally.

d_u):a_q)_|_'a_\V =a—¢—ia—¢

Now, i By C-R equations
dz 9x ox Ox 9y | By a
=v, - ivy | By (3)
The magnitude of resultant velocity = | — | = /v, + vy2

The function w = f(z) which fully represents the flow pattern is called the complex potential.
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In the study of electrostatics and gravitational fields, the curves ¢(x,y) =cand y (x,y) = ¢’
are called equipotential lines and lines of force respectively. In heat flow problems, the
curves ¢ (x,y) =c and y (x, y) = ¢’ are known as isothermals and heat flow lines respectively.

1.17 DETERMINATION OF THE CONJUGATE FUNCTION

If Az) = u + iv is an analytic function where both u(x, y) and v(x, y) are conjugate functions,
then we determine the other function v when one of these say u is given as follows:

v=uv(x,y)
dv = P dx + ® dy
0x dy
Jdu Jdu
= dv =— @ dx +g dy (1) | By C-R eqns.
Ju ou
M==% N=%
M_ 0w N o
dy  oy? ox O’
Now, aa—l;/l = e gives
0%u _ 0%u
dy? o2
or 82_u + 82_u =0
ox?  oy?

which is true as u being a harmonic function satisfies Laplace’s equation.
dv is exact.
dv can be integrated to get v.
However, if we are to construct f{z) = u + iv when only u is given, we first of all find v by

above procedure and then write f(z) = u + iv.

v

v
Similarly, if we are to determine u and only v is given then we use du = > dx — = dy
)y 1
and integrate it to find u. Consequently f{z) = u + iv can also be determined.

1.18 MILNE’S THOMSON METHOD

With the help of this method, we can directly construct f{z) in terms of z without first finding
out v when u is given or u when v is given.

z=x+1y
zZ =x—-1y
1 _ 1 _
= x=§(z+z)andy=2—i(z—z)
fz) = ulx, y) + iv(x, y)
=u{2+§,2__§}+iv{z+§,2_,5} e
2 21 2 21
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Relation (1) is an identity in z and z . Putting z =z, we get

f(z) = u(z, 0) + iv(z, 0) ..(2)
Now, fz)=u +iv

, du .dv_du .du
= f(z)=a—x+la—x=a—x—L$ | By C-R eqns.

= ¢,(x, ¥) — 1 dy(x, y)

where ¢,(x, y) = E;_u and ¢y(x, y) = du
X

dy
Now, (@) =¢,(z, 0 —idyz,0) | Replacing x by z and y by 0
Integrating, we get

flz) = J- {0,(2,0) =7 0,(2, 0)} dz + ¢ | ¢is an arbitrary constant.

Hence the function is constructed directly in terms of z.
Similarly if v(x, y) is given, then

- (63 =2 and yy0x 3=
ﬂz)=J.[\Vl(z,O)+L\|12(z,0)]dz+c Vi, y —5 and Yylx,y =%

Milne’s Thomson method can easily be grasped by going through the steps involved in
following various cases.

Case 1. When only real part u(x, y) is given.

To construct analytic function f{z) directly in terms of z when only real part u is given,
we use the following steps:

Jdu
1. Find —
ind .

2. Write it as equal to ¢,(x, ¥)

3. Find 2
. 1m e
dy

4. Write it as equal to ¢,(x, y)

5. Find ¢,(z, 0) by replacing x by z and y by 0 in ¢,(x, y).
6. Find ¢,(z, 0) by replacing x by z and y by 0 in ¢,(x, y).
7. flz) is obtained by the formula

flz) = J.{q)l(z, 0) —ihy(2, 0)} dz + c directly in terms of z.

Case I1. When only imaginary part v(X, y) is given.
To construct analytic function flz) directly in terms of z when only imaginary part v is
given, we use the following steps :

.. ov
1. Find —
ay

2. Write it as equal to y,(x, y)

. . 0dv
3. Find o
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4. Write it as equal to y,(x, y)

5. Find y,(z, 0) by replacing x by z and y by 0 in v, (x, y)
6. Find y,(z, 0) by replacing x by z and y by 0 in y,(x, y)
7. f(z) is obtained by the formula

flz) = J{wl(z, 0) +iy,(z,0)} dz + ¢ directly in terms of z.

Case IIL. When u - v is given.

To construct analytic function f{z) directly in terms of z when u — v is given, we follow
the following steps:

1.fz)=u+1iv ..(1)
2.iflz) =iu—-v ..(2)
3. Add (1) and (2) to get

1+ A2)=(w-v)+ilu+v)

or, Fiz)=U +iV
where Fz)=1+0)fz),U=u—-vandV=u+v
4. Since u — v is given hence U(x, y) is given
5. Find U
dx
6. Write it as equal to ¢,(x, y)
U
7. Find =
dy

8. Write it as equal to ¢,(x, y)
9. Find ¢,(z, 0)
10. Find 0,(z, 0)
11. F(z) is obtained by the formula

F2) = [(0:(2,0) ~ i0y(2, 00 dz +c
12. f(z) is determined by fl(z) = % directly in terms of z.
i

Case IV. When u + v is given.

To construct analytic function f(z) directly in terms of z when u + v is given, we follow
the following steps:

1.flz)=u+iv (1)
2.iflz) =iu—-v ..(2)
3. Add (1) and (2) to get

A+D)f2)=w-v)+ilu+v)

= Fz)=U+:iV
where, Fz)=1+)flz),U=u—-vandV=u+v
4. Since u + v is given hence V(x, y) is given
Vv
5. Find o
y

6. Write it as equal to y,(x, y)
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7. Find N
ox

8. Write it as equal to y,(x, y)
9. Find y,(z, 0)
10. Find y,(z, 0)
11. F(z) is obtained by the formula

Fz) = j ty1(2,0) + iy (2, 0) dz + ¢

F(z)
1+1:

12. fiz) is determined by f(z) = directly in terms of z.

EXAMPLES

Example 1. Find the values of ¢, and c, such that the function
fz) =22 + ¢y - 2xy + i (cx? — y? + 2xy)

is analytic. Also find f'(2). (U.K.T.U. 2011)
Sol. Here flz) = (% + ey — 2xy) + i (cx? — y2 + 2xy) (1)
Comparing (1) with fz) = u(x, y) + iv(x, y), we get

u(x, y) = x% + ¢ y? — 2xy .(2)
and v(x, y) = cx? — y? + 2xy ..(3)
For the function f(z) to be analytic, it should satisfy Cauchy-Riemann equations.
au au
Now from (2), g =2x — 2y and @ =2c,y — 2x
v ov
Also, from (3), P 2cqx + 2y and 5 =—2y+ 2x
Cauchy-Riemann eqns. are
u_d
ox  dy
= 2x — 2y =—2y + 2x which is true.
Ju v

and @ T T
= 2,y — 2x = — 2c,x — 2y ...(4)
Comparing the coefficients of x and y in eqn. (4), we get

2c,=-2 = ¢ =-1

and -2 =-2c, = c,=1
Hence c;=—1 and c¢,=1
Now, f’(z)=g—§:+i% =2x — 2y + 1(2c,x + 2y)

=2x — 2y +i(2x + 2y) vocg=1

=2(x + 1y) + 2i(x + y)
=2z + 2iz = 2(1 + i)z.
Example 2. Find p such that the function f(z) expressed in polar coordinates as
f(z) =% cos 20 + ir? sin p0 is analytic.
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FUNCTION OF COMPLEX VARIABLE 15

Sol. Let fiz) = u + iv, then u = r2 cos 20, v = r? sin p@

ou = 2r cos 260 % = 2r sin p0
or or
du = —2r? sin 20 P = pr? cos pO
a0 > 00
For f{z) to be analytic, ou = 1o and @ =— L1ou
or r do or r do

2r cos 20 = prcos p® and 2r sin pd = 2r sin 20
Both these equations are satisfied if p = 2.
Example 3. (i) Prove that the function sinh z is analytic and find its derivative.
(U.K.T.U. 2010)

(i) Show that f(z) = log z is analytic everywhere in the complex plane except at the origin

. ... (1
and that its derivative is (—] .
z

Sol. (i) Here flz) =u + iv = sinh z = sinh (x + iy) = sinh x cos ¥ + i cosh x sin y
u=sinhxcosy and v=coshxsiny
W
o = coshxcosy, % =—sinh x sin y
% _ sinh x siny, — = cosh
— n n =
5 = Sinhxsiny, 3y cosh x cos y
w_dw o
ox dy Yy dy o

Thus C-R equations are satisfied.

0
Since sinh x, cosh x, sin y and cos y are continuous functions, — and —— are

ox 8 " ox dy
also continuous functions satisfying C-R equations.

Hence f{z) is analytic everywhere.

ou

Now f'z )——+lg—v = cosh x cos ¥ + i sinh x sin y = cosh (x + iy) = cosh z.
X

ox
(it) Here flz) =u +iv =logz =log (x + iy)
Let x=rcos® and y=rsin 0 sothat
x +iy =r(cos 0 + i sin 8) = re®
. o . 1 9 on e 1|X
10g(x+zy)=log(re‘)=1ogr+19=§log(x +y%) +1 tan .

Separating real and imaginary parts, we get

_1 2 L .2 _ —1(1)
u—zlog(x +y%) and v =tan x
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16 A TEXTBOOK OF ENGINEERING MATHEMATICS

W sy
I xiry?lay x4y’

Now,

Wy w_ o«
ox ~ xZ+yr 0y xP+4y?

and

We observe that the Cauchy-Riemann equations

ou OV ou v

™ YT
are satisfied except when x%2 + y2=01i.e., whenx =0,y =0
Also derivatives are continuous except at origin.
Hence the function f{z) = log z is analytic everywhere in the complex plane except at the
origin.
Ju . Jdv x— iy x—1iy 1 1

Al =2 i L = = =
so, () EW +1 % 2 +y2 (x+iy)x—1y) x+iy =z

Example 4. Show that the function e* (cos y + i sin y) is holomorphic and find its
derivative.

Sol. flz)=e*cosy+iesiny=u+1iv
Here, u=e‘cosy, v=e*siny
Ju . v A
— =¢é* cos — =¢e*sin
ox Y ox Y
u Qo _
ay__e sin y By_e cos y
ou ov
Since, a_u = @ and —=——
ox ay ay ox

hence, C-R equations are satisfied. Also first order partial derivatives of u and v are continuous
everywhere. Therefore f(z) is analytic.

du .dv
Now, f’(z):a—x+la—x=excosy+iexsiny

=e*(cosy +1isiny) =e*.e? =W = ¢?
Example 5. If n is real, show that r"* (cos n0 + i sin n®) is analytic except possibly when
r = 0 and that its derivative is
nrl [cos(n—1) 0 +isin(n-1) 0]

Sol. Let w=fz)=u+iv=r"(cos nb + i sin nO)

Here,

then,

u =r"cos nb,

Ju

5 = nr*1 cos no
u .

% =—nr" sin no®

v =r"sin nod

Jv .

— =nr"!sin nod
or

O oz 06
g =" cosn
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FUNCTION OF COMPLEX VARIABLE 17
du 1dv v 1 du
Thus, we see that, > 78 and > "7

Cauchy-Riemann equations are satisfied. Also first order partial derivatives of u
and v are continuous everywhere.

Hence f(2) is analytic if f’(z) or d—bzu exists for all finite values of z.

We have, @ (cos ©—1 sin ) a_w
dz or
=(cos 8 —isin 0) . nr*1 (cos nB + i sin n0)
=nr"1[cos(n—1)0 +isin (n—1) 6]
This exists for all finite values of r including zero, except when r =0 and n < 1.
Example 6. Show that if f(z) is analytic and Re f(z) = constant then f(z) is a constant.
(U.P.T.U. 2006)

Sol. Since the function fiz) = u (x, y) + iv (x, y) is analytic, it satisfies the Cauchy-
Riemann equations

du _ v ou ov
ox oy 2 o
Also, Re f(z) = constant, therefore u(x, y) = c,
u _ o 0u
ox ay
Using C-R equations, @ =0= @
ox dy

Hence v(x, y) = ¢, = a real constant

Therefore f(z) = u(x, y) + iv(x, y) = ¢, + ic, = a complex constant.

Example 7. Given that u(x, y) = x2 —y2 and v(x, y) = — _ Y .
xZ +y?

Prove that both u and v are harmonic functions but u + iv is not an analytic function of z.

Sol. u=x?-y>2
Jdu 0%u
— =2 5 =2
ox X = ax2
Jdu 0%u
ay = - 2y = ay2 =—2
. %u  %u . .
Since FY) + 8y_2 =0 Hence u(x, y) is harmonic.
-y
Also, v =
x? + y2
v 2xy % 2y° — 6x%y

g=(x2+y2)2 = Pl @2 +y2)°
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dv y? - x® %v  6x’y—2y°
N =5 o i o =" o o_a
ay (x2 +y2)2 ay2 (xQ +y2)3
2 o%v
Since v + —— = 0. Hence v(x, y) is also harmonic.
ox® oy
ou v v ou
But - #5, and —— #-——
e ox 9y dx oy

Therefore u + iv is not an analytic function of z.

Example 8. If ¢ and y are functions of x and y satisfying Laplace’s equation, show that
s + it is analytic, where

90 _dy _ 9 Jy
= omolt—aerE .
[U.K.T.U. 2010, G.B.T.U. (C.0.) 2011]

Sol. Since ¢ and y are functions of x and y satisfying Laplace’s equations,

2 2
and 82—;'! + 82—11 =0. ..(2)
ox oy
For the function s + it to be analytic,
ds ot 3)
o ay
0s ot
and g o ..(4)

must satisfy.
95 _ 0 (00 9y} 9% 'y

Now, o ox dy Ox BxBy ax -(5)
ot d(dp o
¢ “’j ..(6)
oy dy yax ES
ds _ 9 (dp a\u 2% 2%y "
oy By ay ay2 dyox
ot _ 9 (00, a\u a2¢ PPy
- . ...(8
and ox ( ox T ox? 8x8y ®)

From (3), (5) and (6), we have

2 2 2 2 2 2
8¢_8w:8¢+8\|1 :>8_1|!+8_ 0
oxdy ox? dyox oy ax? oy’

which is true by (2).
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FUNCTION OF COMPLEX VARIABLE 19

Again from (4), (7) and (8), we have

% Py _ 2% vy %o 9%

8y_2_ayax_ oxZ  oxay - ox

which is also true by (1).

Hence the function s + it is analytic.

2 .
+
Example 9. Verify if f(z) = %, z#0; fl0) = 0 is analytic or not?
Xty

[U.P.T.U. (C.0.) 2008]

2 .
+
Sol. u+iv=w;z¢0
x“+y
x’y? xy?
u= ,U=
x” + y4 x2 + y4
At the origin, w0 -u0,0 . 0-0
ox x—0 X x—0 X
a_u:hm u(0,y)—u(0,0) ~ lim 0-0 o
ay y—0 y y—0 y
W B0 00,0 0-0
ox x—0 X x—0 X
W _ 00, -00,0 . 0-0
ay y—0 y y—0 y
Si a_u—% au - av
- oy MYy

Hence Cauchy-Riemann equations are satisfied at the origin.

— x—0 x2 + y4
y—0

9 .
But £7(0) = lim f(Z)_f(O)ﬂim{xy (x”y)—o}.% _ Tim -2
z V4

Let z — 0 along the real axis y = 0, then

f0)=0
Again let z — 0 along the curve x = y? then
2
X 1
/ = 1 = —
f (0) xli% x2 + x2 2

which shows that f’(0) does not exist since the limit is not unique along two different paths.
Hence f(z) is not analytic at origin although Cauchy-Riemann equations are satisfied there.
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20 A TEXTBOOK OF ENGINEERING MATHEMATICS

Example 10. Show that the function defined by f(z) = /| xy | is not regular at the origin,

although Cauchy-Riemann equations are satisfied there. [G.B.T.U. (C.0.) 2011]
Sol. Let f2) = ulx,y) + iv(x,y) = /| xy| then ulx,y) = |xy|,vx,y)=0
At the origin (0, 0), we have

du _ Lt u(x,0) —u(0,0) _ Lt 0-0 _0
ax x—0 X x>0 X
u _ _ 1t u(0, y) —u(0,0) _ - Lt 0-0 o
By y>0 y 450 y
8_v= Lt v(x, 0) — v(0, O)_Lt 0—0=0
ox x-0 X x>0 X
o _ Lt v(0, y) —v(0, 0)_Lt 0—0=0
dy y—0 y y—>0

u_dw du__
ox 9y dy ox
Hence C-R equations are satisfied at the origin.

f (2) - f 0 _

Clearly,

Lt |xy|-0

Now f’(0)= -
250  x+1y

If z — 0 along the line y = mx, we get

|, i

—>0 x(1+im) x—>0 1+im

f(0) =

Now this limit is not unique since it depends on m. Therefore, f’(0) does not exist.
Hence the function f{z) is not regular at the origin.
Example 11. Prove that the function f(z) defined by

21+i)-y>(1-1)

z) = ,z#z0and f(0) =0
fz) 1P f(0)
is continuous and the Cauchy-Riemann equations are satisfied at the origin, yet f’(0) does not
exist. (U.P.T.U. 2015)
Sol. Here, fz) = (* —y )+z(x %) ,z#20
x% +y?
- +
Let ﬂz)=u+iv— 5 y x y
x? +y? x +y2
3 3
then u=x2 y2’v=x2+y2
x“+y x“+y
Since zz0 = x#0,y#0

u and v are rational functions of x and y with non-zero denominators. Thus, u, v and
hence f(z) are continuous functions when z # 0. To test them for continuity at z = 0, on changing
u, v to polar co-ordinates by putting x = r cos 6, y = r sin 0, we get
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u =r(cos® 6 — sin3 0) and v = r (cos® 8 + sin® 0)
Whenz - 0,r - 0
Lt u= Lt r(cos®0—sin®0) =0

z—0 r—0
Similarly, Lt v=0
z—>0

Lt0 flz) =0 =f0)

= f(z) is continuous at z = 0.
Hence f(2z) is continuous for all values of z.
At the origin (0, 0), we have

a_u: Lt u(x,O)—u(0,0): Lt x-0 _1

dx x-0 x x>0 X

a_u= Lt u(O,y)—u(0,0)= Lt y—0 __£
dy y—0 y y=>0 y

@: Lt v(x,O)—v(0,0): Lt x-0 -1

Jdx x50 x x>0 X

g, H09u00 30

dy y—0 y y—=0 y

u_d

ox oy an oy ox

Hence C-R equations are satisfied at the origin.

3 3 . 3 3
Now £7(0) = Lt & -f0O) _ Lt (x —3’2)+L2(x +?,)_0
0 7 220 (2% + y7)(x +iy)

Let z — 0 along the line y = x, then

0+2ix® i i(1-i) 1+

0)= Lt = = .1
R =0 2x%(1+1) 1+1 2 2 W
Also, let z — 0 along the x-axis (i.e. y = 0), then
3, :3
£ro)= Lt T gy (2)
x—0 X

Since the limits (1) and (2) are different, /’(0) does not exist.

Example 12. Show that the function f(z) = ,~=, z #0 and f(0) = 0 is not analytic at
z =0, although Cauchy-Riemann equations are satisfied at this point. [U.P.T.U. (C.0.) 2008]

4 (s iny—4
Sol. Here, flay=e" =e (rtiy)

1 -t A{M—w#}
_e (x+ip)t (x—iy* _ (x2+y?)*

- W[(x4+y4— 6x2y?) — dixy(x2—y?)]
Xty
=e
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3c4+y4 —6x2y2}
—[W 4 2_,2y 4 2 .2
= wriv=e L N oo BV 2y g A —T)
(x* +y%) (x* +y%)
B oc4+y4—6oczy2 9 9
(xZ+y?)t dxy (x* —y°)
u=e ST 2 i
(x% +y%)
_|:x4+y476x2y2:| 9 9
2 244 -
and v=e (@) sin —4xy2(x 23; )
(x*+y%)
ou .. u(x,0-u(0,0)
Atz =0, —=lim
ox x-0 X
-4
t
- lim & O jim L
x—0 X x—0 xex
= lim ! = lim 1 =0
x_>0x 1+i+i+ x%0x+i+i+ ......
xt o 2x® x® 2x7
Ju - e
e u(0, y) — u(0, 0) ~ lim —¢ _o
8y y—0 y y—0 y
@: lim —v(x, 0) - v(0,0) = lim 2 =0
ox x—0 x x>0 x
ov .. v0,y)-v0,00 .. 0
and —=lim ——————"=1lim — _ (.
ay y—0 y y—0 y
Hence Cauchy-Riemann Conditions are satisfied at z = 0.
4
_ -2
But f£(0) = lim w = lim ¢
z—0 V4 z—>0 2z
_(rein/4)—4
= }i—%reiT ;if z — 0 along z = rei™*
4
r
= lin’%) eL—Tl:/4 = oo
r— re

which shows that f’(z) does not exist at z = 0. Hence f(z) is not analytic at z = 0.
Example 13. (i) Examine the nature of the function
xZy® (x +1y)

f(Z)= x4+y10 > Z¢0

in the region including the origin.

0, z=0
3 .
x°yly —ix) _
@ If flz) =49 ,6 4 y2 z2#0 , prove that &) =10 — 0 as z — 0 along any radius
z
0, z=0

vector but not as z — 0 in any manner and also that f(z) is not analytic at z = 0.
[G.B.T.U. 2013, U.K.T.U. 2010]
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x2y5(x +1y) ]

Sol. (i) Here, u+iv= 1 o :2#20
x5 +y
x3y5 x2y8
= , U=
2t 4y 10 2t 4y 10
. 0) —u(0,0 . 0-0
At the origin, ou _ lim ux,0)~u0,0) lim =0
dx x-0 x x>0 X
ou .. u(0,y)-u(,0) .. 0-0
—=lim = lim =0
ay y—0 y y—0 y
Jdu Ju
Similarly, — =0=—
Y 0x dy
du dv du Jdv
Since —=— and —=-—
' x Y ox
Hence Cauchy-Riemann equations are satisfied at the origin
_ 2,5 .
But 70 = tim B0 _ {x 3 —01- L
z—0 z x—0 x"+y x+uy
y—0
2.5
i T
Let z — 0 along the radius vector y = mx, then
5,7 5,3
m°x m’x
0)= lim —————=1lim ———— =
F0) 50 x* +mP0x™0 o0 1+m'0x® 0
Again let z — 0 along the curve y® = x?
) x? 1
f'(0) = lim =5

x—0 x4+x4 2

which shows that f’(0) does not exist. Hence f(z) is not analytic at origin although Cauchy-
Riemann equations are satisfied there.

@) f(z)—f(O)z[x:gy(y—ix)_O} 1 _—ix3y(x+iy) 1 . x3y

. = . —=—1
z x8 + 2 x+1y 8 +9y?)  x+iy x5 + 92
Let z — 0 along radius vector y = mx then,

lim f(2)-f0) _ lim = ix® (max) T imx

= =lim ——— -9

z—-0 z x—0 x6+m2x2 x—0 .?C4+I’I”L2
Hence =10 — 0 as z — 0 along any radius vector.

z
Now let z — 0 along a curve y = x3 then,
_ _..3.3
lim —f(z) 1) = lim —?C .x6 —
z—0 z x>0 x° +x 2
f(z) - £(0)

Hence does not tend to zero as z — 0 along the curve y = x3.

z
We observe that f’(0) does not exist hence f{z) is not analytic at z = 0.
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Example 14. Show that the following functions are harmonic and find their harmonic
conjugate functions.

1
@D u= bl log(x® +y?) (U.P.T.U. 2015) (i1) v = sinh x cos .
. 1
Sol. (i) u=g log (x2 + y2) (1)
a_u 1 1 2x = ad
a2 x4yl X2+ y2
E)Q_u_(x2+y2).1—x.2x_ y? —x? @)
axZ (xZ +y2)2 (xz +y2)2 o
ou 1 1 y
—==. 2y =
Also, 2 2%+y’ Y 24y
az_u_(x2+y2).1—y.2y_ xZ —y? 3
e (x% 1 y2)2 2 + )2 ..(3)
%u  9%u
ax—z + 8_)/_2 =0. [From (2) and (3)]
Since u satisfies Laplace’s equation hence u is a harmonic function.
Let dv=@dx+@dy
ox oy
=|- ou dx + (B_uj dy [Using C-R equations]
ay ox
= dx + d
(x2+y2] [x2+y2] Y
_xdy-ydr g {tan_1 (lﬂ
(x? +y%) x
Integration yields, v =tan’! (%) +c c is a constant
which is the required harmonic conjugate function of u.
>i1) v = sinh x cos y ..(1)
2
@ = cosh x cos y = 8_12) = sinh x cos y ..(2)
ox ox
i inh x si & inh (3)
3 =—sinhxsiny = % = —ginh x cos y
si 0%v N 0%v
ince, —t—5 =
ox?  oy?

Hence v is harmonic.
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ou Ju ov Jdv
——dx+—dy - —dx——d
Now, du-ax X % y_ay X ” Yy
= — sinh x sin y dx — cosh x cos y dy
= — [sinh x sin ¥ dx + cosh x cos y dy]

=—d (cosh x sin y).

Integration yields, u=-coshxsiny+c | ¢is a constant
Example 15. (i) Show that the function u(x, y) = x* — 6x%y? + y* is harmonic. Also find
the analytic function f(z) = u(x, y) + iv(x, y). (U.P.T.U. 2007)
(i1) Show that the function u = x° — 3xy? is harmonic and find the corresponding analytic
function. [U.P.T.U. (C.0.) 2008]
(iti) Show that e* cos y is a harmonic function, find the analytic function of which it is real
part. [U.P.T.U. (C.0.) 2008]
Sol. (i) u =x*— 6x%y2 + y*
du =4x% — 12xy? = 82_u = 12x2 — 12y?
ox dnc2

82
—_122% + 43 o ay—l;=—12x2+12y2

%u 0%
Since, —Z + —Z =0 .. u(x,y)is a harmonic function.
0x oy
Now, let dv = g—; dx + % dy = (— 3—;) dx + ?)_Z dy | By C-R eqns.
= (12x%y — 4y3) dx + (4x® — 12xy2) dy
= (12x%y dx + 4x3dy) — (4y® dx + 12xy2 dy)
= d(4x3y) — d(4xy?3)
Integration yields, v =4x3y —4xy® + ¢
Hence f2) =u +iv = x* — 6x2y2 + y* + i(dxBy — 4xy3 + ¢)
=@x+iy)t+ce, =2+ ¢ | where ¢, = ic
(i1) u = x® — 3xy?
2
a—u=3x2—3y2 = a—u=6x
ox ox?
ou %u
@ = — 6xy = ay_2 =—6x
2 2
Since, 8_1; + 8_1; =0 .. wuis aharmonic function.
0x oy
dU aU au au
——dx+—dy = | -2 = -
Now, dv = dx % Y = ( ayjdx + . dy | By C-R eqns.
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= 6xy dx + (3x2 — 3y2) dy = (6xy dx + 3x2 dy) — 3y2 dy
= d(3x%y) — d(y3)

Integration yields,
v=38x%y —y3+c
f2) =u+iv=x3—3xy? +i(3x%y —y3 + ¢)
=@+iyP+ic=23+c, (where ¢, = ic)
(i11) Let u =e*cosy
ou 0%u
— X = 7 e
oy S ¢cosy " e* cosy
d . 0%u
5 =—e'sin = —5 =-—e*cos
dy Y 8y2 Y
%u 0%
Since a—l;+ a—l; =0 .. wuis aharmonic function.
X y
0 0
Let dv = —vdx+—vdy = _ou dx+[a—ujdy | By C-R eqns.
ox dy dy ox

=e*sinydx +e*cosydy=d (e*siny)
Integration yields,
v=e*siny+c
Hence fz)=u+iv=e*cosy+i(e*siny +c)
=e*(cosy +1siny) +c, | where c; =ic
=e*tV 4 =€+

Example 16. (i) In a two-dimensional fluid flow, the stream function is y = — %,
x“+y
find the velocity potential ¢. [M.T.U. 2014]
(1) An electrostatic field in the xy-plane is given by the potential function ¢ = 3x%y — y?,
find the stream function and hence find complex potential. (G.B.T.U. 2011, 2013)
Sol. (i) T (1)
x4y
o __ 2y Wy y-x
ox (% +y?)?’ dy  (xr+yH)?
d d
We know that, d¢=8—¢dx+a—¢dy=—wdx——wdy
ox dy dy ox

B (y% —x?) . 2xy
- (xz +y2)2 (xz +y2)2

dy

B (x? + yH)dx — 2x2 dx — 2xy dy
= 2 +y2)?
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Integration yields,

3 (x? + y?) d(x) — x(2x dx + 2y dy)

@2 +y2)?
B (x2+y2)d(x)—xd(x2+y2) _d x
= %102 = 2 +y2- .

o=

53— +c wherecis a constant.
x“+y

(i) Let v (x, y) be the stream function.

Integrating, we get

oy oy 99 (8¢)
S dx+ S dy - |- |de+| = |d
d""ax x+8y y_[ ayj o ox Y

= {— (8x2 — 3y?)} dx + 6xy dy
=—3x2dx + (3y2 dx + 6xy dy)
=—d (x3) + 3d (xy?)
y=—x3+3xy2+c c is a constant

Complex potential is given by

or,
or,

=

w=0a+1y=3x%y —y3 +i(—x3 + 3xy% + ¢)
w = —i[x® —iy3 + 3ix?y — 3xy? — c]
w=—[(x +1y)3—c]

3

w=—-iz° + ¢, | where ¢, =ic

Example 17. (i) If u = e*(x cos y — y sin y) is a harmonic function, find an analytic
function f(z) = u + iv such that f (1) =e.
(it) Determine an analytic function f(z) in terms of z whose real part is e™*(x siny —y cos y).

Sol. (i) We have,

[M.T.U. 2012, G.B.T.U. 2011, U.P.T.U. 2006, 2008, 2014]
u=e%xcosy—ysiny)

Ju .

8_ =e*(x cosy —y siny) +e*cosy = ¢, (x, y) | say
X

Ju . )

g=ex[—xs1ny—ycosy—s1ny]=¢2(x,y) |say

d,(z,0)=e*z+e*=(2+1)¢
¢, (2,0)=0
By Milne’s Thomson method,

From (1),
(i1)

flz) = I{¢1(2, 0)-i¢y(z,0)ldz+c | ¢ is a constant
=J(z+1)ezdz+c=(z—1)ez+ez+c=zez+c ..(D)

f=e+c | From (1)
e=e+c |A(1) = e (given)
c=0

flz) = ze®.
u=e*(xsiny—ycosy)

g_u =e*siny—e™ (xsiny—ycosy) =0, (x,y) | say
X
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d

a—z =e™x cosy —cosy +y siny) = ,(x, y) | say
. 0, (z,00=0 and ¢,(z,0)=e*(z—-1)
By Milne’s Thomson method,

fi2) = [ {012,000, (2,0} dz +
=—iJ e*(z-Ddz+c

=—i[(z—1)(—e’z)—J (—e’z)dz}+c

=—i[(1-2)e*—-e*]+c
= flz) =ize? + ¢ | where c is a constant
Example 18. (i) Determine the analytic function whose real part is e®* (x cos 2y —y sin 2y).
(i1) Find an analytic function whose imaginary part is e*(x cosy +y sin y).
(U.P.T.U. 2009)
Sol. (i) Let flz) = u + iv be the required analytic function.

Here, u = e (x cos 2y —y sin 2y)
du
P e (2x cos 2y — 2y sin 2y + cos 2y) = ¢, (x, y) | say
du ) )
and g = —e? (2x sin 2y + sin 2y + 2y cos 2y) = ¢, (x, y) | say

Now, 0, (z,0) =% (22 + 1)
0, (z,0)=—e*(0)=0
By Milne’s Thomson method,

flz) = J{¢1(Z, 0)—idy(z,0}dz+c = Je22(22+ Ddz+c

eZz e22
=2z+1) g JZ. 2 dz+c | Integrating by parts
2z
=2+ % S
2 2

f(2) = ze% + ¢ where c is an arbitrary constant.
(i) Let flz) = u + iv be the required analytic function.

Here v=e(xcosy+ysiny)

v B . .
a—=ex(—xsmy+ycosy+smy)=w1(x,y) | say
Y

Jdu ~ N .
a—:excosy—ex(xcosy+ysmy)=\|12(x,y) | say
X

l|I]_ (27 0)=O

Yy(2,0)=e?—e*z=(1-2)e>
By Milne’s Thomson method,

ﬂz)=J [vi(z,0)+iyy(z,0)]dz+c =iJ (1-2)e?dz+c
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- i[(l—z) -] 1 (—e’z)dz}tc

=i[z-1De*+e*l +c
= fz)=ize* +c

Example 19. (i) Let f(z) = u(r, 8) + iv(r, ) be an analytic function. If u =—r° sin 36, then
construct the corresponding analytic function f(z) interms of z.

(i) Find the analytic function f(z) = u + iv, given that v = (r ——) sin@;r=0

”
Sol. (@) u =—r°sin 30
du =—3r?sin 360 u = —3r3 cos 30
or > 00
ov ov 1du ou
we know that dv:a—rdr+£d9:(—;a—e) dr+(’“a—)d6
= (3r2 cos 38) dr — (3r3 sin 30) d6
= dv = d (3 cos 30)
Integration yields,
v=r3cos 30 +c
fz) =u +iv=—r°sin 30 + ir® cos 30 + ic
=ir3 (cos 30 + i sin 30) + ¢, | ¢, =1ic
=i(re®)® + ¢,
= flz) =iz + ¢, | 5 = rei®
.. 1 .
(i1) V= (r —;) sin 0

we know that,

1
= du=d(rcose)+d(;cose)

1
Integration yields, u= (r + 7) cos O +c¢

1 1
ﬂz)=u+iv=(r+7) cos6+c+i(r—;j sin ©
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) 1 .
=re®+ —e®+¢c
r

= f(z)=z+§+c.

Example 20.If u—-v =(x—-y) (x%+4xy +y2) and f(z) = u + iv is an analytic function of
z =x + 1y, find f(z) in terms of z.

Sol. Here, fz)=u+iv
o ifiz) =iu—-v
Adding 1+ fz)=(w-v)+i(u+v)
Let 1+)flz)=F@),u—-v=U,u+v=V,then
Fiz)=U+:V
Now, U=zu-v=k-y) &2 +4xy +y?)
au_, 2 2 2
= e o F + 4oy +y2 + (x —y)(2x + 4y) = 3x? + 6xy — 3y? = §,(x, y)
| say
ou
and _y =— (2 + 4y +y?) + (x —y)(4x + 2y) = 3x2 — 6xy — 3y? = 9, (x, y)
| say
Now, 0,(z, 0) = 322, ¢,(z, 0) = 322

By Milne’s Thomson method,
F) = [ 10,2, 0 i0(2, 0)] dz + = [ 1822 -i3z*dz e
F)=1-22+c¢

= A+Dfla)=Q-D2+c
1—i 3 C —21 3 C
= 2%+ =|— 2% +ec where ¢, =
o fz) (1+i) 1+i ( 2 ) L ( ! 1+ij
or, flz) =—iz3 +c,.
2sin 2x

Example 21. If u +v = and f(z) = u + iv is an analytic function of

e? +e™® — 2 cos 2x
z=x + 1y, find f(z) in terms of z.

Sol. Let fz)=u+iv ..(1)

Multiplying both sides by ¢
iflz)=iu-v ..(2)

Adding (1) and (2), we get

1+ fz)=w-v)+i(u+v) ...(3)
= Fz)=U+:1V ..(4)
where Fiz) =1 +1) flz) ...(5)
U=u-v and V=u+v ...(6)
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It means that we have been given

sin 2x

= . Qy _Zy —
\Y cosh 2y — cos 2x WD r ePte 2 cosh 2y

dV _ —2sin 2x sinh 2y
dy  (cosh 2y — cos 2x)2

Now =y, (x, y) | say

dV _ 2 cos 2x (cosh 2y — cos 2x) — 2 sin” 2x

and -— 5
o0x (cosh 2y — cos 2x)

2 cos 2x cosh 2y — 2

~ (cosh 2y — cos 2x)? = Yy, ¥) | say
y,(z,0)=0
2(cos 2z — 1 -2 P
W2(2, O) = (COS z ) _ - Cosec2 .

(1- cos 22)? T 1-cos2z 1-1+2sin?z
By Milne’s Thomson method, we have
F2) = [ {y,(z,0) +i y,(z, 0)} dz +c
=]—icosec?zdz+c=icotz+c
Replacing F(z) by (1 + i) flz), from eqn. (5), we get

1+0)flz)=icotz+c

14 c
= z)= ——cot z+ —
fiz) 1+1 1+1
c
_ 1 : , -
fle)=5 (L +i)cotz +c, Wherecl—1+i.

.. . . cosx+sinx—e”
Example 22. If f(z) = u + iv is an analytic function of z and u — v =

2cosx—2coshy’
1 z T
prove that fz) = 5 I-cot — | when f 3] =0

2
Sol. Let fz)=u +iv (1)
iflz)=iu—-v
Add, A +)fz)=w-v)+ilu+v) . (2)
= Fz)=U+iV ..(3)
where u-v=U,u+v=V and 1 +1i)fz) =F().

cosx+sinx—e™”

We have, u—-v=
2cosx —2cosh y

cos x + sin x — cosh y + sinh y [ — h inh y]
or, - 2 cos x — 2 cosh y Loy ey

sin x + sinh y

1. .(4)
2  2(cos x —cosh y)
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Diff. (4) w.r.t. x partially, we get

dU _ 1| (cos x —cosh y) cos x — (sin x + sinh y)(- sin x)
ox 2 (cos x — cosh )2

e )_l 1-cosh y cos x + sinh y sin x
DS (cos x — cosh y)?
1{ 1-cosz 1
=3 - : (5
0z 0 2{(cosz—1)2} 2(1- cos 2) (5)

Diff. (4) partially w.r.t. y, we get

dU _ 1| (cosx —cosh y).cosh y —(sin x + sinh y)(— sinh y)
ay 2 (cos x — cosh y)?
0. c )_1 cos x cosh y +sin x sinh y — 1
25Y =0 (cos x — cosh )2
1| cosz-1 1 -1
,0)=—|——m— | ==.| ———|. ...(6
02, 0) 2{(cosz—1)2} 2 (l—cosz] ©)

By Milne’s Thomson Method,
F(z) = [ 012,00~ i05(2, 0] dz +c

=J.|:1 1 +£- 1 }dz+c
2 (1-cosz) 2 1-cosz

1+: 1
-2 2sin? z/2

(1+i) (- cot 2/2) (1+i] z
= . +c=—|—|cot— +¢

L4 (1] 2 2
2
z

dz +c = % jcosecz (2/2)dz + ¢

14i
or, (1+z)f(z)=_(%)cot—+c
1 c
= flz) =— =Zcot =+ (7
2 1+
T 1 i c
—|=—=cot—+
f[zj 2 co R [From (7)]
1 ¢ c 1
0=— =+ _ - ...(8)
2 1+ 1+i 2
1
From (7), ﬂz):—%cot§+% = Etl_COtgj‘ [Using (8)]
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Example 23. (i) If f(z) is a regular function of z, prove that
07 82
[ P %’ J |fz)|2=4|f'(2)]|>% (U.P.T.U. 2007, 2015)
(i) If f(z) is @ harmonic function of z, show that
d S ? ,
—|f@|; +i=—I|f@]|; = | f'(z) | (U.P.T.U. 2009)
ox ay

Sol. (i) Let fiz) = u + iv so that |fz)| = {u? + v?
or [f2)|2 = u? + v? = d(x, y) (say)

90 _o, U g
ox i o0x

82_¢—2 uaz_u+(a_uj2 +va_2l)+(@)2
ox? x?  \ ox ox?  \ox

- 9% %u (u) % ()
Similarly, 7=2 u7+ g +vay_2+ g

Adding, we get

2 2 2 2
8¢ 6(1) =2|u 8_+8_ +(a—u) (auj +v a_+a_ +(%j (av) (1)
x> ay ox?  oy? ox dy ox?  9y? ox oy
Since flz) = u + iv is a regular function of z, u and v satisfy C-R equations and Laplace’s
equation.

R T Y N
ox oy dy P ax?  oy? o2 oy>

From (1), we get
2 2 2
S INCS E )
ox? By ox ox ox ox
NORE z
a dx ox +(2)

Now fz)=u+iv
oy o fou)' ()
fe=aptiny d 1@ (ax) +(ax)

From (2), we get

82 82 82 82
et T )OI or (S E o IR P =4 1@
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(i) We have, flz2)=u+1iv ..(1)
1) = Ju? +0v? .(2)
Partially differentiating eqn. (2) w.r.t. x and y, we get
" Ju . v
d 1 9 o102 ( du avj o ox
- =—=W” +v°) 2u—+20—| = %% ...(3)
5w [@1=73 ox " ox @]
L
.. i 9y ay
Similarly, E |f(2)]| = —|f(z)| ..(4)
Squaring and adding (3) and (4), we get
o (oo 2 w2
d > [o
{_ |f(2) |} + {_ |f(2) |} _\ dx  ox i dy dy
ox oy |f(2)]
(uau+vavj2 +(_ua”+va”)2
= ox ox 5 % ox | Using C-R eqns.
|7(2)]
2 2
w? +v?) {(?}ZJ +(g;) }
) F@) P
) ()’
_ | 9 .. 2,24 12
_(Bx) +(8x) |« |f)|*=u*+v
= |f'(2)]? ‘ f’(z)zg—l;+ig—;
ASSIGNMENT
1.

(i1) Find the constants a, b, ¢ such that the function f{z) where

fz) = —x2 + xy + y2 + i (ax? + bxy + cy?) is analytic. Express f(z) in terms of z.

(M.T.U. 2013)

(i) Determine a, b, c, d so that the function f(z) = (x2 + axy + by?) + i(cx? + dxy + y?) is analytic.

(i) Find the value of the constants a and b such that the following function f(z) is analytic.

f{z) = cos x (cosh y + a sinh y) + i sin x (cosh y + b sinh y)

1
(iv) Determine p such that the function f(z) = 5 log (x? +y%) +i tan™! px

£= is an analytic function.

Also find f'(2).

(M.T.U. 2012)
2. Show that
(a) flz) = xy + iy is everywhere continuous but is not analytic.
(b) flz) =z + 2z is not analytic anywhere in the complex plane.
(c) flz) =z | z | is not analytic anywhere. (U.K.T.U. 2010)
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3. Discuss the analyticity of the following functions:

1
(i) sin z (ii) cosh z (ii1) > (iv) 25
4. (i) Define analytic function. Discuss the analyticity and differentiability of flz) = |z |*at z = 0.
(G.B.T.U. 2012)
(i1) Define anlaytic function. Discuss the analyticity of fiz) = Re (z3) in the complex plane.
(U.P.T.U. 2014)
0 l1ov d 10
5. Show that the polar form of Cauchy-Riemann equations are Z.- ——v, & ———u. Deduce
or r d0 or r 00
Pu 1ou 1 9%
that — +——+—5—
PR R
6. (i) Show that an analytic function f(z), whose derivative is identically zero, is constant.

=0.

(i) It is given that a function f{z) and its conjugate % are both analytic. Determine the function
fi2).
(i11) Show that if fz) is analytic and Im f (z) = constant then f (z) is a constant.

Uy Uy

(iv) Show that if Az) is differentiable at a point z, then |f’(2)|% = v Uy

x3y5 (x + iy)
7. (i) Show that the function f{z) defined by f{z) = —5——=7—, 2 # 0, f{0) = 0, is not analytic at the
x° 4y

origin even though it satisfies Cauchy-Riemann equations at the origin. (G.B.T.U. 2011)
(i) Show that for the function

@?
fz) = Z z#0
0, z=0

the Cauchy-Riemann equations are satisfied at the origin. Does f’(0) exist?
(i1i) Show that for the function

9 .
2ol
flz) = x“+y
0, z=0
the C-R equations are satisfied at origin but derivative of f{z) does not exist at origin.

2

8. (i) If u is a harmonic function then show that w = ©“ is not a harmonic function unless u is a

constant.
(i1) If flz) is an analytic function, show that |f(z)| is not a harmonic function.

9. (i) Show that the function u(x, y) = 2x + y3 — 3x2y is harmonic. Find its conjugate harmonic
function v(x, y) and the corresponding analytic function f(z).

(i1) Show that the function v(x, y) = €* sin y is harmonic. Find its conjugate harmonic function
u(x,y) and the corresponding analytic function f(z).

(i7) Define a harmonic function and conjugate harmonic function. Find the harmonic conjugate of

the function u(x, y) = 2x (1 —y). (U.P.T.U. 2009)
(iv) Show that the function u = e %% sin (x2 — y2) is harmonic. (UK.T.U. 2011)
(v) Show that u(x, y) = x3 — 4xy — 3xy? is harmonic. Find its harmonic conjugate v(x, y) and the
corresponding analytic function f{z) = u + iv. (G.B.T.U. 2013)

10. (i) Show that the function u(r, 8) = r2 cos 26 is harmonic. Find its conjugate harmonic function
and the corresponding analytic function f{z).

(ii) Determine constant ‘6’ such that u = e®* cos 5y is harmonic.
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(iii) Define Harmonic function. Show that the function v = log (x? + y2) + x — 2y is harmonic. Also
find the analytic function f{z) = u + iv. (G.B.T.U. 2012)
(iv) Show that v(x, y) = e™ (x cos y + y sin y) is harmonic. Find its harmonic conjugate.

(U.P.T.U. 2014)
11. Determine the analytic function f(z) in terms of z whose real part is

1
@) 2 log (x2 +y2) (U.K.T.U. 2011) (i1) cos x cosh y
(i) e* (x cosy +y siny) ; f(0) =1 @iv) (x —y)(x2 + 4xy + y?) (G.B.T.U. 2012)
sin 2x . sin 2x
V) ——(———————— i) ——————.
cosh 2y — cos 2x cosh 2y + cos 2x
12. Find the regular function f{z) in terms of z whose imaginary part is
@) 525 (ii) cos x cosh y (iii) sinh x cos y
x“+y
(iv) 6xy — 5x + 3 ) — o 5 + cosh x cos y. (vi) e* (x siny + y cos y)
x“+y

(U.P.T.U. 2015)
18. Prove that u = x2 — y2 — 2xy — 2x + 3y is harmonic. Find a function v such that flz) = u + iv is
analytic. Also express f(z) in terms of z.
14. (i) An electrostatic field in the xy-plane is given by the potential function ¢ = x2 — y2, find the
stream function.

(i) If the potential function is log (x? + y?), find the flux function and the complex potential
function.

15. (i) In a two dimensional fluid flow, the stream function is y = tan™! (lj, find the velocity
x
potential ¢.

(it) If w = ¢ + iy represents the complex potential for an electric field and y = x2 — y2 t
determine the function ¢. Xty
(i) If u = (x — 1)3— 3xy? + 3y2, determine v so that u + iv is a regular function of x + iy.
[U.K.T.U. 2010]
2 2
16. If f(z) is an analytic function of z, prove that [ax_2 + ay_zJ |Reflz)|2=2 |f'(2)|2
(G.B.T.U. 2012)
17. Find an analytic function Az) = u(r, 0) + iv(r, 0) such that v(r, 8) = r2 cos 26 — r cos 6 + 2.

18. Ifflz) = u + iv is an analytic function, find f{z) in terms of z if
(@) u—-v=e*(cosy—siny) (ii)u+v=%,whenf(1)=1
x“+y

[U.P.T.U. (C.0.) 2008]

y .

e’ —cosx +sinx T

@) u—-v= when f(—) =
cosh y — cos x 2

3-1
9

19. () Ifflz) = u + iv is an analytic function of z =x + iy and u + v = (x + y) (2 — 4xy + x2 + y2), then
construct f{z) in terms of z.

(i1) If fiz) = u + iv is an analytic function of z=x + iy and u —v =e™ [(x —y) siny — (x + ) cos y], then
construct fz) in terms of z. [U.P.T.U. (C.0.) 2009]

20. If f=u + iv is analytic show that g = — v + iu is also analytic. Also show that v and — v are
conjugate harmonic.
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21. Show that the function

z

@)=

1 is analytic at z = oo, (ii) f(z) = z is not analytic at z = oo,
z

+z _z-z
2 VT g

22, Iff(z) =ulx, y) +iv(x, y) where x = i

is continuous as a function of two variables z

9
and z then show that a—]j = 0 is equivalent to the Cauchy-Riemann equations.
z

[Hint,iz(a_ua_xﬁ_ua_yj”[3_va_x+3_va_yﬂ

0z \odx dz dy oz dx 0z dy 0z
. . . . . . . du
23. (i) Show that a harmonic function satisfies the formal differential equation = 0
2
@1) If w = fliz) is a regular function of z, prove that Pyl + Pl log |f’(z)| =0. Further, if |f'(2)|
= dy

is the product of a function of x and function of y, show that f'(z) = exp. (022 + Bz + y) where o
is real and B, y are complex constants.

24, Iff(z) =u + iv is an analytic function of z = x + iy, find f (z) in terms of z if
(Z) 3u + v = 3 sin x cosh y + cos x sinh y (ii) u — 2v = cos x cosh y + 2 sin x sinh y
(i1i) 2u —v =e*(2 cosy —siny)
25. () If f1z) = fz) for all z, then show that f(z) = ke?, where % is an arbitrary constant.
(i1) Find an analytic function f(z) such that Re [f (2)] = 8x2 -4y — 3y2and A1 +1) =0

(i) Let flz) = u + iv and g(z) = v + iu be analytic functions for all z. Let {0) = 1 and g(0) = i. Obtain
the value of (z) at z = 1 + i where h(z) = f'(2) + g12) + 2(2) g(2).

(iv) If flz) = u + iv is an analytic function of z and ¢ is a function of ¥ and v, then show that

232 @f]er

Answers
. . 1 1 1 .
1. Da=2,b=-1,c=-1,d=2 (u)a=—§,b=—2,c=§ ;ﬂ2)=_§(2+L)22
@i)a=-1,b=-1 (iv)p:—l,f’(z):l
z
6. (ii) constant function 7. (it) No
9. Dv=2y-3xy2+x3+c;flza)=22+iz2+ic (Du=e*cosy+c;flz)=e*+c
@) vlx,y) =x2—y2 + 2y + ¢ V) vix,y) =2x2 - 292 + 3x%y —y3 + ¢, Az) =23 +2iz2 +¢
10, Dv=rsin20+c;fz)=2%2+ic @)b==+5
@) z2)=—2z+i(2logz +2) +c¢ (iv) ulx,y)=e®*(xsiny —ycosy) +c
11. (@) logz +c (it) cosz + ¢ (i) 1 + ze™
) I-)2+c () cotz +c (vi) tan z + ¢
1
12. (@) T +c (it)icosz +c¢ (iti) i sinh z + ¢
z
(iv) 322 = biz + ¢ (v)i +icoshz +c¢ (vi)ze*+c
z
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18, v=x2-y2+2xy -2y —-3x+c,fz2) =1 +0)22-(2+ 3i)z +ic

14. ()y=2xy+c (i) 2 tan™! (%)+c,2logz+ic
1 . y
15. () < log @® +y?) +c @) —2xy+ 35— t¢ @it) v =38y (1 +x%) —y°
2 x“+y
17. iz2-z+2)+¢c
18. ()e* (23] ! (i"‘l) (@iz) ti+1(1 )
. @De+c W 7713 i) cot 5 + 5 (1-i
21. () 2z+iz8+c (ii) ize? + ¢
24. (A)f(@)=sinz+c @) f(@)=cosz+c @) f(z)=e*+c
25. @)fz)=23+222+6-21 (Tir) 2i

1.19 LINE INTEGRAL IN THE COMPLEX PLANE

b
In case of real variable, the path of integration of J. f(x) dx is always along the x-axis from
a

b
x =a tox =b. But in case of a complex function f(z), the path of the definite integral J- f(2)dz

can be along any curve fromz =a toz = b.

Let fz) be a continuous function of the complex variable z = x + iy defined at all points
of a curve C having end points A and B. Divide the curve C into n parts at the points

A =Pz, P,(z)), ...... , P2), ... ,P.(z,) =B.
Let 8z, =z, — 2z, ; and , be any point on the arc P, ; P,. Then the limit of the sum

Z f(&;)82; as n — = and each &z, — 0, if it exists, is called the line integral of f(z)
i=1

along the curve C. It is denoted by J.c f(z)dz.

In case the points P, and P, coincide so that

C is a closed curve, then this integral is called Y4

contour integral and is denoted by ic f(2) dz.

Iffiz) = u(x, y) + iv(x, y), then since dz = dx + i dy,
we have

j £(2)dz = j ( + iv)(dx + i dy)
C C

= J‘ (udx —vdy) +1i J (vdx + udy)
c c

which shows that the evaluation of the line integral o)
of a complex function can be reduced to the evalua-
tion of two line integrals of real functions.

Moreover, the value of the integral depends on the path of integration unless the
integrand is analytic.
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When the same path of integration is used in each integral, then

_[b £(2)dz = j: f(2) dz

If ¢ is a point on the arc joining a and b, then

jb f(2)dz = j £(2)dz + f £(2) dz.

EXAMPLES

1+
Example 1. Evaluate jo (x—y+ ix?)dz.

(a) along the straight line fromz=0toz=1+1

(b) along the real axis from z =0 to z = 1 and then along a line parallel to imaginary axis
fromz=1toz=1+1.

(¢c) along the imaginary axis from z = 0 to z = i and then along a line parallel to real axis
fromz=1itoz=1+1.

Sol. (a) Along the straight line OP joining O(z=0)and P(z=1+1i),y =x,dy =dx and x
varies from 0 to 1.

1+i 1+ . .
j (x—y+ix2)dzz.[ (x —y + ix?)(dx + i dy)
0 0

1 1
- jo (x — x + ix2)(dx + idx) = jo ix2(1+1) dx

3 1
. ) __ 1.1,
=@-D|73 373"

0

(b) Along the path OAP where Aisz=1 Ya
1+ .9 d
.[0 (emy+int)dz Bf------- S — P(1,1)
(0, 1) !
- jOA(x _y+ix?)dz+ jAP<x —y +ix?) dz (1)
Now along OA, y =0, dz = dx and x varies from 0 to 1. 4 If
1 2 37 i
jOA(x—y+ix2)dz:J0(x+ix2)dx:{%+i%} :%+%i R N
0 0 i A(1,0) X
Also along AP, x = 1, dz = idy and y varies from 0 to 1
2 1 y* ' 1 1
J.AP(x—y+zx )dz=J‘0 (1—y+1)wly={(—1+z)y—z?}O =—1+i—§i=—1+§i
1+i
Hence from (1), J.+(x—y+ix2)dz=(l+lij+(—1+li)=—l+éi.
0 2 3 2 2 6
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(c) Along the path OBP where Bisz =1

j1+i(x—y+ix2)dz=j (x—y+ix2)dz+j (x —y +ix2) dz
0 OB BP Y

Now along OB, x = 0, dz = idy and y varies from 0 to 1

.(2)

1 27!
j (x—y+ix2)dz:j -y idy=-1i EA =—li
OB 0 2 0 2
Also, along BP, y = 1, dz = dx and x varies from 0 to 1
1 2 37!
J. (x—y+ix2)dz='|. (x—1+ix?) dx=| > —x+i — =——+1i
BP 0 2 3 0 3
1+ 1 1 1 1 1
- 2 = —i+|——+—l|=———=1
Hence from (2), J.o (x —y +ix?) dz 2L ( 5 SL) 5 6L'

Note. The values of the integral are different along the three different paths.

1+i
Example 2. Evaluate j i (x? —iy)dz along the paths
0
(@) y=x (®)y =22
Sol. (a) Along the line y = x,
dy =dx sothatdz =dx + idx = (1 +1) dx
Wi, 1,
j x% — iy)dz =j (% — i)(1+ i) dx
0 0
1

3 2

x X ~(1 1. 5 1.
=+ |2 i sa+n|[2-2i]| =2~
(+z){3 12}0 ( l)(3 21) 5 6

(b) Along the parabola y = x2, dy = 2x dx so that
dz =dx + 2ix dx = (1 + 2ix) dx

Ya

and x varies from 0 to 1.

1+ 1
j % —iy) dz =j (x2 = ix?)(1 + 2ix) dx
0 0

3 47!
_(1-n| i
3 2|

(G.B.T.U. 2010)

4

o

4

P(,1)

=1-0{373Y) 6 6" o

2+
Example 3. Evaluate J : z)? dz, along
0

XV

(a) the real axis from z =0 to z =2 and then along a line parallel to y-axis from z = 2 to
z=2+1. (U.P.T.U. 2009, U.K.T.U. 2011)

(U.P.T.U. 2009)

(b) along the line 2y = x.
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FUNCTION OF COMPLEX VARIABLE 41
Sol. (2)% = (x—iy)? = (22 — y2) — 2ixy YA
(a) Along the path OAP where A is (2, 0) and P is
2, 1. P(2,1)
24+ 9
[ @
0 _+
_J‘(2_2_. I 2 2 o N
= x“ -y  =2ixy)dz+ | (x° —y°—2ixy)dz
0A AP
(D)
Now, along OA, y =0, dz = dx and x varies from 0 > >
to 2 0 A(2,0) X
2 37 8
J. (x? — 32 —2ixy)dz=J. Zde=|2] =2
0A 0 3 0 3
Also, along AP, x = 2, dz = idy and y varies from 0 to 1
1
j (x? — y2 — 2ixy) dz =j (4 —y2 — 4iy) idy
AP 0
3 ' 1 11
—ldiy—iY+2y?| =4i-Zi+2=2+""i
3 o 3 3
2+i
Hence from (1), we have J ’ (2)? dz=§+2+£i=ﬁ+ﬂi.
0 3 3 3 3
(b) Along the line OP, 2y =x, dx =2dy
so that dz=2dy +idy=(2+1)dy

and y varies from 0 to 1.

2+1 2+1 1
_[ " 3)? dz =j " @? = y?  %ixy) dz :j (4y? — y2 — 4iy®)(2 + 1) dy
0 0 0

3 3

Example 4. Integrate f(z) = x2 + ixy from A(1, 1) to B(2, 4) along the curve x =t, y = t2.
Sol. Equations of the path of integration are x = ¢, y =2

dx =dt, dy=2tdt

At A(1,1), ¢t=1 and atB(2,4),t=2

B B 2
j £(2) dz =j (x? + ixy)(dx + idy) = _[ (42 + it3)(dt + 2it dt)
A A 1

z 4 2.3 B o] 34T
= [C@-2etyar i atde=| - | vil S
1 1 3 5 | 4 |

8 64) (1 2) . 3 151 45 .
=222 i 12- 2 | = - 22 22,
(3 5) (3 5) ( 4) 5 4

Example 5. Prove that
dz

Cz—-a

3 1
= (2 +0)(3 - 40) J.Olyzdy:(lo—5i)|:y?:| _10_5.
0

=2m

@

(@1) 51‘)0 (z—a)"dz =0 [nis an integer # 1] where C is thecircle | z—a | =r.
(G.B.T.U. 2011)
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Sol. The equation of the circle C is
|z—a | =r or z—a=re®

where 0 varies from 0 to 2r as z describes C once in the anti-clockwise direction.

Also dz = ire'® do.
4 or o0 4 ) Ya
T T
() § z =I ire .ee=i_[ de = 2ni
cz—a Jo re 0

P (2)

. 2n . .
(i1) ff) (z-a)"dz= J re™® ire® do A
c 0 A

2n .
_ irn+1 J‘ ez(n+1)6 do
0

{ i+ 10 T’f C
= ir"tl | - [ n=z-1]
+1 >
in+1) o 5 >
rn+1
- 2(n+1)m _
n+1 le 1]
=0. [+ €28 = cos 2(n + 1)nt + 1 sin 2(n + 1)r = 1]
Example 6. Evaluate the integral J | z| dz, where c is the contour
C
(i) The straight line from z =—itoz =1
(t7) The left half of the unit circle | z | =1 fromz=-itoz =1.
Sol. (i) The straight line fromz =—-itoz=7iisx =0
ie., z =1y so that dz = idy
1 0 1
j |z|dz=j liy|idy =i j (—y)dyﬂ'j y dy
c -1 -1 0
2\0 2\!
1) (1
——i (y—J +i[y—j =—i (_E)”(E) =i,
2), 2 Jo
(i1) For a point on the unit circle | z | =1,
z=e®
dz = ie'® de.
. . ) 3n s .
The points z = —i and i correspond to 6 = — and 6 = Py respectively.
/9 ) /2
I |z|dz:J. 1.e"ide = (ele) = e'™2 _ g3in/2
c 3n/2 3n/2
T .. T 3= . . 3m . . .
=cos —+isin——-cos——-isin—=0+7-0-i(-1) =2i.
2 2 2 2
Example 7. Evaluate the integral J log z dz, where c is the unit circle | z | = 1.
c
Sol. Here, c=|z| =1 (D

L log zdz = J-c log (x +1y) dz
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= J [% log (x® + y*) +itan! l} dz

x
—i | tan” (%) dz. D) (r ey?=1)
On the unit circle, z=e®
dz = ie® de.

Now (2) becomes,

2n . 2 .
J. logzdz=1i J. tan! (tan 0) ie®® d6 = — J. 0e™® do
c 0 0

. 21 . " 27
10 on 10 i 0
eS| -[T1 e | 2R L)
N 0 12 12 A
2n on ; . : .
=— [— e”™ +e*™ — 1} =2mie?™ + 1 —e?™ =2m | v =1
l
ASSIGNMENT
3+ 9
1. Evaluate J. z“ dz, along
0
x
(a) the liney = 3 (b) the real axis to 3 and then vertically to 3 + i
(c) the parabola x = 3y2.
1+
2. Find the value of the integral (x—y—ix?) dz, along real axis from z =0 toz =1 and then
0
along a line parallel to imaginary axis fromz=1toz =1+ 1. [G.B.T.U. (C.0.) 2011]
4+2i
3. Evaluate J. Z dz along the curve given by z = ¢2 + it.
0

4. (i) Evaluate § |z |2 dz around the square with vertices at (0, 0), (1, 0), (1, 1) and (0, 1).
C

(it) Show that § (z + 1) dz = 0 where C is the boundary of the square whose vertices are at the
C
points z=0,z=1,z=1+iandz =1i.
5. (a) Evaluate J [(x +y) dx + 22y dy]
C

(i) along y = x2 having (0, 0), (3, 9) as end points.
(i1) along y = 3x between the same points.
(1,1
(b) Evaluate J (3x2 + dxy + 3y%) dx + 2(x? + xy + 4yD)dy
(0,0)
(i) along y = x2 (i1) alongy = x
Does the value of the integral depend upon the path?
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6. (i) Evaluate § (y —x- 3x27) dz where C is the straight line fromz=0toz =1 +1i.
C
243,
(i1) Evaluate J (z° + 2) dz along the line joining the points (1, — 1) and (2, 3).
1-i
7. (i) Evaluate § (z - z%) dz where C is the upper half of the circle | z | = 1. What is the value of
C
this integral if C is lower half of the given circle?
(i1) Evaluate the integral J (z - 2%) dz where C is the upper half of the circle | z — 2 | = 3. What is
C
the value of the integral if C is the lower half of the circle? (M.T.U. 2013)
[Hint: z = 2 + 3¢9
8. Prove that [ 1 dz =—mi or m according as C is the semi-circular arc | z | =1 fromz = -1
Cz
to z = 1 above or below the real axis.
2+1
9. Evaluate L (2x+iy+ 1 dz along
-1
(a) the straight line joining (1 —7) to (2 + ) (b) thecurvex =t + 1,y =22 1.
10. Evaluate the line integral jc (3y2dx + 2y dy) where C is the circle % + y2 = 1 counter clockwise
from (1, 0) to (0, 1). Ya
11. Evaluate the integral I = J. [é) dz where C is the
c\z C,
boundary of the half annulus as given in figure 1. c
1
12. Evaluate the integral j 22dz where C is the arc of
C
. = >
thecirc1e|z|=2from6=0t06=§. _A? —é o C2) S X
Fig. 1
13. Evaluate I 2:+3 dz where C is g
C 4
(1) upper half of the circle |z| = 2 in clockwise direction.
(i7) lower half of the circle |z| = 2 in anticlockwise direction.
(i) the circle |z| = 2 in anticlockwise direction.
14. Evaluate the integral j Re (22) dz from 0 to 2 + 4i along the line segment joining the points
C
(0,0) and (2, 4).
3+1 9
15. Evaluate j (2)® dz along the real axis from z = 0 to z = 3 and then along a line parallel to
0
imaginary axis fromz =3toz =3 + 1. (G.B.T.U. 2013)
16. Integrate flz) =Re (z2) fromz=0toz =1 + 2i.

(i) along straight line joiningz=0toz =1 + 2i.
(i) along the real axis from z = 0 to z = 1 and then along a line parallel to imaginary axis from
z=1toz=1+2i. (UP.T.U. 2014)
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Answers
1 6+ 2 b6+ i 6+ 21 2.2+
.(a)+3 ( +3 (c)+3 ‘37 %
3. 10—§i 4.() -1+
5. (a)(i)256.5 (i) 200.25 (b) (i) 26/3 (ii) 26/3 ; No
. . 1 2 2 .
6. ()1-1: (i1) — (641 — 103) 7.0) 7 ;- — (i1) 66, — 66
6 3 3
‘ 25 . 4
9. (@4+8i (b)4+?l 10. -1 11.5
12. _Tw 13. (i) 8 — 37 (ii) 8 + 3mi (iii) 6m
26 . ;
14. —8(1+2) 15, 12+ 2% 16. (i) % (i) % + 9

1.20 SIMPLY AND MULTIPLY CONNECTED DOMAINS

A domain in which every closed curve can be shrunk to a point without passing out of the
region is called a simply connected domain. If a domain is not simply connected, then it is
called multiply connected domain.

1.21 SIMPLY AND MULTIPLY CONNECTED REGIONS

A curve is called simple closed curve if it does not cross itself (Fig. 1). A curve which crosses
itself is called a multiple curve (Fig. 2).

A region is called simply connected if every closed curve in the region encloses points of
the region only, i.e., every closed curve lying in it can be contracted indefinitely without pass-
ing out of it. A region which is not simply connected is called a multiply connected region. In
plain terms, a simply connected region is one which has no holes. Figure 3 shows a multiply
connected region R enclosed between two separate curves C; and C,,. (There can be more than
two separate curves). We can convert a multiply connected region into a simply connected one,
by giving it one or more cuts (e.g. along the dotted line AB).

Fig. 1 Fig. 2 Fig. 3

Remark 1. Jordan arc is a continuous arc without multiple points.
Remark 2. Contour is a Jordan curve consisting of continuous chain of a finite number of regular arcs.
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1.22 CAUCHY'S INTEGRAL THEOREM [M.T.U. 2013, 2014; G.B.T.U. (C.0.) 2011]

Statement. I f(z) is an analytic function and f'(z) is continuous at each point within and on a
simple closed curve C, then

fﬁ f(2)dz=0.
o
Proof. Let R be the region bounded by the curve C. C
Let f(z) = u (x, y) + iv(x, y), then
§ f(2)dz = § (u + iv) (dx + idy)
c c
= & (udx —vdy) +1 § (vdx + udy) (1)
c c
Since f ’(z) is continuous, the partial derivatives a_u’a_u’@’% are also continuous
ox dy dx dy

in R. Hence by Green’s Theorem, we have

§ redz=|[ (_@__Jd ay+iff (ﬁ__de dy ()

Now f(z) being analytic at each point of the region R, by Cauchy-Riemann equations, we
have

du _dv q ou_
dx dy an dy  ox

Thus, the two double integrals in (2) vanish.
dz =
Hence ifJC f@)dz =0

However Cauchy with the help of Goursat developed the revised form of Cauchy’s
fundamental theorem which states that

“If flz) is analytic and one valued within and on a simple closed contour C then J. f(2)dz=0."
c

Goursat showed that for the truth of the original theorem, the assumption of continuity
of f’(z) is unnecessary and Cauchy’s theorem holds if f{z) is analytic within and on C.

Corollary. If f(z) is analytic in a region R and P, @ are two

pointsin R, then Jf f(2)dz is independent of the path joining P
and @ and lying entirely in R.
Let PAQ and PBQ be any two paths joining P and Q.
By Cauchy’s theorem,

j f(2)dz = 0

PAQBP

= J f(z)dz+'|‘ f(2)dz =0
PAQ QBP

= [ fe@d-| fed-o
PAQ PBQ

Hence j f(2)dz= J f(2)dz.
PAQ PBQ
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1.23 EXTENSION OF CAUCHY'S THEOREM TO MULTIPLY CONNECTED REGION

If f(z) is analytic in the region R between two simple closed
curves C, and C,, then

jc flz)dz = jc flz)dz

when integral along each curve is taken in anti-clockwise
direction.

Proof. Jf(z)dz =0

where the path of integration is along AB and curve C, in clockwise direction and along BA
and along C, in anti-clockwise direction.

[ f@des | f@rdes | fedet | flerdz=0

or .[c f(@)dz+ Jc f(z)dz=0 ‘ J‘AB f2)dz=- J‘BA f(z)dz
Reversing the direction of the integral around C,, we get
jcl £(2)dz = ch £(2)dz

However if a closed curve C contains non-intersecting closed curves C,, C,, ..... ,C,
then by introducing cross-cuts, it can be shown that

§c f(z)dz=§>c f(z)dz+§>c f@dz+---- +j§c f(2)dz-

C
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EXAMPLES

Example 1. Evaluate iﬁc (x® - y% + 2ixy)dz where C is the contour |z | =1
Sol. flz) =x2—y% + 2ixy = (x + iy)? = 22 is analytic everywhere within and on | z | = 1.

By Cauchy’s integral theorem, J;C f(2)dz = 0.

Example 2. Evaluate § (322 + 4z + 1) dz where C is the arc of the cycloid x = a(6 - sin 6),
c

y =a(l - cos 0) between (0, 0) and (2ra, 0).
Sol. Here, f(z) = 322 + 4z + 1 is analytic everywhere so that the integral is independent
of the path of integration and depends only on the end points z; = 0 + i0 and z, = 2ra + i0.
2 ma 9 3 2 e
JC(SZ +4z + l)dz:J 8z +4z+ 1D dz=|2°+2z° + 2 = 2ma (4n2a2 + 4na + 1).
0
0

2
Example 3. Evaluate: i; 2z +5

———— —-dz, where C is the square with vertices at
C(z+2)7° =" +4)

1+1,2+1,2+2i, 1+ 21

222 +5
Sol. Here, =5 Y.
ol. Here flz) 128 P+ ) A
Singularities are given by 1+ 28 g +2i)
(z+23(E2+4)=0 <
z =— 2 (order 3), + 2i (simple poles) e
Since the singularities donot lie inside the contour M i
C hence by Cauchy’s integral theorem, >
A B
ﬁ’) 2z +5 20 (1 +1i) @2 +i)
C(z+2)°% (2% +4) ' >
o} X

Example 4. Evaluate & (5z* - 2% + 2) dz around
[o

(1) unit circle |z| =1
(it) square with vertices (0, 0), (1, 0), (1, 1), (1, 0)

(ii1) curve consisting of the parabola y = x? from (0, 0) to (1, 1) and y® = x from (1, 1) to
0, 0).

Sol. flz) = 5z* — z3 + 2 is analytic everywhere. So by Cauchy integral theorem,

ﬁ: f(z)dz =0

For all given curves, §c (Bz* -2 +2)dz = 0.

Example 5. Verify Cauchy theorem by integrating e along the boundary of the triangle
with the vertices at the points 1 +1i,— 1 +iand—1-1. [G.B.T.U. 2012, 2013; M.T.U. 2012)
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Sol. The boundary of triangle C consists of three lines C,, C, and C,. So,

_ izd
I {)Ce z
=J. eizdz+J e” dz+J‘ edz =1, +1, +1 (1)
) c, c 1Tt
Along C,: AB: y=l,z=x+iy=x+1 Ya
' de = dx 1+ c, (1+1)
I _J eiz dz = -1 i(x+i)d B < A
17 Je, _.[18 *
C C
-1 . 2¥Y 3 o
=J‘1 e(inl) dx X' < O 3(
-1
l(em] e—L—]._eL—l
=== = E
el i), i 1 —i)
Along C,, : BE: x=-1 Yy
z=x+iy=—1+1y
dz =idy
' L i-1+iy)
12=J. e’zdz=_|. e i dy
C, 1
_'—iJkl—yd A
=ie" | e’ dy=ie (—e )1
. . 1 _i — _i
=—i(e*”1—e*1ﬂ)=—,(e +1_ -1 )
)
Along C; : EA: y=x,z=x+1y=(1+10)x
: dz=(1+1)dx
: i) :
I3=J. e” dz=J. e (14+1) dx
Cy -1
i(+ix ! i-1 i+l
S+ | =& =
i(1+1) i
-1
From (]_), I= Il + :[2 + 13 = _%[efifl_eifl_i_e—wl_efl—i +ei—1_e—i+1] -0

i
Hence Cauchy’s theorem is verified.

Example 6. Can the Cauchy-integral theorem be applied for evaluating the following
integrals? Hence evaluate these integrals.

(@) ﬂesmi dz; C= |z| =1 (i0) igctanzdz; C=lz| =1

e’
(117) i} 22+9dz; C=lz| =2
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Sol. (i) Let I= 350 52

The integrand f(z) = e # is analytic for all z and f”(z) is continuous inside C. Hence,
Cauchy integral theorem can be applied.

I=0
(ii) Let 1= 350 tan z dz
. sin z | : i i
The integrand flz) = tan z = is analytic for all z except at the points z = iE,
cos 2
i3—n, ....... All these points lie outside C. Also f’(z) is continuous inside C. Hence Cauchy
integral theorem is applicable.
: I1=0
eZ
(iif) Let 1=§
Cz"+9
z
The integrand fiz) = — 9 is analytic everywhere except at the points z = + 3i. These
z

points lie outside ¢ and f’(z) is continuous inside C. Hence Cauchy integral theorem is applica-
ble and I = 0.

ASSIGNMENT

1. (i) State Cauchy-integral theorem for an analytic function. Verify this theorem by integrating
the function 23 + iz along the boundary of the rectangle with vertices +1, -1, i, — i.
(U.P.T.U. 2015)

(i1) Verify Cauchy’s integral theorem for f(z) = z2 taken over the boundary of a square with vertices
at +1 £ in counter-clockwise direction.

2. Using Cauchy’s integral theorem, evaluate § f(2) dz, where f(z) is
C

@) e? (i) sin z (iii) cos z
(v)z";n=0,1,2,3, ... and C is any simple closed path.
2 _ 1
3. Evaluate;(i)fil 2ozl G -1 == i) § - de;C=1<|z]<2
c z-2 2 cz?(z?+9)

4. (i) Verify Cauchy’s theorem for f(z) = z3 taken over the boundary of the rectangle with vertices at
-1,1,1+4,—-1+1.

(i1) Verify Cauchy’s theorem by integrating 23 along the boundary of a square with vertices at

1+i,1-i,-1+iand-1-1. (U.P.T.U. 2014)

5. Evaluate:

@ § <

dz, where C is the circle |z]| =

DO | =

cz+1

2
(ii)§ z +5dz,whereCis the circle |z| =1
c z-3

2
(iii)§ Mdz,whereCis the circle |z +i| =1
C z+1
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6. Evaluate the following integrals:

2rz+1

(i) § —5————dz, where C is the ellipse 4x* + 9y* = 1
Cz"-3z+2

.. 4 . .
(i1) 2Ldz, where C is the circle |z + 1| =1
Cz +22+5

(ti) § —z+1 —— dz, where C is the circle |z]| = %

around a triangle with vertices at (0, 0), (1, 0) and (0, 1).

7. EvaluateI= i}
cz-2

2
jwd where C: |z|—

[M.T.U. 2014, G.B.T.U. (CO)2011]

8. State and prove Cauchy’s integral theorem. Hence evaluate

3iz

9. Evaluate § 3 dz, where C is the circle |z — 1| =3.2. (U.P.T.U. 2007)
C(z+m
10. (i) Verify Cauchy’s theorem for the function fiz) = 322 + iz — 4 along the perimeter of square with
vertices 1 + 1, -1 + 1. (G.B.T.U. 2011)
(i1) Verify Cauchy’s theorem for the function fiz) = 422 + iz — 3 along the positively oriented
square with vertices (1, 0), (- 1, 0), (0, 1) and (0, — 1). M. T.U. 2012)
(i1i) Verify Cauchy’s theorem for f(z) = 22 + 3z + 2 where c is the perimeter of square with vertices
1+i,—-1+4. (G.B.T.U. 2012)
Answers
2. 0in all cases 3.@0 @) 0
5. @O0 @) 0 @) 0
6. @O0 @) 0 @) 0
7. 0 8.0 9. 0.

1.24 CAUCHY’S INTEGRAL FORMULA
(M.T.U. 2012, U.P.T.U. 2006, 2007, 2009, 2014; G.B.T.U. 2011, 2013)

Statement. If f(z) is analytic within and on a closed curve C and a is any point within C, then

fl)=——§ 12 q

2rnidJc z—-a

Proof. Consider the function &, which is analytic at every
z—a

point within C except at z = a. Draw a circle C, with a as centre

and radius p such that C, lies entirely inside C. Thus 1@ i
z—a
analytic in the region between C and C,. aP
By Cauchy’s theorem, we have
1@ 4§ 1@y D

cCz—-a C,z—-a
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Now, the equation of circle C, is

|z—a| =p or z-—a=pe?
so that dz = ipe’®do
2 8 . 2 .
Mdz= RL?).ipeled(a:iJ‘ 7tf(a+pele)de
C,z—a 0 pe’ 0
f@ , . i0
Hence by (1), we have i} —a dz=i Jo fla+pe™)dd ..(2)

In the limiting form, as the circle C, shrinks to the point a, i.e., p — 0, then from (2),

QAP j " £(a)d0 = if (a) j " 46 = 21if (a)
Cz—a 0 0
1 f(2)
Hence fla) = o g d

Aliter: About the point z = a, describe a small circle yof radius r

f(2)

zZ—aQa

lying entirely within C. Consider the function

This function is analytic in the region between C and .

Hence by Cauchy’s theorem for multiply connected region, we a
have ¥
C
_f(z) dz = _f(z) dz
cC z-a Yy z—a
f(z) dz — f(a) do = f(Z)—f(OL)d2
cC z-a y z2—a ¥ z-a
- f(Z)d _fla) dz__1 f&)-fla)
C Yy Z2—a b z—-a
dz .
. J f(z) 1) 4. i) - J f(z) f(a) L = omi
since|z —a|=ronvy
= 1) dz—2nif(a)‘= &=, ‘
Cz-a z-a
Sj |F(z)- f(a)lld |
Y |z —a]|
SEJ. |dz | .+ f(2)is continuous at z=a
ey L f@-fla]<e
SE.an and|z—-a|=rforzony
r
<2nre —>0ase—>0
= f(z) dz - 2mifla) =
Cz—-a
1 f(2)
=— | —d
- fla) 2ni Jc z—a
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1.25 CAUCHY’S INTEGRAL FORMULA FOR THE DERIVATIVE OF AN ANALYTIC
FUNCTION [UP.T.U. (C.0.) 2009, 2010]

If a function f(z) is analytic in a region D, then its derivative at any point z = a of D is also
analytic in D and is given by

1 fz)

la) = — dz

M =5n Ic z-a)?

where C is any closed contour in D surrounding the point z = a.

Proof. Let a + & be a point in the neighbourhood of the point a. Then by Cauchy’s Integral
Formula

1 fe
fla) = omi Je z—adz

_ 1 f(2)
fla +h) = jc—dz

2mJc z—a—-h

11 1 b f@d
}‘(a+h)—ﬂa)—2m, C{ }f(z)dz_

z—-a-h z-a 2midc (z—-a—-h)(z—a)

f(a+h)—f(a)=i‘|‘ f(2)dz
h 2 dc (z—-a-h)(z—a)
Take limit as A — 0

Lt fla+h)—fla) Lt ij f(2)dz

K550 h S h502midc (z—a-h)(z-a)
1 f@
- fo=gol o rd (D)

Since a is any point of the region D, so by (1) it is clear that f’(a) is analytic in D. Thus,
the derivative of an analytic function is also analytic.

1.26 THEOREM

If a function f{z) is analytic in a domain D, then at any point z = a of D, f(z) has derivatives of
all orders, all of which are again analytic functions in D, their values are given by

dz

priw = L[ 1D

2mi Je (z — o)*!

where C is any closed contour in D surrounding the point z = a.
Proof. We shall prove this theorem by Mathematical Induction.
Let the theorem be true for n = m. Then

@
f™a) = omi de g dz is true.
fMa+h)-f"(a) _m!'1 J‘ f(2)dz _J‘ f(2)dz
= h 2mi h| Jo z—a-m)"™t Jo (z-a@)™*
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—(m+1)
m! 1 1 h
=—.—. 1— 1
T 2mi A Jc (z—a)™? {( z—a] }f(z)dz

m! 1 1 A m+Dm+2 A?
'J-c (z—a)™! {(m+1) z—a - 21 (z—a)? +} f(z)dz

o2ni h
Take limit as A — 0
m _ m '
limf (a+h)-f (a):(m+-1).J‘ f(2) &
h—0 h o2mi  Jo (z-a)™*?
(m+1D! f(z)
2 Jo (z-a)™?
Hence the theorem is true for n = m + 1 if the theorem is true for n = m. But we know by

Cauchy’s Integral formula for the derivative of a function that the theorem is true for n = 1.

Hence the theorem must be true forn = 2, 3, 4, ...... and so on i.e., for all +ve integral values
of n. Thus,

= fm+1(a) -

dz

nlp fo

2mi Je (z - a)"*?

[ a) = dz (1)

Since a is any point of the region D, so by (1) it is clear that f"(a) is analytic in D. Thus
the derivatives of f{z) of all orders are analytic if f{z) is analytic.

Thus, if a function of a complex variable has a first derivative in a simply connected
region, all its higher derivatives exist in that region. This property is not exhibited by the functions
of real variables.

1.27 CAUCHY’S INEQUALITY

If f(z) is analytic within a circle C given by | z-a | =R and if | flz) | <M on C, then

Mn!

| Fra) | < =
n! f(2)dz

Proof. fa) = omi Jo m
n! (2)dz L _TR 0
= I fn(a) | = 2_1'CLJ.C (Zf_ a)n+1 ‘ dz:ljRe eie do
n! |f(Z)||dZ| |d2|=|iReied9|
S|2TIZL.| C|(z—a)n+1| =Rde

! 2
LM
o Rn+1 0

n! M Mn!
< —— <
< or R 2nR < R
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EXAMPLES

+1

Sol. fiz) = e* is an analytic function.

e
Example 1. Evaluate i;c > dz, where C is the circle | z

The point @ = — 1 lies inside the circle | z | = 2.
By Cauchy’s integral formula,

J

Example 2. Evaluate the following integral:

e—Z

z+1

dz = 2mi(e™),__, = 2mie.

J icoszdz
Cz

where C is the ellipse 9x° + 4y® = 1.
Sol. Pole is given by z = 0. The given ellipse encloses the
By Cauchy’s integral formula,

J

Example 3. (i) Use Cauchy Integral formula to evaluate
sin z? + cos nz”

§C z-1Dz-2)

where C is the circle | z | = 3.

CoS 2

. dz = 2mi (cos 2),_, = 2mi.

[G.B.T.U.
sin mz + cos mz
¢ (z-D(z-2)
Sol. (i) The integrand has singularities given by
z-1DEz-2=0 = 2z=1,2
The given circle | z | =3 with centre at z = 0 and radius

(i) Evaluate: dz, where C is the circle |

sin 22 + cos mz

| =2

simple pole.

2010; G.B.T.U. (C.0.) 2011]

(U.P.T.U. 2008)

z | =4

2 z-2

z-1

sin 22 + cos z

3 encloses both the singularities.
2 J
dz
(z-1(z-2)

g =, |
).

1
} + 2ni[
z=1

0+1

sin 22 + cos mz2
z—1
z—2

+Jc(

21 {
. (0
=2m

sin 22 + cos mz?
z—-2
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(i) Singularities are given by
z-1D(E-2)=0 = 2z=1,2

The given circle | z | =4 with centre at z = 0 and radius 4 encloses both the singularities.

(sinnz+cosan (sinnz+cosnz)
sin 1z + cos Tz z—2 z-1

[ oo &
C c,

dz+j
(z=-D(=z-2) z-1 C, z—-2
.| sin mz + cos mz .| sin mz + cos mz
=2m|— +2M | —
z—2 o1 z—-1 I

= 2mi {_—ﬂ +2mi H = 2m + 21 = 47

Example 4. (i) Evaluate the following integral using Cauchy Integral formula
I idz, where C is the circle | z | =3/2.
cz(z-D(z-2)

(U.P.T.U. 2015)
(it) Use Cauchy-integral formula to evaluate

J 2; dz, where Cisthe circle |z -2 |= i (U.P.T.U. 2009)
Cz"-32+2 2
Sol. (i) Poles of the integrand are z = 0, 1, 2. These are simple poles.

3
Givencircle | z | = 2 with centre at z = 0 and radius 3 encloses two polesz =0 and z = 1.

4 -3z 4 -3z
J‘ 4 -3z ds = (2_1)(2_2)dz+ z2(z-2) dz
cz(z-1)(z-2) c, z c, (z—-1)

4-3z .| 4-3z
= | ————— 2 = 2
2mi LZ EEIY 2)1_0 +2m [z(z — 2)1_1 2n

(i) Poles of the integrand are given by
22-32+2=0 = z=1,2

Both are simple poles. The given circle | z -2 | = 1 with centre at z = 2 and radius —
encloses only one of the poles at z = 2.

By Cauchy’s integral formula,

zZ

[ =] Z—ldz=2ni[ } :2ni(—):4ni
Cz%-3z+2 c z-2 z-1], _, 1

Example 5. Evaluate by Cauchy’s integral formula

dz ' )
J.Cm’ whereCis | z+ 31 | =1
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Sol. Poles of the integrand are z = 0, — mi (simple poles)

The given curve C is a circle with centre at z = — 3i, i.e., at (0, — 3) and radius 1.
Clearly, only the pole z = — 7 lies inside the circle.

2

d
J.c z(z+2m') =jc z+ T

=2ni (1j | By Cauchy’s Integral formula
Z)z=-mi
omi
R
-
22 +1 .
Example 6. Evaluate § 5 dz where C is circle,
Cz° -1
@ z]=3/2 @) |z-1]=1 @) |z | =1/2.

(U.P.T.U. 2014) (U.P.T.U. 2014)
Sol. The integrand has singularities given by
22-1=0 = z==%1

(@) The given curve C is a circle with centre at origin
(0, 0) and radius 3/2.

Both the singularities z = 1 and z = — 1 lie inside the
circle | z | = 3/2.

C=1zl=32

[22+1J [22+1J > X
2 z+1 z-1 g
§22—+1dz= —dz+§ -2 dz
cz"-1 ¢, z-1 c, z+1
2 2
com | 2L om| 2L
z+1 z-1
z=1 z=-1
| By Cauchy’s Integral formula
=2mi (1) +2m (—1)=0 YA

(i1) The given curve C is a circle with centre at
(1, 0) and radius 1.

Only the singularity z = 1 lie inside the given
circle | z—-1| =1.

C=|z-1|=1

o | >
0,0 (1,0) X
(22 + 1} 0.9
2 z+1
§ 22 +1dz=§; ~—2dz
cz“-1 ¢ z-1
22 +1
= 2mi i1 = 2mi | By Cauchy’s Integral formula
z=1
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(iii) The given curve C is a circle with centre at AY
. 1 C=lzl=1/2
origin (0, 0) and radius 9 Clearly both the
singularities z = 1 and z = — 1 lie outside the
1 >
given circle | z | = 3 o X
Hence, by Cauchy’s Integral theorem
2
1
§ 22 h dZ =0.
cz®-1
Example 7.(i) Use Cauchy’s integral formula to show that
zt
JC ; 7 dz =2mi sint ift >0 and C is the circle |z| = 3. (U.P.T.U. 2009)
z° +

(it) Evaluate the following complex integration using Cauchy’s integral formula

327 +z+1
-[C %2 -1Dz+3)
Sol. (i) Singularities of the integrand are given by
22+41=0 = z=zxi (orderl)
The circle |z | = 3 has centre at z = 0 and radius 3. It encloses both the singularitiesz =

dz where Cisthecircle | z | =2

and z = —1i.
eZL‘ ezt
ezt ezt [Z-ﬁ-i [Z—ij
NOW, J ) dZ:J de:JA —_dZ+J +dz
Cz+1 Cc(z-1)(z+1) ¢, z—1 C, z+1
e e . .
= 2m - + 21 - =7 (e¥ —e %) =2mi sin ¢
z+i) . z-1) _ .

(ii) Poles of the integrand are given by
(2-1)(z+3)=0 = z=1,-1, -3 (simple poles)
The circle | z | = 2 has centre at z = 0 and radius 2. clearly the polesz=1and z=-1
lie inside the given circle while the pole z = — 3 lie outside it.

2 -Dz+3) 7 z-1

{322+z+1} {322+z+1}
322 1 1 -1

J‘ zé+z+ _[ (z+D(z+3) dz+J. (z-1D(z+3) &
C c,

C, z+1

_oni 327 +z+1 o 32% +2+1
I PTSPT 3] R (FRE V)

| Using Cauchy’s Integral formula

(5 ) _E) . —_1) i
=2m 3 + 2mi 4 =2m 8 )" 1
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Example 8. Integrate (z> — 1)-2 the counterclockwise sense around the circle
|z-1]=1
Sol. Singularities of integrand are given by
(22-12=0
= -12G+2z+12=0

73
C=|z-1|=1

= -1, T1E08 -
2
Singularities are of second order.
The circle | z—1 | =1 has centre atz =1 and
radius 1. Clearly, only z = 1 lies inside the circle
|z-1]=1
{ 1
dz (22 +z+1)2
Now, J ——— = I - " 2 dz
c@®-1* Jo  (z-1?
Using Cauchy's Integral

formula for derivatives

_mifd [ 1
S U de [P+

o | =222+ 1 A (3] 4mi
=2m |—————= =4 | —= | ===
@Rz, 27 9

eZ

Example 9. Evaluate: J. 2—2)2

dz, where Cis | z | =4. (U.P.T.U. 2008)
C(z"+m

Sol. Singularities of the integrand are given by
@2+12)?=0 = z=+m (order 2)
The given curve C is a circle with centre at origin and radius 4. The circle encloses both

the singularities.
et e
~ (z + mi)? ds+ j (z - mi)? dz

ez
§c (22 +12)? °= i;czl (z —mi)? C, (z+mi)?

g | Al omi | L)€
" e ] T a2 (e-m? )|

| By C-I formula for derivatives

=2m.|:e (z+m—2)} ‘ omi {e (z—m—2)}
o8 z=—-T

(z +mi)? o (z - mi)?

_(ni—l)_i_(m#lJ_i
~ 2n? on? T
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Example 10. Use Cauchy’s integral formula to evaluate

2z

ic T dz where C is the circle | z | = 2. [U.K.T.U. 2011]
Z+

Sol. The integrand has a singularity at z = — 1 which lies within the circle | z | = 2.

2 . 3 . .
e _2m | d° o, A _ 8m
&C dz=—+ {E (e )}2_1 = 3 (86 )2 1=

(z+1)* 3! 3e*”
z
Example 11. Evaluate I 5 dz, where
CcCz"+1
. 1 g .
@ C= z+—‘:2 @ C=|z+i|=1
z

Sol. Poles of the integrand are given by

22+41=0 = z==i

Integrand has two simple poles z=iandz=-1
(i) The given curve is A Y
2t =2 =lz-il=V2
= x+iy+ — | =2
x+iy
2.2, 0 > X
N x“ -y +?zxy+1 —9
xrw Co=lz+il=V3
= (2 —y? + 1)? + 4a?y? = 4x? + 4y?
= xt+yt— 2022 + 1 4+ 242 — 292 + 4x2y?
= 4x2 + 4y?

= (2 +y2)?2 - 202 +y?) + 1 = 4y?
= 2+y2—1=x2y
= 2+ (y+1)2=2
Above eqn. represents two circles with centres (0, 1), (0, — 1) and radius /2.

-[C 222+ 1 dz= Icl 222+ 1 de+ J.Cz 222+ 1 dz

[, G

_J’c1 z-1 C, z+1
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FUNCTION OF COMPLEX VARIABLE 61
oni [P womi( L) -
=2mi | 5 g | = 2mi. »
h
(1) The given curve | z + i | = 1 is a circle with
centre at z = — i and radius 1. Clearly only the pole
T L . : 0| (0,0
z =—1 lies inside the circle | z+i | = 1 > X
C=lz+il=1

( i )
ILdZ: N7V g
c

22+]_ C z+1

=2ni( ad )
z—1 .
z=—1

=i | By Cauchy Integral formula

Example 12. Evaluate by using Cauchy Integral formula

-1
Jc Z—dz, where Cis |z-1| =2.

(z+D*(z-2)
Sol. Poles of the integrand are given by
z+12z-2=0
z=-1,2
z = — 1 is a double pole while z = 2 is a simple
pole.

The given curve C is a circle with centre at (0, 1)
and radius 2. Clearly, the pole z = — 1 lies inside the

given circle while the pole z = 2 lies outside it.

Hence,
[z S lj
-2
il dz

é;z;l Z:§
ciz+1D%(z-2 c(z+12

_2mifd (-1
T 1! |dz\z-2 I

ASSIGNMENT

2
1. Evaluate4; Z+5

dz, where C is the circle | z | = 4.
C z—

4
2. Evaluate J. 2e dz over the circular path | z | = 2.
cz"+1
2
3. Evaluate fﬁ 32+—7i+1 dz, where C is the circle | z | = 1.5.
c  z+

www.cgaspirants.com



http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

62 A TEXTBOOK OF ENGINEERING MATHEMATICS

Cos z

4. Evaluate Ei; dz, where C is the circle | z—1 | = 3.

cz-T
5. Evaluate the complex integration

2
@) I cos nz” + sin nz dz where C is the circle | z | = 3.
@+ Dz+2)

2
G )J sin e’ teos e e 2] =2 (M.T.U. 2013)
C(z-D(z-3)
6. (i) Evaluat § 2 dz here C is the circl
. L valuate -, _—_,where S e circle
Tl - D-3) ' '
@ |z]|=3 ®) |z | =3/2.
z
(1) Evaluate § e—dz, where C is the circle | z | = 2.
cz-Dz-4)

(Zir) Evaluate using Cauchy’s integral formula:

eZz
j —————dz where C is the circle | z | = 3.
C

(z-D(z-2)
(iv) State Cauchy’s integral formula. Hence evaluate: (G.B.T.U. 2011, 2012)
J‘ exp (inz)
—————dz
C(2z° -5z +2)

where C is the unit circle with centre at origin and having positive orientation.

z

7. (i) Evaluate § dz, where C is the circle | z | = —.
cz(z+1) 4

(ii) Using Cauchy Integral formula, evaluate J. 5 ?_ where C = |z | =2
cz"-1
2z+1 1
(ii7) Evaluate J ; dz where Cis |2|=7
C 2% +z 2
8. Evaluate {) C(;s Tci dz around a rectangle with vertices
C z" —
(@2+i,—-2=+1i b)-i,2-i,2+1,1i.
2
9. Integrate 1 around the contour C, where C is
22+
@ z-i]=1 @) | z+i] =1

¥4
10. Show that § £ dz= 2ni, C=|z | =1. Hence show that
c z

o 2n
J 9 cos (sin 0) d6 = 21 and J ¢“*9 sin (sin 6) d6 = 0
o 0

11. Evaluate § de , where C is
cz"+9

() | z—3i | =4 Gi) | z+3i | =2 Gii) |z | =5
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FUNCTION OF COMPLEX VARIABLE 63

12. Evaluate:

4 3 _
O [ 52— de;C=|z41-i|=2 (ii)_[z 6dz;c=1z2=1
Cz°+2z+5 c 2z—1
tan z . 222+ 2
(m)J‘ 5 dz;C=]z| =32 (LU)J 5 dz;C=|z-1]|=1.
cz"-1 c z¢-1

2+1

13. Evaluate by Cauchy-Integral formula: § 1
Cz" -

@]z-1]=1 G)|z+1]=1 Gi)|z-i]|=1
14. Evaluate the following integrals:

dz, where C is

cos 2nz (”)§ - 322 +6dz;CE|z|=2

D G ne_g ®C=lzl=1 (z+10)°

(iii)fﬁ OS2 gec=a ) =12
C z

.2
15. Evaluate {) LZ3dz, where C is the circle | z | = 1.
C
LT
6
. e ¥ dz . .
16. (i) Evaluate § 5 where C is the circle | z | = 2.
Cc(z+1D
2z
(i) Evaluate the integral J‘—)‘S dz around the boundary of the circle |z| = 2.
(z+1

(U.P.T.U. 2015)

3z
17. (i) Evaluate: i; e—4 dz, where C is the square with vertices at + 1 % i.
C (z-log 2)
dz

(ii) Evaluate: 5’3 2 whereC=|z|=1 (G.B.T.U. 2013)
C z%(z%-4)e”

z

18. Evaluate ig e—3 dz, where C is
cz(1-2)
. 1 1
(l)|2|=§ (u)|z—1|— @i |z]|=2
sin 2z . . . . .
19. Integrate ——————— around the contour C, where C is a rectangle with vertices at 3+, -2+ 1.
(z+3)(z+1D
3_2
20. Evaluate: § 3 dz, where C is
C(z-2)
@z|=3 @ |z-2|=1 @) |z]|=1
21. Using Cauchy-integral formula, evaluate:
4
D 52 g C=|z]=5 (ii)§e—3dz; C=|z|=1
C (z—mi) Cz

eZ

g Ce=ls-1|=1
(ii1) §C 12710 z | z |

2t

(iv)}—dz; C=|z]|=3, t>0.
c (2% +1)72 =1
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64 A TEXTBOOK OF ENGINEERING MATHEMATICS
22, Evaluate J‘ 5 Su‘l il dz, where C is
Cz—1z+2
@ ]z+2| =2
(i1) A rectangle with vertices at (1, 0), (1, 3), (=1, 3) and (- 1, 0)
(ii1) A rectangle with vertices at (2, 0), (2, 3), (- 2, 3) and (- 2, — 3).
23. Evaluate the integrals
2
@) ST g =z =2 (ii)ﬁ 2l g c=lze3=1
Clz-1D(z-3)"(z+4) cz“-9
24, Show that
dz T
@D ———=-—7;C=|z-i]|=2
c(2+a? 16 | |
Z 11 .
@) ¢ g z=(——4)m; C=|z|=2
cCz(z+1) e
dz
(iii)fﬁ % _0,C=]z-1]|=4
c (22 +4)? | |
25. Evaluate § % dz by Cauchy integral formula, where Cis | z—-3-4i | = 4.
C (2% -6z +25)
26. LetP()=a+bz+cz?and & He) dz = P(Z) dz = P(;) dz = 2ni where Cis thecircle | z | = 1.
z C z C z
Evaluate P(2).
322 + 7z +1 . . s 9 ’q
27. Iff¢) = I —§ dz, where C is the circle x? + y* = 4, find the values of f(3), f’(1 — i) and
C z -
f7(1-12).
28. Evaluate: % dz, where C = | z—i | = 2 counter-clockwise. (U.P.T.U. 2014)
.
Answers
1. 28m 2. 27mi sin 1 3. —6m 4. - 2m
5. (i)—-4m (@) m
. , . 2. iy oms (4 9 . 2m
6. () (a)2mi(b)—m (i) — gme (it7) 2mi (e* —e?) (iv) 3
7. () 2n @) 0 (i17) 2mi
8. @O b) —m
9. ()mlcos1+isinl) (it) — m(cos 1 —i sin 1)
RO i) - 5 (i) 0
LT . LT . . . .
12. (@) 2 (3 + 21) (ir) i 6mi (tit) 2mi tan 1 (iv) 3mi
13. () 2m @) — 2m @) 0
14. G % (i) — 18mi (i) 0 15. i
16. () 4rie? i) 21
3e
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FUNCTION OF COMPLEX VARIABLE 65
17. () 72m (i) — %
18. () 2m (I1) — mie @) m (2 —e)
19. % (4cos2+sin2)  20.() 12ni (if) 12mi (iii) 0
21. () 2nsinhm @i1) m (it7) 2—5 (iv) wi (sin ¢ —t cos t)
. 9mi
22. ()0 ) % sinh 2 (i) % (sinh 2 + sinh 1)
. Tie .. 2m 3n
23. @) 10 @) S 25. 198"
26. Plz)=1+2z+2° 27. f13) = 0, F'(1 —i) = 21(6 + 130), (1 — i) = 12
28. o écos§+sin§
2\ 2 2 2

1.28 REPRESENTATION OF A FUNCTION BY POWER SERIES

A series of the form z a,z" or z a,(z—a)" whose terms are variable is called a power
n=0 n=0
series, where z is a complex variable and @, a are complex constants. The second form can be

reduced to first form merely by substitution z = { + a or by changing the origin.

Every complex function f(z) which is analytic in a domain D can be represented by a
power series valid in some circular region R about a point z,. Both the circular region R and
the point z, lie inside D. Such a power series is Taylor’s series. If f(z) is not analytic at a point
z,, we can still expand f(z) in an infinite series having both positive and negative powers of
z — z,,. This series is called the Laurent’s series.

1.29 TAYLOR’S SERIES [UP.T.U. (C.0.) 2008]
If f(z) is analytic inside a circle C with centre at a, then for all z inside C,
)2 )
fo) =@+ - @+ O @ s EO @)
Or
hnd (n)
flz) = Z a,(z-a)", where a,= ! nga).

n=0
Proof. Let z be any point inside the circle C. Draw a circle C; with
centre at a and radius smaller than that of C such that z is an
interior point of C,. Let w be any point on C,, then

|z—a | <|w-a]| ie, %<1
w-a
1 1 1 B
Now, = = 1-27¢
w—-z W-a)-(z-a) w-a w-a
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66 ATEXTBOOK OF ENGINEERING MATHEMATICS
Expanding RHS by binomial theorem as ALy P 1, we get
w-a
1 1 2 n
— [1+Z a+(z (1) +...+[z aj +] (1)
w-z w-a w-a (w-a w-a
z—a

< 1. Multiplying both sides of eqn. (1) by

This series converges uniformly since

w-—a

i. fw) and integrating term by term w.r.t. w, over C,, we get
T

i§; de‘iff f(w) dw+z—a§ fw) dw+(z—a)2§; fw
C C C C

omi Jo,w-z  2midow-a 2m Jo, (w - a)? omi  Jo, (w - a)®
(z-a) fw)
T omi i}l w-a)"*! o+ -2
, (z—a)? " (z-a)"
= f)=fla) +(z—-a) f'(a) + 20 7@+ + fa)+ ..(3)

which is the required Taylor’s series for f(z) about z = a.

Cor. 1. Putting z = a + h in (3), we get
2 n

fla + h) =fla) + hf '(a) + % f7(a)+ -+ % fa) + -

Cor. 2. If a = 0, the series (3) becomes
22 2"
fz) = A0) + zf'(0) + o0 ”(0) + - + Pl £™0) + -

This series is called Maclaurin’s series.

1.30 LAURENT’S SERIES [U.P.T.U. (C.0.) 2008]

If f(z) is analytic inside and on the boundary of the annular (ring shaped) region R bounded by
two concentric circles C, and C, of radii r, and r, (r, > r,) respectively having centre at a, then
forall zin R,

flz) = i a, (z-a)" + i b(z—a)™"
n=0 n=1

where, a =L§; f(—w)ldw;n:O, 1,2, ..
"o2mde (w-a)™

and b =i§ %dw;n:l,&&’,...
" 2m Je, (w—a)_nJr

Proof. Let z be any point in the region R, then by Cauchy’s integral formula for double connected
region, we have
1 fw) 1 fw)

fle) = — dw—-—

= - - dw ...(1)
2m JC, w -z 2mi Je, w -z
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FUNCTION OF COMPLEX VARIABLE 67
For the first integral in (1), w lies on C; c
.
. z—a
|z-—a|<|w-a]| die., 1
w-a

-1
Now 1 _ 1 _ 1 l_z—a
w-z WwW-a)-(z-a) w-a w-a
1 { z—a [z—an ]
= 1+ + +oe
w-a w-a w-a

1
Multiplying both sides by P fW) and integrating term by term w.r.t. w, along the

circle C,, we get

2
S S ACOR AR Sy ACCURp I ek S LCL) R AR

o2ni Jo, w -z 2ni Jo,w—-a o2ni Jo, (w - a)? om  Jo, (w - a)?

- 2
=ay+a,(z-a) +aylz-a) +

Sac-or @ [ca=hd, O -0
n=0 G

Comi (w-a)*t

For the second integral in (1), w lies on C,

|w-—a|<|z-—a]| te., P79 <1
z—a
1 1 1 —a)
w-z W-a)-(z-a) z—a z—a

1 ! w-a (w—a]2 ]
=— 1+ + +--
z—a z—a z—a

Multiplying both sides by — 2i f(w) and integrating term by term w.r.t. w, along the
fuvs

circle C,, we get
1 f(w) 1 1 1 1
= dw = = d e
w f(w) dw + o—a? 2m

S S
" (z-a)?® 2m

§C (W — @) fw) dw

2m Je, w-z z—a 2m Jc,

i} (w —a)?fw) dw + -

= bl(Z — a)_l + bZ(Z — a)—2 + bS(Z — a)_3 N

=an(z—a)_" ...(3) { b —Lig ﬂdw,nzl,z&m
n=1

"o2mide, w-a)™!

Substituting from (2) and (3) in (1), we get

flz) = i a,(z—a)" + i b,(z—a)™"
n=0 n=1
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68 A TEXTBOOK OF ENGINEERING MATHEMATICS

Note 1. In case flz) is analytic inside C,, then b, =0 and a, =

1 i; fw . ")
c

; w=
2 1 (w - a)rHl n!

and Laurent’s series reduces to Taylor’s series.

Note 2. If C is any simple closed curve which lies in the ring-shaped region R and encloses the circle C,,
then
f 1O g 1O g,
c, (w-a)* cw-a)

and &C dezig de

X (w _ a)7n+1 C (w _ a)7n+1

Laurent’s series can be written as

C
3 n 1§ fw
flz) = n;w a,(z-a)", wherea, = om §C -1 dw.
EXAMPLES
1 . .

Example 1. Expand ———_——— in the region

z°-3z2+2
(@|z]<1 B I<|z]|<2 (U.P.T.U. 2015)
@ |z]|>2 d0<|z-1|<1.(G.B.T.U.2006,2008,2010)

1 1 1 1

Sol. Here f(z) =

2 3,19 = Z-1Dz-2 = ~-9 2-1 | Partial Fractions

() When | z | <1

1 1
+

flz) = —2(1—2) 1

[Arranged suitably to make the binomial expansions valid]

1 2\ 1w (2 <
__*{1_2 ol 1 z n
= 2(1 2) +(1-2)y1= 22 (2) +> 2
n=0 n=0
This is a series in positive powers of z, so it is an expansion of f{z) in Taylor’s series

within the circle | z | = 1.
(b) When 1< |z| <2

" —2(11-;)_2(11_1)*%(1‘%)1—5(1-31

35 226

This is a series in positive and negative powers of z, so it is an expansion of f(z) in
Laurent’s series within the annulus 1< | z | <2
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(c) When |z]| > 2
-1 -1
gt )

(-3 (-2

=2 =206

n=0

This is Laurent’s series within the annulus 2 < | z | <R, where R is large.
(d)WhenO< |z-1] <1
1 1 1 1

_ _ __ _ (s 1V 1 — (5 — 1)]-1
A= 1 T T D s V-G

1 c n
=_Z-1_Z‘o (z-1".

This is also Laurent’s series within the annulus 0< | z—-1 | < 1.

Example 2. Show that when | z+1 | <1,z2=1+ Y (n+DE+1)".

n=1

1 1 1
22 z+D-1% [1-(z+1)]
=1+2z+1D+3c+1)2+4@z+1)3+ -
[By binomial theorem, since | z + 1 | < 1]

Sol. flz)=z2= s =[1-(z+1)]2

=1+ ), (n+De+D",

n=1

N

Example 3. Expand cos z in a Taylor’s series about z =

N

Sol. Here flz)=cosz,f'(z)=—sinz,f"(z)=—cosz,["(z) =sin z, ...

e (B3 B3 Bd-
Hence cos z = flz)

T T

) - )
D ]

Example 4. Expand the function st 2

z-T
Sol. Putting z — © = £, we have

3! 5!

2 4 2 4
=_1+t__t_+...=—1+(z m —(Z TC)
3! 5! 3! 5!

sinz_sin(ﬂ:+t)_—sint_ 1 A
Z—T t t t
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z
E le 5. E d =————— aboutz=-2.
xample xpand f(z) PSIT) about z
Sol. To expand f(z) about z = — 2, i.e., in powers of z + 2, we put z + 2 = .
z t-2  2-t 2-¢ B
&= DG -1t -0 ¢ 170
2-t
=T(1+t+t2+t3+-~~) forO<|¢|<1
1 2
=?(2+t+t2+t3+-~)=?+1+t+t2+-~
2
+1+E+2)+(E+2)?2%+ for0<|z+2]|<1

T z+2
which is Laurent’s series.
Example 6. Expand the following function in a Laurent’s series:

z

e

@) flz) = —— about z = 1. @) flz) =————for | z2-1| <1
A (z-1)*% / z&—lﬂé—2)f | |
eZ

Sol. (i =
ol. (z) flz) 17
Put z—1=t then z=1+¢

ﬂz)—elﬂ —i 1+i+ﬁ+ﬁ+... =e i+l+i+i+

T2 2 1! 2! 3! T2t 21 8l

1 1 1 z-1
=e + +—+ +-- .
(z-1? z-1 2! 3!
1

1 1 1

i —— - Partial fracti
(i7) flz) e DG-D 2% 2.1 26-2 | Partial fractions
111
S 2(z-1+D z-1 2(z-1-1
1
=§{1+(2—1)}‘1—711—%{1—(2—1)}‘1 [ ]z-1] <1

1< n w1 1
=5,§(_D (z-1) ] 2;(2 1)

This is a series in positive and negative powers of (z — 1) hence it is an expansion of f(z)
in a Laurent’s series for |z -1| < 1.

Example 7. Expand the following function in a Laurent’s series about the point z = 0:

1—cosz
flz) = ——5—
4
1-cosz 1 PRI
Sol. )=—""" = |11+ _ ...
o= 23{ { 21 4!
R GRS AN DU SRS N I
~ 2821 41 6! 21z 417 6!
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. . . 1 .
Example 8. Find the terms in the Laurent’s expansion of W for the region
z(e® —
O0<|z|<2m
Sol fz) !
Ol. zZ)= =
z(e* -1 2 28
z|l+z4+—+—+...-1
2! 3!

2 _3 -1 2 -1
=z—1(z+z—+z—+...J =z—2(1+i+z—+..)
2! 3! 2! 3!

2 .3 4 2 2
Y E P S A AR N ) NSNS
2 6 24 120 4 3 12

srefizep (1) (11 )
2 4 6 8 6 24
J 1 1.1 1 1
4+ ——t—F— —— |+ ...
16 8 24 36 120

2 4 2
=2 1—i+z——z—+... =z_2—lzfl+i—z—+
2 12 720 2 12 720

The singularities of are given by z =0,e* = 1i.e., z = 0, £ 2mi, + 47, ....... .

z(e® —

Hence the above expansion is valid for the region 0 < | z | < 2m.
Example 9. Using Taylor’s theorem, show that:

z-1)? (- 1)?

logz=(z-1) - . 3 —...where | z-1| < 1.
Sol. flz) = log z, fil)=0 | © a=1landlogl1=0
Now, f'(z) = %, /=1
1
f”(z)=—z—2, f/(H=-1
2
f///(z) — 2_3, f///(l) — 2
@ (z) = _—f, f@(1)=-6 and so on.
z
We know that,
N2 3
for=a) + e —a) @) + E2 2 @)+ E2 D ) 4
-1? -1?
=f)+@E-1fF(Q)+ (22‘) 7+ (23') F7(1) + -
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1 2 1 3
A e P A AN | W i O
2 3
=(2_1)_(2 1) +(z n”
2 3
Example 10. Find the Taylor’s or Laurent’s series which represent the function
1
———5——— when
(1+2z°)(z+2)
@) ]z|<1 @) I<|z]|<2 @) |z | >2
Sol. Let ) 1 _l 1 3 z—2
o e fz T 1+2H)z+2) 5|z+2 1+22
@W]z|<1
11(, 1\ 2-z
=—.—|1+= + 2)-1
f2) 52( 22) 5 1+2?

| Binomial expansion of (1 +z)~! is valid only when | z | <1

=1—10i< 1)"( jn+2;z§(—1)”z2"

This is a series in positive powers of z, so it is an expansion of f{z) in a Taylor’s series
within the circle | z | = 1.

o

Remark.If |z | <1, (1+2)!= z( D2 (1-2)1= Zzn
n=0 n=0
@l<]|z]|<2

=)

This is a series in positive and negative powers of z, so it is an expansion of f{z) in a
Laurent’s series within the annulus 1< | z | < 2.

(i) |z | >2

1 2(2Y 1(1 - (1Y
-2 (2 )T ()
This is Laurent’s series within the annulus 2 < | z | < R, where R is large.
Example 11. Find the Taylor’s and Laurent’s series which represent the function
22 -1
(z+2)(z+3)
@]z]<2 i2<|z]|<3 @) |z | >3

when (UK.T.U. 2011)
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2?2 -1 3 8
e -——.
(z+2)(z+3) z+2 z+3

3 Y 8 2\t
ﬂZ)—1+§(1+§j —5(14'5)

3 < z)" 8« z\"
1+ 2] 2N |2
1+220:< )(2) 3;( )(3)

It is a Taylor’s series within a circle | z | = 2.
(i)2<|z]|<3

3(, 2" 8(, z\"
f(Z)—1+;(1+;) —5(14‘5)

| Arranging suitably to make the binomial expansion valid for2< | z | <3
3 < 2" 8« z\"
1+ 2N [ 2] 2SN |2
1+ Z;( ) (2) 320:( ) (3j
It is a Laurent’s series within the annulus2< | z | < 3.
@) |z | >3

-1 -1
ﬂz)=1+§(1+g) —§(1+§)
z z z z

3 < 2(2Y 8w a(3Y

=1+;ZO:(—1> (zj —ZZO‘,(—D (2]

It is a Laurent’s series within the annulus 3 < | z | < R, where R is large.

Sol. Let Az) =
@]z]|<2

Example 12. Expand m in the regions
@ |z|<1 @il<|z|<3
@) |z ]| >3 wlI<|z+1]|<2
1 1| 1 1
Sol. ﬂz)=(z+1)(z+3)=§|:z+1_z+3}

Q) |z|<1

1 L1 1 1< zY'
==+t -=(1+2| | == “ =N 2
flz) 2{( 2) 3( 3)} 2[20:< )" 2 3203 )(3”
It is a Taylor’s series within a circle | z | = 1.
@ 1l<]z]|<3

111 A 2\t
f(Z):§|:;(1+;] —g(l-ﬁ-g] :l

1)1 (1Y 1 A (2Y

It is a Laurent’s series within the annulus 1< | z | < 3.
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@) | z| >3
-1 -1
ﬂz)zz{z(lgj 114Y) }
2|z z z z

1|1¢ 1" 1< 3\"
=—|= D= -= - =
2[2;( ) (z) z;( ) (z)}
It is a Laurent’s series within the annulus 3 < | z | < R where R is large.

(iv) 1<|z+1]<2
= 1<|u|<2 wherez +1=u

1] 1 1 1|1 1
flo)= | == ——=|=5|=-
21z+1 z+3 2i{u u+2

12 1 1 w1 w(u)
=§'u(u+2)_u(u+2) =%(1+§) _EZO:(_D (E)

1 . (z+ 1)
=2(z+1)20:(_1) ( 2 )

It is Laurent’s series in the annulus 1< | z+1 | < 2.
Example 13. Find the Laurent’s expansion for:
7z-2

flz) = 2o (U.K.T.U. 2010)
in the regions given by:
@D0<|z+1|<1 @Il<|z+1]|<3 @) |z+1 ] >3
Sol. We have
7z-2 1 3 2 1 3 2
ﬂz)=z3—zz—2z=z_z+1+z—2=(z+1)—1_z+1+(z+1)—3

D)0<|z+1|<1
1
Az)=—{1—(z+ D)1= 3 2{1-(“1}

z+1 3 3

> (55

n=0

3 - 2
=— - +D"-=
z+1 nzo(z ) 3

This is a series in negative and positive powers of (z + 1) hence it is an expansion of f(z)
in Laurent’s series within the annulus0< | z+1 | < 1.

@1l<]|z+1]<3

-1 -1
Aoy =L (1_ 1) 3 _g{l_(znj}
z+1 z+1 z+1 3 3
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This is also a series in negative and positive powers of (z + 1) hence it is an expansion of
f(z) in Laurent’s series within the annulus 1< | z+1 | <3.

@) | z+1]| >3
-1 -1
fz) = 1 1- 1 B 3 N 2 1- 3
z+1 z+1 z+1 z+1 z+1
1 (1) 3 2 & 3 Y
= - +
z+1n§0[z+1) z+1 z+1r;(z+1j

This is a series in negative powers of (z + 1) hence it is an expansion of f(z) in Laurent’s
series within the annulus 3 < | z + 1 | < R where R is large.

1
Example 14. (i) Obtain the Taylor’s series expansion of f(z) = 113 about the
z° -4z

point z = 4. Find its region of convergence.

1 ) R
(i1) Obtain Taylor’s series expansion of f(z) = — y about the point z = — i. Find the
z7+

region of convergence. (U.P.T.U. 2006)
Sol. (i) If the centre of the circle is at z = 4, then the distances of the singularities z = 1
and z = 3 from centre are 3 and 1. Hence if a circle is drawn with centre at z = 4 and radius 1
then within a circle | z—4 | = 1, the given function f(z) is analytic hence it can be expanded in
Taylor’s series within the circle | z — 4 | = 1 which is therefore the circle of convergence.

Ya

R N | U U I S S
T -DE-3 " 2|z-3 z-1| 2|z-4+41 z-4+3

2
=% 1+ (z- 4)}1—5{1+ ]

= flor =5 Z( D" (- 4)”——2( 1)"(2 4”
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(i1) If the centre of the circle is at z = — i, then

the distances of the singularities z = 2i and z = — 2;
from centre are 3 and 1 respectively.
Hence if a circle is drawn with centre at z = — i and

radius 1 then within a circle |z + i| = 1, the given
function f(z) is analytic hence it can be expanded in
Taylor’s series within the circle |z + i| = 1 which is

Y

rz=2i

therefore the circle of convergence.
1 1
M= i G 2o

11 1
4i\z-2i z+2
i 11
41| (z+1)-31 (z+D)+1
[ .\ -1 .\ -1
N 1—(“?) mE 1+(ZT‘]
4i| 3i 31 i i

1] (z4i) . 2(z+i)
T4 5;( 3i ) “;(_1) ( i j]
111&(z+1) < L(z+i)
_1!52(3ij+z(_1)(i”

n=0 n=0

a4

Example 15. (i) If the function f(z) is analytic and one-valued in | z—a | <R, prove that

forO<r<R,

2 . .
f(a) = iJ. RP(e) e ®do  where P(0) is the real part of (a + re'®).
nr Jo

1 1
—z|t-= ind
(it) Prove that: e* ( t)z Z J, @t", | t| >0

 r<R

where J, (2)= 1 J.n cos (n® — z sin 0) dO [G.B.T.U. (C.0.) 2008]
n Jo
Sol. (i)~ flz)isregularin | z—a | <R
flz)isregularin | z—a | =r |
flz) can be expanded in a Taylor’s series within the circle | z—a | =r. Thus,

flz) = z a,(z—a)" wherez —a = re®®
0

_ Z a, rm emle
0
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= f2)= Za rm e mio (2)
N P e © d6
J f(z) )n+1 J ZO: ! %

N : —i(m+n)0
20: J' 0 g

= 0, for all values of n ...(3)
— dz
Particularly, (z2)——— =0 ...(4)
icu yJ-sz o—a?
1 [f2)dz f(2)+ f(Z) .
We k that ’ = — U 4
¢ know tha )= 2mi Jo (z- a)2 27 J.C (z-a)? (e | Using (4)
2 i0
7tf(a+re )+f(a+re ) o' ido
2T|:l 2 2L6
. i0
izmde |+ z+z =2Re(2)
21 Jo rel6
1

21 .
=—), P®) e® d6 where P(0) = Re (a + re'®).

1 1
—z t JE—

(ii) The function e2 ( t] is analytic everywhere in the ¢-plane except att = 0 and ¢ =
i.e., it is analytic in the ring shaped region r < | ¢t | < R where r is small and R is large.
Therefore this function can be expanded in Laurent’s series in the form

L A1 )

where a = —

n 21 n+l 211',1 t7n+1
where C is any circle with centre as origin.
Taking C=| ¢ | =1sothatt=e® and dt =ie® do, we get
1 2 S0 -e™) e’ df
a = — e —_—
n 21 Jo e(n+l) 0
— i J.Qneiz sinb ,-ni® g _ i J'2ne, Un—zsin6) o
2w Jo 2n Jo
1 (2n .
= on J;) cos (n® — zsin B) dO | Since second part vanishes
1m . . o
= a,=— Io cos (n6 — z sin 0) dO | Using prop. of definite integrals
T

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

78 A TEXTBOOK OF ENGINEERING MATHEMATICS

lz(t—l]
2 t

. . cp, s 1
Clearly, the function e remains unaltered if ¢ is replaced by — 7 so that

b, = (=1)"a,. Therefore,

N | =
n
/N
~
|
[
N—
|
[
<~
R
~
N
N
~
B

Here, a, is J, (z) hence, e =

where, J, ()= 1 Jn cos (n6 — z sin 6) dO.
7 Jo
1 = e €
Example 16. Prove that cosh | z+— |=qa, + z a,|z" +—
z - z
1 2n
where a, = 2_j cosh © cosh (2 cos 6) d6. (M.T.U. 2013)
Tt Jo

Sol. The function f{z) = cosh (z +1) is analytic everywhere in the finite part of the
z

plane except at z = 0 i.e., it is analytic in the annulus r < | z | £ R where r is small and R is
large. Hence f(z) can be expanded in Laurent’s series in the annulus r < | z | < R. Thus,

cosh (z + 1) = i a,z" + i b,z™"
2/ % 1

cosh|z+ 1 cosh| z + 1
1 2) 4 1 2) 4
Where an ~ Z_TEL o) zn-%—l z n- 2_T|:l C Z—n+1

where C is any circle lying in the annulus with origin as centre.

cosh (z + 1)
| N 2
W omide T ot

1 27 cosh (2 cos 0) ie?® dO
O Jo pi(n+ 10

| Take C as a circle | z | = 1 on which z = ¢®

1 (2n .
=5 J:) cosh (2 cos 0) e"® 4O

1 2n 27 .
= — j cosh (2 cos ©) cos n6 d6 J. cosh (2cos0)sinnbdd=0
2r Jo 0
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b,=a_,

n

J. cosh (2 cos 0) cos (—n0) do

J cosh (2 cos 0) cos n6 db =a,,

oo oo

Hence, cosh ( ) i a, Z i a,z" + Z a,z™" v oa,=b,
0 0

1 1

[\

=a,+ z a,z" +z a2 " =a,+ Z a,(Z"+z™),
1

1 1
an 1 an elZZ
. .. R —_ - —d
Example 17. If Cis a closed contour around origin, prove that [n /] g J.c P z
= (" 1 (o
Hence deduce z = | == | e?acs® gp,
~\n! 2n Jo
Sol. Let fz) = e*
fn(z) = q e®?
f”(()) =q"
- ar= Lo f(z)dz
2m C z’”l
L (@) g ate
n!)  2minlle !
(o) & 1 a”e® 1 a”e®
= —| = =— dz
;[n' ZOZ2TCLHYJ.C Zn+1 21‘CZ,JCZn!zn+1
1 wx a1 1 - (a\" 1| dz
= — . e — d = — az —_ —_
ZEZ-[C Zo:n‘ P 21 f ; z) n!| z
i.[ az (alz) dz 1 J a(z+ J%
~ 2mi Jo 2  2m z
1 (2n ie® de
= om bo e 5" e where the circle C is taken as
|z|=1sothat z=¢"® on C
1 J 2a cos 6 do dZ=i€ie do
" on

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

80 A TEXTBOOK OF ENGINEERING MATHEMATICS
Example 18. Prove that for real k, k% < I; i k" sin(n+1) 6= sin 0 5
=0 1-2kcosO+Fk
and Z k" cos(n+1) 0= cos 0 — k =
frpup! 1-2kcosO+Fk
1 1(, B\ 1S (B S R
Sol. ==|1-—| == —| = sz | >k ..(1)
z—Fk z( z) znZ:;) (z) HZ:;) z"t1 =1
Again, putz=e®in (1),
1 1 - )
— — k" o~ (n+1)i6
1 o
= = k" [cos(n+1)0—isin(n+1)6
cosO+isin0 -k ,;0 leos (r ) ¢ 8in {n 30!
= (cosG—k)—zsmGz Z k" [cos(n+1)0—isin(n + 1) 0] ..(2)

1- 2k cos 6 + &2 =

Comparing real and imaginary parts of (2), we get the required results.

1 1 7
Example 19. (i) Show that cosec z = St —zv——2% . ; O0<|z|<m
z 3! 360

(it) Find the Taylor’s series expansion of f(z) = 5 @ about the point z,.
zZ+cC

Sol. (i) cosec z =

has singular points at z = 0, + nmw.

sin z
We expand the seriesin0< | z | <.

1 1
cosec z = = = -
“% sinz _i{_i_i{_ 22 4 6
3| 5! 7‘ . Z 1- g—a W ......
22 4 6 22 4 6 2
=14+ =—-"—+=—+.... =+ =—F...... o
z 3! 5! 7! 3! 5! 7!

1_ 22 24 1 =z 1 1 4
—N(1+—-—=+ gt =—+—+ —— (2t
z| 3! 5! (3 z 3! |@3n? 5!

(i) 2) a a 1 a
12 zZ) = = =
bz+c blz—z))+bzy+c bzy+c 1+b(2—zo)
bzy +c¢
— _ ‘Where bzo+c=d,£=e
d|1l+e(z-2zy) d
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=%z (D" e (z-20)" if | e(z—2y) | <1
n=0

o

a n b " n . 1
=bzo+cz -1 ( ] (z-zp) 1f|z—zO|<;.

= bz, +c

. . . 4z -1 .
Example 20. Find Taylor’s series expansion of j 7 about the point z = 0.
z

(U.P.T.U. 2007; M.T.U. 2012)

4z -1 4z -1
Sol. _ _
© = o 1" e 0er )+ D

+
4(z-1) 4(z+1 22 +1
Expanding about the point z = 0, we get

) 23]

3 15 -1 1 2\7!
== 1-2"+ (1+2) +(—2z+§)(1+z)

3 c n 5 - n n 1 N n n
=_ZZ‘BZ +Z,§6(_D z +(—2z+§]’;(—1) 22",

ASSIGNMENT
Expand the following functions as a Taylor’s series (1-3):

1. () log(1+2)aboutz=0 [U.P.T.U. (C.0.) 2008]
(i1) tan™! z in powers of z [UP.T.U. (C.0.) 2009]
(ii1) sin~! z in powers of z (U.P.T.U. 2007)

T T
2. (1) sin z about z = 1 (i1) tan~'z about z = 1 (U.P.T.U. 2015)

d about z = 2.

(z+D(z+2)

Expand the following functions in Laurent’s series (4-6):

4. ! Jfor |z | >2 5.2;, forl<|z|<3 6.;,for|z|>2
-2 z°—4z+3 2(z - D(z - 2)
223 +1

7. (i) Find Taylor’s expansion of

about the point z = 1.
z(z +
z

(i1) Define the Laurent series expansion of a function. Expand f (z) = ¢?~2 in a Laurent series

about the point z = 2. (U.P.T.U. 2009)
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(z-20(z+2) )
8. Expand flz) = GiDzt+a 0 the region:

@ |z]|<1 B)1l<|z|<4 (e | z]>4.
[U.P.T.U. (C.0.) 2008]

9. Expand the function f(z) = 2;6 about ()z=-1 (i)z=1
2 —zZ-
22 -62-1
(z-D(z-3)z+2)

10. (i) Find the Laurent’s series expansion of the function f{z) =
3<|z+2]|<b.

in the region

(i1) Find the Laurent’s series expansion of f{z) = 722 intheregion 1< | z+ 1| <3.
20z+1)(z+2)

(G.B.T.U. 2012)
1

3 - - aboutz =0
z°+(A+2Dz+20

11. (i) Obtain the Taylor series expansion of f(z) =

(i1) Expand f(z) = m is Laurent series valid for
(@]z-1]>1 and B)0<|2z-2|<1 (G.B.T.U. 2011, 2013)
(i17) Expand f(z) = — % inLaurent’s series valid for region:
(z-D(z-2)

(@]z-1]>1 ®0o<|z-2]<1 (M.T.U. 2014)

12. Find Laurent’s series of flz) = —; 1 about its singular points. Determine the region of convergence.
z4+

1

13. Find all possible Taylor’s and Laurent’s series expansions of the function f(z) = ———
(z+1D(z+2)

about the point z = 1. Consider the regions
@ ]z-1]<2 @ 2<|z-1]<3 @i) |z-1|>3

and
e - —

14. The series expansions of the functions

1 =l+z+22+... and 1 =1[1+1+i+ ...... )
1-z z—-1 =z

Adding, we get (1 +z +22 + ...... )+l(1+l+i+ ...... J:O

Is this result true? If not, give the reason.

72% + 92 - 18
15. Expand fiz) = 22—29 in Laurent series valid for the regions:
z° -9z
@D0<]z]<3 @) |z|>3 (G.B.T.U. 2013)
4
16. Iffiz) = LZ , find Laurent’s series expansionin (1)) 0< | z—1 | <4and (i) | z-1 | >4.
(z+3)(z-1)

(M.T.U. 2013)
17. Expand f(z) = in Laurent seriesin 1< |z | <2. (G.B.T.U. 2011, 2012)

(22 -1 (2% +4)
18. Find all Taylor and Laurent series expansion of the following function about z = 0.
fz) = — 2z+3

- (U.P.T.U. 2014)
z°—-3z+2
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10.

11.

22 28 4 2 2P 2 3 5

3 5 6 40

2
(ii) tan~' z = tan™! (E) . (z _ z) S EPYMCEL T
4 n® +16 (x2 + 16)

LU AT W PSSO WS R PR
(2 3) (23 32)(2 2)+(25 33j(2 22— ...

Ly (2f 15 (2 1w (1)
f(z>=;z (ZJ 5.f(z)=—gz (5) _2_22@

n=0 n=0 n=0
1w 1 w— (2Y
=gt 2 (3 =2 (Y
. n n 1 - n z-1 e .. _ - 1
(z)f(z)=2z—2+z_;)(—1> (z-1) +EZ_;)(_D (Tj (Lz)f(z)—e;) E(

N n_n _ c _\n E_n

(@) flz) = 1- Z -1 Z -1 (4]
n=0 n=0

B f=1-13 1y ljn -3 ey (i)
z n=0 z 4

( n=0
S IS D I O
©f) = 1 Z;< 1>(2j DG (Zj

. 1« z+1
(t)f(z)=—2—OZ( 3

=0
1 2-1Y" 1
(i) fz) = _E ( 5 J _EZ

= n=0

) fle) = —— z (

@) fle) = Z+]—_Z+1nz=:0 z+D"  z+1 Z cv (z+D"

n=0
i) fr=—L ii " (i]n—i CREL
1-21| 2 = 2i =
1 2 v 1 N 2
ji = - = —D (22" -
@) @fe)= 5 -227 D ®) )= Y, V' -2 - ——

n=0

7-D:\Engineering Mathematics (Bali)\MTU Sem IlI-IV\MTU 1-7

www.cgaspirants.com

-+ ... () z——+——...... (i) 2+ —+—2z"+...



http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

84 A TEXTBOOK OF ENGINEERING MATHEMATICS
-1 2 w( 1Y 2 - N N
i) (@) flz) = Z_1+Z_1;0[2_1J ®) fiz) = B-HZ::O(_D (z-2)

12. () fz) = z (—1)"(22:,"] z—i]<2

o (z+i)" .
@) flz) = 56 +l)Z( ) s |z+i]| <2

L 1x 221 1 e(2-1)" 1 n z-1Y"
13. <L)§Z‘6<—1> (T] 5;( 1 (—3 j —§Z_‘B<—1) (n+1)( . )

.. n " 1< )" Z - n
(i) - § 1 ( J -2 §_ ( j _—2 1 (n+1)( )

1 < 2 Y 1 < 3 Y 1 < 3\
1\ _ _ _ - D" D ——
(lu)z—lnzzo( b [z—lj Z‘lnzzo( ) [z—l] - 12 nzzo( nt )[z—lj

14. No. The first series is valid for | z | <1 and the second series is valid for | z | > 1. There is no
common point where both the series are valid.

‘ 2 1w w2 AN (2 .. 2. 1% (3
15. (L)ﬂz)=2+§n§0(—1) (3] 32(3j (u)ﬂz>_;+;§(—1> (;)

n=0

n

4 ~ (3Y
‘ZOH

16. u)ftz)-—Z( 1)( ] 16G:-1  4(z-12

1w 4 Y 1 5
.. - - -1 —
(”’) f(Z) 16(2 -1 ,LZ:;) ( ) (z — 1) 16(z-1) " 4(z - 1)2

11 (1) 1 A1) 1« Tl e " "
f@:ﬁ{;;ﬂ@ AE el 23 (e AT e (2%)]-
18.  ()flz) = i %i(g

Il
[=}

||
II
(=)

. 1 1 1w (z) .
(ll)ﬂ2)=—;Z(; +52(5) ;1< ]z]<2
1 1" 1« (2)

anfo=- 131 -1 X (2] 11212
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1.31 ZERO OF AN ANALYTIC FUNCTION [U.P.T.U. (C.0.) 2008]

A zero of an analytic function f(z) is a value of z such that f{z) = 0.
If flz) is analytic in the neighbourhood of z = a, then by Taylor’s theorem
f2)=ay+a,z—a)+ayz-a)P+ay(z—a)®+ ... +a,(z—a) + ... oo
Ifay=a,=ay=..... =a, ;=0buta, #0, then flz) is said to have a zero of order n at z = a.
The zero is said to be simple if n = 1.

(@)
a. =

n n!

for a zero of order m atz = a,

fla)=f"(a)=f"(a) = ...... =f"Ya) =0 but f*a) £ 0.
Thus in the neighbourhood of the zero at z = a of order n,
f2)=a,z-a)+a,,  (z—a)"+ ... =z-a)lla,+a, (z-—a)+.... 1=E-a) 6z
where ¢(z) =a, +a,,(z-a)+ ... is analytic and non-zero at and in the neighbourhood of
z=a.
1.32 SINGULARITY [M.T.U. 2013, U.P.T.U. (C.0.) 2008, 2009]

A singularity of a function f{z) is a point at which the function ceases to be analytic.

1.33 ISOLATED AND NON-ISOLATED SINGULARITY M.T.U. 2012]

Ifz = a is a singularity of f{z) and if there is no other singularity within a small circle surrounding
the point z = a, then z = a is said to be an isolated singularity of the function f{z), otherwise it
is called non-isolated.

z+1
2(z2-2)°
It is analytic everywhere except at z = 0 and z = 2. Thus z = 0 and z = 2 are the only

singularities of this function. There are no other singularities of f(z) in the neighbourhood of
z=0,z=2. Hence z = 0 and z = 2 are the isolated singularities of this function.

Example. Consider the function f(z) =

Again, consider the function
1
flz) = ———=cot (E)
T z
tan ()
z
T
It is not analytic at the points where tan (;) =0=tannn i.e., atthe points where LA
z

1
= z=—m=12,3, ... )
n

11
Thusz =1, o g g T 0 are the singularities of the function all of which are isolated

except z = 0 because in the neighbourhood of z = 0, there are infinite number of other singularities

z=— where n is large. Therefore z = 0 is the non-isolated singularity of the given function.
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1.34 TYPES OF SINGULARITY

Let f(z) be analytic within a domain D except at z = @ which is an isolated singularity. Draw a
circle C with its centre z = a and radius as small as we wish and another large concentric circle
C of any radius R lying wholly within the domain D. Now in the annulus between these two
circles, f(z) is analytic. If z is any point of the annulus, then by Laurent’s theorem,

ﬂz)=2an(z—a)”+2bn(z—a)_" where0< | z—a | <R.
0 1

The second term Z b,(z—a)™ on the RHS is called the Principal Part of fiz) at the
1

isolated singularity z = a. Now there arise three possibilities :
() All b,’s are zero = no term in P.P. (Removable singularity) (M.T.U. 2012)
(1) Infinite number of terms in P.P. (Essential singularity) M.T.U. 2012)
(ii1) Finite number of terms in P.P. (Pole) [U.P.T.U. (C.0.) 2008]

(i) Removable Singularity. Here f(z) = Z a,(z - a)" which is analytic for | z—a | <R except
0

at z = a. Let ¢(2) be the sum function of the power series Z a,(z—a)". Now ¢(z) differs from
0
f(z) only at z = a, where there is singularity. To avoid this singularity, we can suitably define
f(z) at z = a, so that we have
f(z) for O<|z-a}l<R
0(z) =
a, forz=a

This type of singularity which can be made to disappear by defining the function suitably
is called removable singularity.

Example. The function w has removable singularity at z = a because
z—a
. 4 33 _\5
sin (z — a) _ 1 (z-a)- (z-a) N (z-a)”
z—a z—a 3! 5!

_1_ (z-a  (z-a)*
3! 51
has no terms containing negative powers of z — a. However this singularity can be removed
and the function made analytic by defining

sin (z — a)

=latz=a.
z—a

(i1) Essential Singularity. Here the series Z (z—-a)™" does not terminate.
1

Example. f(z) = sin [ J has essential singularity at z = a, because

z—a

. 1 1 1 1 1 1

sin = - + = — s
z—a z—a 3!'(z-a)?® 5!(z-a)P

has infinite number of terms in the negative powers of z — a.
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(ii1) Pole. Here the series z (z—a)" consists of finite number of terms. Then z = ¢ is said to
1
be a pole of order m of the function f{z). When m = 1, the pole is said to be simple.

Example. f(z)= s1(n(;—)4a) has a pole at z = a because
z—-a
: _ S RY: Y
sin (z f): 1 , (z—a)—(z a) +(z a)’ (z-a) .
(z-a) (z-a) 3! 51! 7!
1 1 1

- Loyt
(-0 3!(z—a)+5!(z a) 7!(2 a) +......

has finite number of terms (here first two terms only) in negative powers of z — a.
Thus if z = a is a pole of order m of the function f(z), then

bl + bZ bm

z—a (z-a)? (z—a)™

fz) = Zan (z-a)" +
0
_ - 1a)m [[Z a, (z- a)n+m] +1{b,, +b,,_1(z—a)+...... +b(z-a)™}
- 0

= —(2 Epa o)

Clearly, ¢(z) —» b,  as z —a. Hence ¢(z) is analytic in the neighbourhood of the pole z = a.

1.35 THEOREMS

(1) The limit point of the zeros of a function f(z) is an isolated essential singularity.
Proof. Let z , z,, 2, ...... be an infinite set of zeros of f{z). Let z, be their limit point.

(@) If z; is a point of the set, then z, will be a zero of f(z) and will have in its neighbour-
hood, a cluster of zeros. But zeros are isolated, so, z, cannot be a zero of f{z) unless f(z) is
identically zero in D.

(i2) If fiz) is not identically zero in D, then z, is not a zero of f{iz). But 2 is surrounded by
many zeros. So 2, is a singularity. Also z is not a pole since f{z) does not tend to infinity in the
neighbourhood of z,. Therefore z, is an essential singularity. But the singularity is isolated
since in the neighbourhood of z, f(z) is analytic. Hence z is an isolated essential singularity.

(2) The limit point of the poles of a function f(z) is a non-isolated essential singularity.
Proof. Let p,, p,, ps,...... be an infinite set of poles of f{z). Let p, be their limit point.

(@) If p, is a point of the set, then p, will be a pole of fiz) and will have in its neighbour-
hood a cluster of poles. But poles are isolated, so, p, cannot be a pole of f(z).

(i1) p, cannot be a zero of f(z) since the function is not analytic (has poles) in the neigh-
bourhood of p,,. So, p, is an essential singularity. This singularity is not isolated, since these
are poles around p,. Hence p is a non-isolated essential singularity.
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1.36 DETECTION OF SINGULARITY

(1) Removable Singularity: lim f{z) exists and is finite.
zZ—>a

2 2
Example. flz) = 2 -2
z—a
lim flz) = 2a
zZ—>a
So, f(z) has a removable singularity at z =a.
(2) Pole: lim f(z) = .
2, 2
z°+a
Example. f(z)=
z—a
hm f(z) = oo,

So, f(z) has a pole at z=a.
Moreover, the pole is said to be of order n, if there are n terms in the principal part.

e~ ¢ 1 (z - a)?
= 1+(z—a)+ +oinee
Example. c-a? Goa? (z-a) 21
1 1 1

=— + =
(z - a)2 (z-a) 2!
Since there are only two terms in the negative powers of z — a i.e., there are only 2

(a finite number) terms in the principal part of the function. Hence the function has a pole of
order 2.

(3) Essential singularity: lim f(z) does not exist.
zZ—>a

1

Example. lim ez=¢ does not exist, so flz) has an essential singularity at z = a.
zZ—a

EXAMPLES
Example 1. Find out the zero and discuss the nature of the singularity of
z-2 sin z
flo) =~z sin =
Sol. Zeros of f(z) are given by f(z) = 0
= z—2=0,sini=0
1
= z=2,——==nn(n=0,x1,+2 ... )
z-1
1
= z=2,1+— (n=0,x1,x2, ...... )
nn

Clearly, z = 1 is an isolated essential singularity.
Poles of f{z) are given by
22=0
= z=0
Hence z = 0 is a pole of order 2.
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Example 2. Show that the function e? has an isolated essential singularity at z = oo.

1
I3

=R

Sol. Put z= e’ =1+

O |~

1
+_
2!

O |-

1
We have an infinite number of terms in the negative powers of p. So the function ¢ has

an isolated essential singularity at p = 0. This implies that e* has an isolated essential singu-
larity at z = .

Example 3. Discuss singularity of — at z = 2mi.
—e
Sol !
ol. flz) = 1o
For poles 1-e2=0
= e? = 1 = p2nm
= z=2nmi(n=0,=1,%2, ...... )

Clearly, z = 2mi is a simple pole.

Example 4. Discuss singularity Of(cot—n; atz=aandz=. [UP.T.U. (C.0.)2008]

cot mz cos Tz
Sol. flz) = (z-a)? B sin 1z (z — a)?
For poles sin mz(z —a)? =0
= z=a,mz=nn(nel)
= z=a,n

Clearly z = o is the limit point of these poles. Hence z = « is a non-isolated essential
singularity. Also z = a, being repeated twice, gives a double pole.

Example 5. Discuss the nature of singularity of f(z) = l‘;nz at z=0.
z
1 . 1 2 25 2
Sol. ﬂz):Z—3(z—smz)=z—3{z—(z—§+ﬁ—ﬁ+ ......
1 (23 28 57 1 22 4
= | o7 =yt oy = — -t —— ...
z° | 3! 5! 7! 3! 51 71

Since, there is no term in the principal part of given function hence z = 0 is a removable
singularity.
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ASSIGNMENT

1 T
1. Discuss singularity of ———atz=—, [U.P.T.U. (C.0.) 2008]
sin z — cos z 4

2. Discuss the nature of singularity of the function f{z) = z cosec z at z = <.

3. What is the nature of the singularity at z = « of the function f(z) = cos z — sin 2?

1
4, Discuss the singularity of the function f(z) = 1 atz=0.

cos —
z
5. Discuss the nature of singularity of f{z) = sin % atz=0. [U.P.T.U. (C.0.) 2009]
el/z
6. Find the singularity of the function g(z) = —-. [U.P.T.U. (C.0.) 2009]
z

7. Prove that the singularity of cot z at z = - is a non-isolated essential singularity.

8. Find the nature of singularities of the following functions:

P 1
@) 1 ez atz=c [UP.T.U. (C.0.) 2008] (it) cosec > atz=0.
+e
. . . . 1
9. Discuss singularity of f{z) = sin 1 atz =1.
Answers

1. Simple pole 2. Non-isolated essential 3. Isolated essential
4. Non-isolated essential 5. Isolated essential
6. Isolated essential singularity (z = 0)
8. (2) Non-isolated essential, (iz) Non-isolated essential 9. Isolated essential.

1.37 DEFINITION OF THE RESIDUE AT A POLE

Let z = a be a pole of order m of a one valued function f{z) and y any circle of radius r with
centre at z = a which does not contain any other singularities except at z = a, then f(z) is
analytic within the annulus r < | z —a | < R hence it can be expanded within the annulus in
a Laurent’s series in the form

flo)= Y a,z-a)"+ > bz-a)" (1)
n=0 n=1
1 f(2)dz
where a, =52 —a ..(2)
1 f(z)
=—| ————d
and n2m Iv a1 -3
| z—a | =r being the circle y.
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1
Particularly, b, = EJ‘ f(2) dz
124

The coefficient b, is called residue of f(z) at the pole z = a. It is denoted by symbol
Res. (z=a) =b;.

1.38 RESIDUE AT INFINITY

1
Residue of fiz) at z = = is defined as — o -[c f(2) dz where the integration is taken round C in

anti-clockwise direction.

1.39 CAUCHY’S RESIDUE THEOREM OR THE THEOREM OF RESIDUES
[M.T.U. 2013, G.B.T.U. (C.0.) 2011]

Let f(z) be one valued and analytic within and on a closed contour C except at a finite number
of poles z,, zy, 2, ...... ,z,andlet R, Ry, R, ....... , R, be respectively the residues of f(z) at these
poles, then

§ fz)dz =2mi (R, + Ry + Ry + ...+ R)
c
= 21 (Sum of the residues at the poles within C).

Proof. Let y,, ¥,, V5, ... , v, be the circles with centres atz , z,, z, ...... , 2, respectively and radii
so small that they lie entirely within the closed curve C and do not overlap. Then f{z) is analytic
within the region enclosed by the curve C and these circles. Hence by Cauchy’s theorem for
multi-connected regions, we have

J.f(z)dzz f@dz+| f(2)dz+ | f(@dz+...... +| f(2)dz
C Y1 Yo Ys Tn

But by definition of residue,

1
=— d
Rl 27‘51 Y1 f(Z) g

= f(2)dz =2m R,
Y1

Similarly, L f(2)dz — om R,
2

f(@)dz = 2mi R,
T3

f(2)dz =2m R,
Yn

Hence, f(2)dz =21 R, + 2R, + 2mi R, + ...... +2m R
c 1 2 3 n
=2n(R; + R, + Ry + ... +R).
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1.40 METHODS OF FINDING OUT RESIDUES

(1) If f(z) has a simple pole (i.e., pole of order 1) at z = a, then

Res {f(z)} = Lt (z - a) f(2).

z—a

Since z = a is a pole of order 1, the Laurent’s series becomes

f2)=a,+a,z—a)+ayiz—a) + ... +b(z—a)l.
Multiplying both sides by (z — a), we get
z-a)flz) =ayz—a)+a,z—a)l +a,lz—a)®+ ... +b,
zEta (z —a) flz) = b, = Res {f(2)}

(2) If f(z) has a pole of order m at z = a, then

1 dm—l
(m-1)!z->adz™"

Res {f(z)} = [(z-a)™ f(z)]

Since z = a is a pole of order m, the Laurent’s series becomes
f2)=ay+a,z—a)+ayiz—a)+ .. +b(z—a)l+b,z—a)?+ ... +b, (z—a)™
Multiplying both sides by (z — a)™, we get
(z-a)" flz) = ayz —a)™ + ay(z — @)™ + ayz —a)™? + ......
+b(z—a)y" 1 +byz—a)" 2+ ... +b
Differentiating both sides (m — 1) times w.r.t. z and taking the limit as z — a, we get

m-1

d
Lt [e-a)" fl =bym - D!
1 dam™?!

or

[(z —a)" flz)] = b, = Res {f(2)}.
Or

(m-D!z>adz""

1 dm—l
(m-D!|dz™?!

{(z-a)™ f(2)}

z=a

Res. {f(z)} =

(3) If fiz) is of the form given by

_0(2) :
Az) = _\V(Z) ;wla) =0, ola) 0
where z = a is the simple pole of f{z), then Residue of flz) at z = a is = —\Idf)'(?)) .
a

(4) Residue of f{z) at z = a pole {simple or of order m}

1
= Coefficient of 7 in fla + t) expanded in powers of ¢, where ¢, is sufficiently small.
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(5) Residue of flz) at z = =
= lim {- zf(2)}

Z—> oo

Or

= —| coefficient of 1 in the expansion of f{z) for values of z in the
z
neighbourhood of z = «

EXAMPLES
Example 1. Determine the poles of the following functions and residue at each pole:
2 2z

: z o L 1-e

@ - De_27 (i1) 7 (i17) >
22

Sol. (i =

oL W = e 2r

Poles are given by
-DEz-22=0 = z=1,2.
z = 1 is a simple pole while z = 2 is a double pole.
Residue of f{z) at simple pole (z = 1) is

2? i 22 (12
—2 = 11m 2 = 3 =
(z-D(z-2* =2-1(z-2) (1-2)
Residue of f{z) at double pole (z = 2) is

1 d 2 22
= =N - 2 YA Y
RZ 2-1 ! |fiZ {(Z : (Z - 1)(2 - 2)2 }12—2

d( 22 (z-1).2z-2> 22 -2z
=|—|— =l = = 0
dz\z-1)| | z-1* |, [-D*]_,

R, = liml(z—l).

.. 1
(i0) %= 2t +1
Poles of flz) are given by
24+1=0
= z=(— 1)1/4 — {e(2n+1)ni}1/4

Poles are, z = e2+Umi/d \where, n =0, 1, 2, 3, ......
These are all of order 1 since the four factors occur linearly in z2* + 1.
Since the roots repeat themselves, we can write them more conveniently as

e2n+bmilt \where, n =—2,—-1,0, 1
ie., e™™4 where, m = + 1, + 3. Let denote it by z, .
Residue at (z = z,) is
. 1 1
=1 - . = lim — ’ ital’
R Zinzlm (z-2,) ] Zin;m s | By L’ Hospital’s Rule
1 1 .
= —5= Z”Z = Zm__ 2 it where,m =+ 1, + 3.
4z7 4z, 4 4
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1-e%*
(i17) Pole of —— is evidently z = 0. But this is not of the fourth order since
Z
2 2 3 4
1-e =i 1- 1+2z+42 +82 +162 +onee
2t 24 2 6 24

(1)

23

Therefore the pole is of order 3.
Residue at this pole is

= lim —
R 21—1>r})2!d22 4

2 2 3
1imi[d—{1(1—1—22—‘11—8i ....... JH
:5021| d2% |z 21 31

1 d2 {(1—e22)z3}

2
=1 1{%(—2—22—é22— ...... ﬂ
202 | dz
—lim2|-2 26|22
02| 3 3 3
Example 2. Find the residue at z = 0 of the following functions:
(i) .IL (i) z cos l
Sin z + z cos z z

Sol. (i) z = 0 is a pole of order 1.

. \ z(1+¢€%) . 1+¢? 1+1

Residue = hmo_— = hrr%) o =1.1°
zZ—

z—>08in z+z cos z ( ]+cosz

2z

(it) Expanding the function in powers of z, we have

1 1 1 1 1
zZCos —=z 1——2+—4— ...... =z —+——— — ...
z 2z 4!z 2z  9242°

This is the Laurent ’s expansion about z = 0.

1
The coefficient of 1 in it is — 9 So the residue of z cos l atz=01is— 9
z z

Example 3. (a) Give an example of a function having residue at infinity yet analytic
there.

3
(b) Find the residue of f(z) = —
z

at z = oo,
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2
z

z-a)z-B)z-7v)

Sol. (a) flz) =

Residue of flz) at z = o is

22
= lim {-z.
z—)w{ (Z—OL)(Z—B)(Z—'Y)}

-1
= 111’1'1 =_1
-
z z z
1
1) 2 ) A
Now, ! (X)‘(l—om A-Bo) A=)~ (1—an)(1-prd—70)
A ' A Y
1
At A=0, f(x)=0(¢oo)

f (%) is analyticat A =0

= fz) is analytic at z = .

3
(b) Required residue = Lt [— z. 22 1] which does not exist

Z—>

-1
Hence, ﬂz)=2—=z(1—i2j =z(1+i2+i4+ ...... )=z+l+i3+ ......
22(1_1) z 2¢ oz z oz

. 1
Required residue = — (coefﬁment of —j =-1.
z

z

dz, where C is the circle | z—1 |=3.

Example 4. Evaluate §

c(z+1)?
Sol. Here flz) = (j-—l)z has only one singular point z =— 1 which is a pole of order 2 and
z
it lies inside the circle | z—1 | = 3.

Residue of flz) atz=—11is Lt i [z+1)2fz)] = Lt i(eZ) = Lt ef=el
1dz 1dz 1

z— - z—— z——

. e? o1 21
By Residue theorem, we have i; dz=2mi(e ™) =22
c(z+1)? e
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2

m and the residue at
- z

Example 5. Determine the poles of the function f(z) =

2
each pole. Hence evaluate J 22—dz where C = |z| = 3. (U.P.T.U. 2015)
C(z-1)°(=z+2)
Sol. The function f(z) has a pole of order 2 at z = 1 and a simple pole at z = — 2.

Residue of flz) at z = 1 is

2
R, = Ltli[(z_lﬂﬂz)]: Lt i[ Z ]

(2+2).22-2%.1 22+4z 5
or R1= 5 = —2=_
21 (z+2) z-1(z+2) 9
Residue of flz) at z = — 2 is
22 4

_ S A
R2 zEt_Q [(2+2)ﬂ2)] z—>-2 (2—1)2 9°

Since both the poles lie inside the given curve C= | z | = 3,
2
j — _dz-2mu(R, +Ry)=2mi F+i} - omi.
C (z-D%(z+2) 9 9

| By Cauchy’s Residue theorem

Example 6. Determine the poles of the following function and residues at each pole:

-1
flz) = m and hence evaluate ﬂ f(2) dz, where Cis the circle | z—-1 | = 2.
(U.K.T.U. 2011)
Sol. Poles of f(z) are given by
(z+12(z-2=0 = 2z=-1/(double pole), 2(simple pole)
Residue of flz) atz =—1is
1 d 2 z—-1
R, = —+ D) ————
1T @2-n! {dz { (z+ D% (z- 2)HZ:_1
EE I =
= _— _— = 2 e
dz\z-2)| . [(-27]_, 9
Residue of flz) at z = 2 is
R,= Lt (-2 — -
22 (z+D"(z-2)
: z-1 1
22 (z + ]_)2 9
The given curve C= | z —i | = 2 is a circle whose centre is at z = [i.e., at (0, 1)] and
radius is 2. Clearly, only the pole z = — 1 lies inside the curve C.
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Hence, by Cauchy’s residue theorem

. (-1
ﬁ}f(z) dz =2m (R)) = 2mi (?j =2

2 —
Example 7. Evaluate J -2 dz, where C is the circle | z | = 10.

¢+’ +4)
(U.P.T.U. 2009)
Sol. Singularities are given by
(z+12(=%2+4)=0 = 2z=-1/(double pole), + 2i (simple poles)
All the poles lie inside the given circlec = | z | = 10.

Residue (atz =—1) is

2
Ry= | Siern? 22
2-1!|dz (z+D*(z°+4) e

| d 2% -2z 222 +82-8 _ 14
Cldz| 22 +4 2271_ (22 +4)? z:—l_ 25

2_
R,= lim (z-20)— 2
z—2i (z+D*(z-20)(z+20)

A4 140 T+
T2+ D% (4i) 3i+4 25
Similarly, Residue (at z = — 2i) is
7-1
R, =
3 25
By Cauchy’s Residue theorem,

Residue (at z = 2i) is

2 . .
z° -2z . . 14 7+1 T7-1
IC o7 g 4o =2 (R, + Ry + Ry = 2ni [—2—5+ e } ~0

Example 8. Evaluate J 1222—_7 dz, where C is the circle
C(z-1)7°2z+3)
@) |z|=2 (GB.T.U. 2011) Gi) | z+i | =+/3.
122 -7

Sol. flz) = m

Poles are given by

3
z = 1 (double pole) and z=- 3 (simple pole)

Residue at (z =1) is

1 d 9 12z -7
_ Ll —=2— L
f <2_1>!{dz {(z : (z—1>2<2z+3)Hz:1
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i(122_7ﬂ {(22+3).12—(122—7).2
“ldz| 2243 Z=1= (22 + 3)? s
60— 10

25

=2.

Residue at simple pole (z =— %) is

. 3 12z -7
R2= hm (24——).2—
z>-3/2 2) (z-D*(2z2+3)

; 1 (A2z-7
T 253297 (z - 1)2 B
(1) The contour | z | = 2 encloses both the poles 1 and — g
The given integral = 2mi (R, + Ry) = 2mi (2 - 2) = 0.
(ii) The contour | z +i | = +/3 is a circle of radius /3 and centre at z = —i. The distances
3 ’
of the centre fromz =1 and — o are respectively ,/9 and 1?3 The first of these is < +/3 and the

second is > /3.

The second contour includes only the first singularity z = 1.
Hence, the given integral = 2mi (R,) = 2mi (2) = 4mi.

Example 9. Evaluate § 22;3 dz, where C is the circle
Cz"+2z+5
@ |z|=1 @ | z+1-1|=2 @) |z+1+i| =2
(G.B.T.U. 2013)
_3 _
Sol. The poles of f(z) = 9.1 E are given by

22+22+5=0 = z=-1=x2i
(1) Both the poles lie outside the circle | z | = 1.
By Cauchy’s integral theorem, we have § ;;3 dz=0
Cz"+2z4+5
(i7) Only the pole z = — 1 + 2i lies inside the circle | z+1-i | =2

Residue of flz) at z =—1 + 2i is

_ _ 0
Lt +1-20)flz)= Lt M,Whﬂ@&:—l—% ‘Form—
21420 zo0 2242245 0
(z—o)+(z-3) ) 1
=Lt —= | By L’ Hospital’s Rule
z>ao 22+ 2

_a-3 -1+2-3 i-2
T 200+2 -2+4i+2 2

z-3 dz=2ni(l;2) =i —2).

cz2+22+5 i

By Cauchy’s residue theorem,
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(ti2) Only the pole z = — 1 — 2i lies inside the circle | z+ 1 +i | = 2.
Residue of flz) at z=—1-2i is
- - 0
It +1+2)f2)= Lt w,whereﬁ=—1—2i ‘Form—
z>-1-2i z-B 2z +2z45 0
o BB+ GE=3) | By I/ Hospital’s Rule
2B 2z+2
_B-3 _-4-2i i+2
TB+2 -4 2
By Cauchy’s residue theorem, 2243 dz =2mi (L +,2) =7n( + 2)
Cz"+2z+5 12

23

Example 10. Find the residue of f(z) =
P e i e-26—3

at its pole and hence evaluate

J.C f(z) dz, where C is the circle | z | =5/2.

Sol. Poles of fiz) are given by (z - 1)* (2 -2)2-3)=0 = 2=1,2,3
z = 11is a pole of order 4 while z = 2 and z = 3 are simple poles.
Residue of flz) at z = 2 is

23 23 8

= Lt =
z-D*(z-2(z-38) z2-2@-D*E-3) (=1

R,= Lt (z-2) =-8
z—2

Residue of flz) at z = 3 is

Bf 2? 27

R2 4 = Lt 4—__
z=-D*(=-2(z-3) z2-3((z-D*(z-2) 16

Lt (z-3).
z—3
Residue of flz) at z = 1 is
d3

1
Ry=———|—
? (4—1>![d23

3
{(z —D* &

z-D*(z-2)(z-3)

.

FE] 3 3 _
_1|d z =1d_3 . ;9z 30
6|dz® |(z-2)(z-3) ) 6|dz 2°-5z+6]]
L 2= 2=
1] d° 271 8 1| d* 27 8
=—|—F92+5+ - == 711- 5t 5
6| dz z-3 2z-2 1 6| dz (z-3) (z-2) -
l_i{ 54 16 1[ —162 48
T 6|dz ((2-3° (-2°]| | 6[(z-3* (z-2%]_|
=l ﬂ+4g}:8_ﬂ:£
6 16 16 16
The given curve C = | z | = 5/2 is a circle with centre at (0, 0) and radius 5/2.

Clearly, only the poles z = 1 and z = 2 lie inside this circle.

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

100 A TEXTBOOK OF ENGINEERING MATHEMATICS

Hence, By Cauchy’s Residue theorem,

- 27m
Jf(z)d2=2ni(R3+R1)=2ni (£—8)=2ni(ﬂ)=— m‘
c 16 16

8
Example 11. (i) Find the value ofﬁ ze!’? dz around the unit circle.
c

zt

1
(i1) Using Residue theorem, evaluate —J %dz, where C is the circle
2m e 2% (z° + 22+ 2)

12| = 3. (U.P.T.U. 2009)

1/z 1/z

Sol. (i) The only singularity of ze'”? is at the origin. Expanding e, we have

Zel/zzz[1+l+i+i+ ...... }:2+1+i+i+ ......
z 222 628 2z 627

Residue at origin = coefficient of 1 = %
z

1
Hence, the required integral = 2w (Ej = Ti.

(i) Singularities are given by
22(22+22+2)=0 = 2z=0,—1=+1i
z=01s a pole of order 2. z=—1 =i are simple poles. All these poles lie inside the circle
|z| = 3.
Residue (at z = 0) is

1 d | o e d e
R1= (2_1)' E ¥4 2 9, 9 = | — - 5
! niz“(z°+22+2) o dz |2mi (z° + 22+ 2) o

1 [P +2z+2te” ¥ (22+2) _L(t—lj
(2% + 2z +2)2 2w

2m

Let—1+i=0and—-1-i=pthen

Residue at (z=o0=-1+1) is
zt ot
R,= Lt (z—oc).i. 5 ¢ = L 2e = L{le(_lﬂ)t}
zoa 2 2 (z-a) (z—-P) 2m o*(a—-P) 2mi |4

Residueat (z=Pf=-1-1)is

i. le(—l—i)t
2m | 4

3
1
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By Residue theorem,

1 ezt 1 (-1 1 e(—1+i)t+(e(—1—i)t
oni o 22 (22 +2z+2) 2mi \ 2 2m 4

1
Example 12. Obtain Laurent’s expansion for the function f(z) = ﬁ at the isolated
z° sinh z

singularity and hence evaluate 4; -
C z?sinhz

2

z?sinhz  22(e? —e7?)

dz, where Cis the circle | z-1 | = 2.

Sol. Here, flz)=

2 3 2 3
22 [1+z+z+z+ ...... ]—[1—z+z—z+ ...... H
2! 3! 2! 3!

Xvy

Only pole z = 0 of order two lies inside the circle C= | z —1 | = 2.

1
Residue of f{z) at (z = 0) is = coeff. of > in the Laurent’s expansion of f{z) = — é

By Cauchy’s Residue theorem,

§ dz ( 1) i
2.—=2TU - == —.
C z“sinh z 6 3
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ASSIGNMENT
Determine the poles of the following functions and the residue at each pole:
2z+1 +1 ez
. 55 e 3. 5.
2" -z-2 2z (z-2) Z°+m

Evaluate the following integrals using Cauchy’s residue theorem:

2

. 2
4. fi; Ccos Mz“ + sin Mz dz;CE|z|=3
c|l +D(z+2)

2
5. § w dz, where C is the circle | z | = 2.
clz"-D((z+3)

2
6. § Z+22-2 dz, where C is a closed curve containing the point z = 4 in its interior.
C

z—4

7. § idz, where C is the circle | z | = 1.5.
C

2(z—-1D(z-2)
8. § ;de,whereCis the circle | z -2 | =%.
C(z-D(z-2)
sin 1z + cos mz? . .
9. § ————————dz, where Cis thecircle | z | =3.
cC (z-D%(z-2)
z
- -1
10. 5222 iC=|z|=2 11.§+dz;Cz|z|:l/2
cziz-1 Cz(z-0"(z-1
12. §Lszgdz,wherecz|z—l|=l 13.&%,wherecz|z—i|=2
c( T Cc(z°+4)
P
2
2
14. &%dz,wherecz|z—2|=2
C(-DE"+9
2z+1
15. ﬁ Z2r 4z, whereC=|z | =1 16.43 4 whereC=|z| =15
c(2z-1 c(E+DE"-4)

17.

2_
@ § 4z 4Z+1dz,whereCE|z|=1.
C

(z-2)4+2%)

24z -7

O AT

2

+4

18. § 22— dz, where Cis
Cz(z“+2z+2)

@1lz]=1 @) |z+1-1]=1
Gii) | z+1+i | =1 (v) |z-1]=5
e—Z
19. § 5dz;C=]z]=1 20.§z2e1/2dz;cz|z|=1
C z C
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21. § 1 dz where C is the triangle with vertices (0, 1), (2 — 2) and (7, 1). (G.B.T.U. 2012)
C z%sinz

22. Determine the poles and residues at each pole of the function fiz) = 2;2 and hence evaluate

2 -3z +
ﬂ; f(z)dz where C is the circle | z - 2| = % (G.B.T.U. 2011)
C
Answers
1 )
1. z=—1,2;§,§ 2.2:0,2;—%,% 3.z=ini;ié
4. —4mi 5. - % 6. 44
7. 3m 8. - 2m 9. 4ni(n + 1)
10. 10m 11.0 12. - 2m
13. n/16 14.
15. m 16.0 17. 1) 0 (i) 0
18. () 4m @{1) —m (3 +1) @) © (3 -1) (iv) 2m
o i (— 1)
19. —2mi 20. —. 91, 2D
3 n2 T

22, z=1,2;-1,2;4m.

1.41 CONTOUR INTEGRATION

We take a closed curve C, find the poles of f{z) within C and calculate residue at these poles.
Then by Cauchy’s residue theorem

Jc f(2) dz = 2ni [sum of the residues of f(z) at the poles within C]

The curve is called a contour.
The process of integration along a contour is called contour integration.

1.42 APPLICATION OF RESIDUE THEOREM TO EVALUATE REAL INTEGRALS

The residue theorem provides a simple and elegant method for evaluating many important
definite integrals of real variables. Some of these are illustrated below.

2n
1.42.1. Integrals of the Type J. F(cos 9, sin 6) d9, where F(cos 0, sin 6) is a Rational
)

Function of cos 6 and sin 0.

Such integrals can be reduced to complex line integrals by the substitution z = ¢, so
that

. d
dz =ie® do, i.e., do = —Z
iz
Al e eie +e—i9 _1(2_'_1)
S0, cos 6 = 9 9 .
e —e® 1 1
in 0 = —_:_.(z__j.
21 21 z
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As 0 varies from 0 to 2r, z moves once round the unit circle in the anti-clockwise direction.

2 -1 _ 1
J‘RF(cose,sine)dezﬁgF(erZ S ]%
0 (¢

2 7 2 iz

where C is the unit circle | z | = 1.
The integral on the right can be evaluated by using the residue theorem.

EXAMPLES

2
Example 1. Using contour integration, evaluate I T db where a > |b |
0 a+bcosd
Hence or otherwise evaluate (U.K.T.U. 2010)
~ (2 de o [T do
W [ =—— G [ —L o> |b]
0 x@—cos@ 0 a+bcosH
Sol. Consider the integration round a unit circle C = |z| = 1 so that z = ¢?®
dz=ie®d0=izd6 = db= E
iz
Also, cos 6 = l(eie +ei9):l(z+l)
2 2 z
Then the given integral reduces to
1 dz 2z dz
B
C{ b( 1)} iz C bz” +2az+b\ iz
a+—|z+=
z
B 3& dz _ 2 dz
ibJc o +21TGZ+1 iblc (z-o)(z-P)
[[2 ;2 [[2 ;2
-b -b
where, a=-2+3%2 "% and B=—g—a—
b b b b
Poles are given by z-a)(z-P=0 = z=0,P
Both are simple poles.
Since a>|b| - |B|>1
Since af=1
laB| =1
lo] |B] =1
= o] <1 | |B| >1

Hence z = o is the only pole which lies inside the circle C= |z | = 1.
Residue of f (z) at (z = o) is
2

R= Lt G- f@ = Lt z-0) e
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2 20 1
ib©=B i@ a2-b?) iya®-b?
By Cauchy’s Residue theorem,

I=2mR) =2m

1
iya® - b?

Jzn d6 2r (1)

0 a+bcos€=\/a2_b2
(i) Putting a = \/2 and b = - 11in (1), we get
2n

JZTE de B —on
0 «/5 —cos 0 \/2 -1
(i1) From (1),

n de 21 . ..

2 = Using prop. of definite integrals
J.o a+bcos® [,2_p2 I g prop g

- J‘n doe _ b

0 a+bcos® [,2_p2

Example 2. Evaluate by contour integration:

2
J "d—e.) where a > |b | [U.P.T.U. (C.0.) 2010; G.B.T.U. 2012]
0 a+bsin®
2
Hence or otherwise evaluate j ( d9 7 O<ac<l.
0 1-2asin®+a

Sol. Consider the integration round a unit circle C= |z| =1

. d
sothat z=e® . db= —Z
1z
Also, sin 0 = l (e —e™®) = i (2 - 1)
21 21 z
Then the given integral reduces to
1 dz 2iz dz
- GRET—=1
c { b ( 1)} iz C bz” +2iaz—-b \ iz
a+—|z—-—
21 z
_2p g
ble 22 +—2;;az—1

Poles are given by

2 2ia
2Z°+—2-1=0
b
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—-2ia + —4a® 4
b\ b? —ia _+b% -a?
= z= = +
2 b b
. . [2 ;2
= _bm + Ve ; b~ _ o, B (simple poles)
. - [2 ;2 . - [2 12
- Ja“ =b - Ja“ -b
where, o= o, e and B = o _Nd
b b b b
Clearly, [B| >1
But of=-1

laBl =1 = Jof [Bl=1 = Ja|<1
Hence z = a is the only pole which lies inside circle C= |z | = 1.
Residue of £ (z) at (z = ) is

R= Lt (z-o). 2 = 2
z—0 bz-o)(z-B) b(a-P)
) 2 1
b 2i \Ja® - b* i\/ar/z—b2
b
By Cauchy’s Residue theorem,
I=2m (R) = 2mi ! ___2on
iJa? -2 | Ja®-b?
J‘Zﬂ do _ 2n %)
0 a+bsin® \/a2—bz

If we replace a by 1 + a2 and b by — 2a, then
J'2“ do _ 2n B 2n _ 2n
0 (1+a*) -2asin 6 \/(1+a2)2—4a2 \/1+a4—2a2 1-a%

Example 3. Use contour integration method to evaluate the following integral:

J‘n%, (a>0).
0 a® +sin” 0

d ado
Sol. I=
° Jo o + (1- cos 20)
2
d
=2aj” do Put 20 = ¢, 40 = 2
0 (2a% +1) - cos 20 2
2n d¢
=Q J‘ D)
0 (2a”+1—coso
T=2a [ a9 (D)

0 (4a% +2) - (e +e7®)
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) d,
But z = €% so that do = l—j then (1) reduces to

I=2aJ. 1 dz_2_a dz

c (4a2+2)_(z+1j'5_ i Jo4a?z+2:-2%2-1

z

. dz . dz
=92 =92 - -
“ Jc 2 _21+2a)+1 0 Jc z-o)(z-P)

where, o =(1+2a2) +2a1+a? and B=(1+ 202 —2a+1+a?

Clearly, |a|>1

| op | =1 Ao 1BI<1
Only B lies inside C.
2ai 2ai 2ai -1
Residue (at z = B) is = Lt z-P). = = =
s (z-o)z-p) P-o —4a\/1+a2 2\/1+a2

By Cauchy Residue theorem,

tw#a ] Tea

Example 4. Apply Calculus of residues to prove that

0 (a+bcosd)? " (a® - b?

2n do 27na
.[ BB wherea >0,b >0, a >b.

Sol.Let,  I=[ 90 __[* o (D)
0 (a+bcos§)” o { ML —i¢)}
a 2 e e

. dz
Put e =z sothatdd = < then,

1 dz —4izdz
F 1 I= Tz
rom (1), §c b Nz ﬁ: (bz% + 2az + b)?
%+2@+J}

ﬂ zdz
bZ [6 2
(22 +%+ 1)

Poles are given by,

[22 2ZZ+1) =0 = (-02z-P?= 0whereoc+B——2,7aand0tB L.
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— 27(1 + ﬂ —4
b b2 —-a+ \/az -b2
Also, o= =
2 b
2 _ |40,
b b2 _—a—\laz—bz
b= 2 - b
There are two poles, at z = o and at z = § each of order 2.
Since, |op | =1
or || [B]=1
But [B|>1 .~ Joa|<1 voa>b
Only z = o lies inside the unit circle | z | = 1.

Residue of fz) at the double pole z = o is

_ 1 4 (z-)? %
T @2-D!|dz BPz-w? z-P? )]

|d ) -4z || 4 [@-P?.1-2.2z-P)
I G U AN - p)*

_ 4i[B-2)| _ 4 (-a-P)_4i @+P)

b e-pP ., b @B’ b (P
%)

4 b _ ia

- b2 '(2 = —b2)3 T T2
b

. —ia _ 2ma
I=2m @ b2 | Q% _p2)P2

Example 5. Apply Calculus of residues to prove that

n cos 26 do np?
J 5 = D 5 (0<p< D).
0 1-2pcosO+p I1I-p
n cos 20 dO 1 (2r cos 20 dO
Sol. I=J. 2 = __[ ® -0 2
0 1-2pcosO+p 2J0 1-p”+e™)+p
1 o eQie
= — real part of 5 —5-do
2 0 (1- pe”)1- pe™)
1 2 .
=5 real part ofﬂg Z—% ‘writing e =2z, d9=£

iz
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—iz?

1
=5 real part of i} f(z)dz where, f(2) = m

Poles of flz) are given by (1 — pz)(z - p) = 0.

1
Thus z=— and z =p are the simple poles. Only z = p lies within the unit circle C as
p

p<l1
The residue of flz) at z = p is
.92 .92
L ~ o i —iz ___ip
=lim e-pfle)=lim G -p) G T T 1o

Hence by Cauchy’s residue theorem, we have

§c f(2) dz = 2mi x [Sum of residues within the contour]

. 9 2

2

= omi |- —2 5 |= P 5 which is purely real.
1-p 1-p

Ttp2

1- p2 '
Example 6. Use Complex integration method to prove that
2 in?
J nMdezi—g(a—wloﬂ -b?), where 0 < b < a.

0 a+bcosB

1
Hence, I = — real part of § f(2)dz =
2 C

.92
Sol. Let I= Jzn sin” 6 d6 = J‘Q" 1-cos 20
0 a+bcosH 0 2(a+bcos0)
2 _2i0
= Real part of r_l-e
0 2a+2bcosH
dz

. 1 1
Put z = ¢® so that cos 6 = —(Z+—) and d0 = —
2 z 1z

z+—

Then Jznidz_§ L(%]_E’; 1=
0 2a+2bcos®  Jc 2a+b( 1) iz ) Jo i(bz? +2az+b)
z

where C is the circle | z | = 1.

The poles of the integrand are the roots of bz + 2az + b = 0, viz.

- 2a ++/4a” — 4b® =—ai\/aQ—b2

zZ =

2b b
_ [2_ 2 o 2_b2
Let Oc=a+7ab and ﬁ=%

Clearly, | B | > 1 so that z = a is the only simple pole inside C.
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Also, bz? +2az +b =b(z — o)(z — P)
Residue at z = o is
2 2 2
Lt ooy — =2 _pp LzF _ 1-e
z—>a Lb(Z — OC)(Z - B) z—>o Lb(Z — B) lb(OL — B)

“(olc‘“)_oc(B—oc)

T b0 —PB)  iblo—P) ©oop=

__ o _a—wlaz—bz

b b’
By Residue theorem,

_ 2 _ 2_ 2
igcl—zdzzzm-_a— Vabzz_n(a_ a2—b2)

i(bz% + 2az + b) ib? b2

2
Hence I = Real part of I kA dz 2n (a —\a? -b® )

Cib® +2az+b) . b2

. . . 2n cos 20
Example 7. Using complex integration method, evaluate J _—
0 5+4cosb

(M.T.U. 2012, G.B.T.U. 2010)

2n eZie
Sol. Let I = Real part of 5 5
0 5+2("” +e )
2 writing e™® = z
= Real part of fi; . — % dz
C 1 iz e do = -
5+2|z+— 1z
z
22

= Real part of 1 dz

idc 222 +52+2

Singularities are given by

222452 4+2=0 = Z=_%,_2
z= —% is the only pole which lies inside the unit circle C= |z| = 1.

Residue of f (z) at (z =— %) is

2 2
R= Lt (z+1).,z—= Lt ,Z—=L(1)(Z):L_
1 2) i(2z+1)(z+2) ,, 12(z+2) 2i\4)\3) 12i

2

z—-—
2

Hence by Cauchy’s Residue theorem,

1:3§f(z)dzzzm- 1l_®
c 12i)] 6

l
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T 1+2
Example 8. Evaluate: 1+ 2cos®
0 5+4cosB
2r1+2cos 0 2 i
Sol. Let = J ——— dO = Real part of T 142
0 5+4cosb 0 5+4cosb
Putting ¢ =z
= Real part of § _1v2z % dz
c ( 1] iz do=-—"2
5+2|z+— 1z
z
= Real part of 1 ;Jri dz
1JC 2z°+5z+2
Poles are given by
22+1)Ez+2)=0 = z=- %, — 2 (simple poles)
z=- % lies inside unit circle C= | z | =1
Residue (atz=—lj = Lt (z+1)li = (l) Lt 1+2z =0
2 I § 2) 1 2z+1(z+2) 2),, 1 z+2
2 2
Hence by Cauchy’s Residue theorem,
I=27i(0)=0
2
J‘ ©1+2cos0 do =0
0 5+4cosB
T 1+2 0
J;) 5+4—(::(())29 do =0 | Using property of definite integrals
2n
Example 9. Evaluate by Contour integration: J e“% cos (sin 6 — no) do.
0
2n 9
Sol. Let I= Jo € [cos (sin @ — nB) + i sin (sin 6 — n0)] dO
2n . 27 il .
_ J. ecose . ez(sme—ne) do = J. eee .e—me de (1)
0 0
. d
Put e® = z so that d6 = l—zz then,
., 1 dz : e?
I_J‘Ce iz -t J‘CFdZ
Poles are given by
z=0 [of order (n + 1)]

It lies inside the unit circle.
Residue of flz) at z = 0 is

R= 1 ar z"“.ﬂ =_—f[dn(ez)} -t
(n+1-1!| dz" 2| milde =0 !
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By Cauchy’s Residue theorem,

1=2m'(_—’J=2—“
n! n!

Comparing real parts, we have

21 27
j e®® cos (sin 0 — n0) do = —.
0 n!

2
T
Example 10. Evaluate the integral: j _cos” 30 g (U.P.T.U. 2015)
0 5—4cos20
2 2 2n 1
Sol. Let, 1= D[ e B0 e L[ T (D)
2Jo 5—4cos 20 4Jo 5—4cos20
Consider the integration round a unit circle c = |z| = 1 so that z = e®
. d
dz=1ied0=izd0 = db= l—;
1 . . 1( 2 1
Also, cos20= —(e20 +e~20) = - |2 +—
2 2 z
1 1
and cos 60 = — (26 + _Gj
2 z
Then the given integral (1) reduces to
212 +1
1+ 6 12 6
I 1 § 2z dz 1 Ei; z2°+22°+1
. L2 = z
4 05_2 Z4+1 1z 16: 025(24_522+1)
52 2

1
Singularities are, z = 0 (order 5), z =+ /2, NGl (order 1)

«l

1
Clearly,z=0andz =+ E lie inside C.

Now we will find residues atz=0andz =+ %
12 6 12 6 -1
Lot o) = z +2; +1 2 +25z +1{1_(gzz_z4ﬂ
2° (24 —522 +1j Z

5
z

6 2
= ﬂ[l+ézz -z +24—5z4 +2% —52° +}
Residue of fiz) at z = 0 is the coefficient of S in this laurent series expansion. Hence

2 _21

R, = Residue of flz) atz=0=—-1+ 2
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R, = Residue of flz) at z =

Lt. (z—
.25—)L
J2

= Lt.

2L 5 2_9 1 8
22 (z )[z+ 2)

R, = Residue of fiz) at z = —

Lt

zZ—

tol-

= Lt

1
2
1 ] (2% +1)°
ﬁ 25 (z2 2)(z—éj[z+\/1§)
2% +1)? 27

1

Z""\lﬁzj(zz—Z)(z—\E] 8

Now, by Cauchy-Residue theorem,

T= -1 [9ni (R, + R, +Ry)] = —5(2
161

ASSIGNMENT

Evaluate the following integrals by using contour integration:

1.

o

~ (2" de
(z)j _ 9  wkTU 2011
5-3cos O

@ Io 5+4cosO

adb

(it1) -
0 1+ 2a2 —cos 20

27 do
Q) j _®  (GBTU 201D
0 D+4sin6
. [2m de
O | ——
0 (5—-3cos9)

ado

0 a? + cos? (0]

@ (@a>0)

()j 5°°s 3 4o W.PT.U. 2009

(@)

1
2
(HLJ_ °+1?
ol E
(2% +1)? _ 27

21_27)_3n
8\ 4 4 16
21 do
_— (U.P.T.U. 2015)
0 2+cosO

do

T
(i) .[o 17 -8 cos 0

(@)

(1)

do
0 3+sin”@

do
0 (a + cos 0)2

2n
(i) J‘ cos 20

@0

1- 2pcos6+p

cos 30
0 5—4cosH
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2n bid
i) [ =253 g0 W.PTU 2007 (o) j oS g (U.P.T.U. 2014)
0 5+4cosH 0 5+4cosb
- J'” a cos 0 4o a1 3. 2t sin2 @
—na+cos 6 0 5—4cosH
21
9. J e 0 cos (0 +sin @) do;nel
0
2n 21
NG J' c0s?0do inel (i) J' a0
0 0 3—2cos0+sin0
[G.B.T.U. 2013; U.P.T.U. 2014]
Answers
2
1. G g i) Tg
2. ()= (i) —~ (i) —
8 15 2(1+a?
3. () = (ii) —~
. L) —o ) ——
3 2.3
. Om .. o . T .. 2fcp2
4. — ——a75 5.
@ 392 @0 21 @ m @) -
N T T sy U LT
6. @) 1z @i1) o1 @@i1) 12 (iv) D)
27
7. 2na|l-—— 8. = 9. "
Iaz -1 4 n:
n (2n)! ..
10. l) —————% (ll) TT.
(2)271 -1 (n ')2
= f(x) . .
1.42.2. Integrals of the Type j mdx, where f(x) and F(x) are Polynomials in x
- F(x
such that Xf;(x) — 0 as x - « and F(x) has no Zeros on the Real axis.
X

Consider the integral §; % dz over the closed contour C consisting of the real axis from — R
¢ F(z

to R and the semi-circle Cy of radius R in the upper half plane.

Ya

Cr

A 4
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We take R large enough so that all the poles of {;EZ; in the upper half plane lie within C.
z

By residue theorem, we have

§ 1@ dz = 27 | sum of the residues of f(2) in the upper half plane
c F(z) F(z)
R
1@ dz + J. UAC) dx =2mi [sum of the residues of f(2) in the upper half plane}
¢k F(2) R F(x) 2)

...(1) (- on the real axis, z = x)
If we put z = Re'® in the first integral on the left side, then R is constant on Cy and as z
moves along C,, 8 varies from 0 to .

f@) " fRe®) oo
dz = — Re
o F@) b FRe®) 10
" f(Re™) o 1o ) Rf(R)
For large R, -[0 F(Re™) Re™ id6| — 0 is of the order TR
AL Re® id6 — 0 when R —
o F(Re®) e g w
Hence from (1), we have
= f(x) [
B g‘ (fc) dx = 2mi | sum of the residues of f (Z; in the upper half plane}
EXAMPLES
Example 1. Using contour integration, prove that c_dx _m
ple 1. Using g D Bepesriatt
= d
Hence or otherwise evaluate jo ﬁ

1
Sol. Consider the integral J f(2) dz where flz) = W taken round the closed contour
C +z

C consisting of the semi-circle Cy which is upper half of a large circle | z | = R and the part of
real axis from — R to R.

For poles, 1+222=0 Y4

= 22=-1

= z==1 (Poles of order 2) o
z = —1 is outside C.

So z =i is the only pole inside C and is of order 2.

Residue of flz) at z =i is

A\ 4
A\ 4

d( )2 1 -R (0] R >X
Sl | emiter ]|

I P
le+d? 4
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By Cauchy’s residue theorem,
J-R dx +J' dz _ (—_z) T
R(1+22)? Jop (14222 “ 24 )72

Taking limit as R — oo
dx dz n
(1)

S +Lim [ 2
J-—°°(1+x2)2 Row=Joy (1+2%)? 2

SI | dz]|
CR|1+22|2
<J |dz |
- CR{|Z|2—1}2

 |z|=RonC
anc|l|(|iz|=Rd9R
also,0<0<m

dz
Now, J.CR —(1+ 2y

B J” R d6
“ b ®m¥o1?
nR

= W —0asR o
[ _dx T
= (1+x2)% 2

© dx @ om © dx @ om

Now, 2 o —(1+x2)2 5 = —(1+x2)2 1
Example 2. Apply calculus of residues to prove that

J‘°° dx on a0
0 x> +a?)? 4a®’ '

Hence,

Sol. Consider the integral -[c f(2) dz where

1
flz) = @+ taken round the closed contour C consist-

ing of the semi-circle cg which is upper half of a large circle
| z | =R and the part of real axis from — R to R.

A\ 4

(M.T.U. 2013)

A\ 4

Poles of fz) are given by
(@®+222=0 -R o R
i.e., a?2+22=0
or z = + ai each repeated twice.
The only pole within the contour is z = ai, and is of the order 2.

1
Here, flz) = (z—-ad)?(z+ai)?’

. o 1 d | 9 1
Residue (at z = ai) is =2 D! {dz {(Z at)’ . e Gt al Hz_m.

Y D20 DR S I B
| dz |(z+ai)? z:ai_ (z +ai)® i

-2 -1 1
(2ai)®  4a’® 4d%i’
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Hence by Cauchy’s residue theorem, we have

Jc f(2) dz = 25i (Sum of residues within C)

frwd dz = 2mi
i.e., I_Rf(x) x+J-CRf(z) z = m(4a3ij
R 1 1 T
——d dz =
o JiR(0L2+x2)2 er-[CR(0L2+22)2 “T 93 (1)
1 |dz|
————dz|< — =
sj _ldz|
CR(|Z|2—a2)2
" RdO L.
=J.0 m,smcez:Re9
nR
=m—>OaSR—>w

Hence taking R — <, relation (1) becomes,

J'_°° 1 d = L

< (a? +x%)? 2q®
il 1 b
or J.O (a® +x2)? d= 4a®"
Example 3. Apply Calculus of residues to prove that
_ro < dx = — (@a>0,b>0)
—~(x? +a?)x? +b%) a+b ’ ’

2
(2% + a®)(z% + b?)
closed contour C consisting of the semi-circle Cy which is upper half of a large circle | z | =R
and the part of real axis from — R to R.
52
The poles of fiz) = Z 1) +bD)
upper half of the z-plane.
Residue of fiz) at z = ia is

Sol. Consider the integral Jc f(2) dz where flz) = taken round the

arez =+ 1ia,+1b. Of these, z = ia and z = ib lie in the

2

_ lim (z - ia) z
z—ia 22 +a®)(z% +b?)
= 1m 22 = — a2 = a
z—ia (z +ia)(22 + b?) 2ia (—a? +b%)  2i(@®-b%)"
Residue of fiz) at z = ib is
. . 22
= e 8
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lim 22 _ -2 _ -b
coib (22 +a®)z+ib)  (-b%+a®)2ib) 2 (a®-b2%)’
By Cauchy’s residue theorem,
R x2 22 . a b
J—R (x% + a®)(x? +b?) et JCR (2% +a?)(2? +b?) de=2m {2;’ @2-b%)  2i(a® —b2)}
Taking limit as R — «

2 2
> x z a-b
dx+ Lt dz=n|———s
Lo(x2 +a®)(x® +b%) R JCg (22 +a®)(2® +b?) LZ —bz}

- JZ (x* + an)?x2 +b?) A J.CR (2% + azz)jz2 +b?) dz= atb (1)
2
Hows JCR (2* + azz)jz2 +b%) @ ‘ : -[CR |2% + alzznlz2 +b?| |dz]
2
: JcR(|z|2 —a|2z)(||z|2 5 1%
=(R2—a21§(2R2—b2)Joane |~ [z ]=RonCy
= (R2_ag§;2_b2) —0asR >
From (1), J: (x? + a;;sz +b?) 4 atb'

Example 4. (i) Apply Calculus of residues to prove that

J‘°° dx w2
0

x*+a*  4d®’

(a >0).

© dx
0 1+x

(U.P.T.U. 2007)

(i1) Using contour integration, evaluate 7"

Sol. (i) Consider the integral IC f(@) dz where f(z) = .
2" +a
The poles of f{z) are given by
24 + a4 =0 > 24 - _ a4 - a4em' - a482nm'+ni
or z=qe@ntbmild =0 1, 2 3.
Since there is no pole on the real axis, therefore, we may take the closed contour C
consisting of the upper half Cy of a large circle | z | = R and the part of real axis from — R to R.

By Cauchy’s residue theorem, we have

j_RR £(x) dx + ICR £(2) dz = jc £(2) dz

or J'R - da+ | S dz=2m Y R (D)

-Rx* +a* Ckz +a

| where z R* = sum of residues of fiz) at poles within C.
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o2
The poles z = ae* and z = ae®™/* are the only two poles which lie within the contour C.
Let oo denote any one of these poles, then
ot+a*=0 = ot=-a*

. . 1
Residue of flz) (atz = o) is = S S =—>= o Z
Bl (24 + a4) 4o —4a
dz
Residue at z = ae™* is = — M4
‘ 1 ‘ —mil4
and residue at z = qe3™/4 jg = — ——_ @3mi/4 = 3
4a? 4a
1 [oin _ g-in/4 1 - ; .
Sum of residues = — =— isihn— =————= R™.
2a° { 2 24° 4 2J24° 2
From (1),
R _ 5 9
J‘ 4dx . +J‘ 4alz = 2m i |- TC\/; @
-Rx* +a Ck2z" +a Zﬁa 2a
Now, J. dz S_[ |dz| SJ’ | dz |
cp 2t +at Ce|2* +at| Jor|z|* -]a*|
T Rd6
=_[Oﬂ | =~ |z ] =RonCy
nR

=ﬂ—>oaSR—>N.

Hence when R — <, relation (2) becomes

J“*’ dx =TC\/§ or J”" dx W2
- 0

wxt+a* 24

x* +a*  4d®

(i) Consider the integral J f(2) dz where f(z) = taken round a closed contour C,
c

1+ 2%

consisting of the semi-circle Cy which is upper half of a large circle | z | = R and the part of
real axis from — R to R.

1
The poles of flz) = — 1 are obtained by solving z4 + 1 = 0.

2t +
Now z2+1=0
= z=(—1)"4 = (cos m + i sin )4 = [cos (2nm + T) + i sin (2nn + )] V4

o5 PR DT i @R VT e n=0,1,2, 3.

| By De Moivre’s theorem

T .. T |
When n =0, Z=COSZ+1S1II—=—+L—

4 V2 V2
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Whenn =1, z=cos3—n+isin3—n=—i+ii
4 4 2 V2
When n = 2, z=cos5—n+isin5—n=—i—ii
4 TR
When n = 3, z=cos7—7t+isin7—n=i—ii
4 PN RN

%3 L.
Of these, only the poles corresponding to n = 0, 1, viz, z = el4 andz = e K lie in the
upper half of z-plane.

LT

. i z—e* 0
Residue of flz) atz=¢ % is Lt Form —
zﬁelg Z +1 0
1
= Lt — | By L’ Hospital’s rule
Z—)ELZ z
_ 1 _lefsig
3T 4
4e 4

. T
3i—
Similarly, residue of iz) atz=e *is4e *

. 1 . )
Sum of residues = — (e 3im/t y o-9in/d)

1 3= . . 3m 9 . . 9n
= —|cos — —isin — + cos — — i sin —
4 4 4 4
¥ ot L]_—iﬁ
2 2 V2 2 4

By Cauchy Residue theorem

J‘R dx +J' dz l\/E
R1+xt Jog1+2t 4

Taking Limit R — e,

[y [ e w2 )

wl+x* Roedop 1424 2

d
Now, | e fe ldslop ldel
Crl+2z CR|Z +1| CR|Z| -1
| w |z|=RonCy
nR
=— —0 as Ro
RY -
2 > d 2
From (1), i or J x4:nx/_.
o1+ x* 2 0 1+x 4
Note. The above method can also be applied to some cases where f{x) contains trigonometric functions

also.
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1.42.2. (a) Jordan’s Inequality
Consider the relation y = cos 6. As 6 increases, cos 0 decreases and therefore y decreases.

sin O
0

1 o
The mean ordinate between 0 and 6 = m Jo cos 0 dO =

when 0 = 0, ordinate is cos O i.e. 1

- .
when 6 = —, mean ordinate is sin %/2 ie. 2
2 /2 n P

Hence, when 0 < 6 < 1/2,

2
Mean ordinate lies between 1 and o
. 2 sin6 0 X
i.e., —< <1
T
This is known as Jordan’s Inequality.
1.42.2. (b) Jordan’s Lemma
If Az) - 0 uniformly as | z | — oo, then RLt . e™fz) dz = 0, (m > 0)
= J0pR
where C, denotes the semi-circle | z | =R, I(z) > 0.
Example 5. Apply calculus of residues to evaluate
[ % dx,a>o0. (G.B.T.U. 2010)
0 x2+a?

Sol. Consider the integral J. f(2) dz where f(z) = % taken round a closed contour
C 2" +a

C, consisting of a semi-circle Cy which is upper half of a large circle | z | = R and the part of
real axis from — R to R.

For poles, 224+4a2=0

= z=+al

z = ai is the only pole which lie inside C.

ze” aie™® ¢

Residue of fiz) at (z = ai) = Zli_)rr;i (z—ai). Py ———— = a7 5

By Cauchy Residue theorem,

R ix iz -a
xe ze e .
J 3 5 dx + J 5 5 dz=2mi = mie™®
-Rx“+a Crz“ +a 2

Taking limit as R — oo,

ix iz

xe ze .
Lt s dx+ Lt 5 dz = mie®
Ro«J-Rx" +a Ro>=JCr z" +a
x iz
= xe ze
= [ gdn+ Lt [ 7% de = niee (D)
—x"+a R—oe=JCr 2" +a
. z
Since —— — 0 as | z | — o, therefore by Jordan’s Lemma,
z°+a
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iz
ze
Lt 5 5 dz=0

R—->=JCk 2 +a

oo xeix .
From (1), — 5 dx =qje

x4+ a

Comparing imaginary parts,

J‘°° x sin x dx = ot
—~x% +a?
or J"”—x;m 3; de=Lec.
0 x“+a 2
Example 6. Evaluate by using Contour integration Jm C(;s aalc dx ;a20.
0 x° +
(U.P.T.U. 2006, G.B.T.U. 2011)
laz
Sol. Consider the integral Jc f(2) dz where flz) = — " taken round a closed contour C,
z
consisting of a semi-circle Cy which is upper half of a large circle | z | = R and the part of real
axis from — R to R.
For poles, 2241=0
= z==%1
z =1 is the only pole which lies inside C.
eiaz e @
Res.z=1)= Lt z-0i).—— = —;
=1)= & -+ 2
By Cauchy Residue theorem,
R iax iax -a
J Z dx+J 2 dz =2m e. = me®
Rx”*+1 Crz”+1 2
Taking Limit as R — oo,
o eiax laz
j 3 dx+ Lt dz =me™® ..(1)
-~ x“+1 R—eJCp 27 +
. 1
Since —; 1 — 0 as | z | = oo, therefore by Jordan’s Lemma,
z°+
laz
t J dz=0
R CR22+1 z (@ >0)
oo iax
dx = —a
From (1), J‘_w 211 Te
Equating real parts, we get
J.m C(;s W dx = mea
- X7+
= oS ax e ¢
or I 5 dx =
0 x“+1 2
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Example 7. Apply calculus of residues to prove that

r coshax 1 e® nca<m (M.T.U. 2014)
0 coshmx 2 2

az
, ¢ is the rectangle with vertices at — R, R,

Sol. Consider J- f(2) dz where f(z) =

cosh nz
R+iand -R +1i. v
. N y
f(z) has simple poles given by I
coshz =0
or e¥+e™=0
or e = — ¢ = p2n+Dmi-mz —R+i Rt i
+i
2n+ i i
whence, z = T n= 0, + 1, = 2. Of these poles, only z = 2
lies inside c.
Residue (at z= é) = dL >
— (cosh mz) -R 0 R X
dz st
2
ia/ jal
_ el® 2 _ el® 2 :i.eia/Z
i

., IW .. T
wsinh — misin —
2
By residue theorem, we get

R 1 -R X 0 . .
IC £(2)dz = j_R F£(2) dx + J'O F(R+1iy) .idy + jR Flac+0) dx + L F(=R+iy) . idy

.1 .
=9m . — eza/2 - zeLa/Z (D
o)
—_ 9,ial2
or L+ 1, + I + I, = 2e'=,
1 ea(R+iy)
Now, | I, | = I —idy
0 cosh @ (R +1iy)
1 9 aRl aiy |1+ d
<J‘ e e™ ||i]dy
)b |en(R+iy) +e—n(R+iy)|
R
b 2edy 2 0as R )
=| - ———m = @® & ~0asR—oe | since—mt<a<m.
0e™ —e e™ —e

In the same way I, — 0. Hence when R — <, we get from (1),

oo ax ea(x+i)
dx = ia/2

Y
-« cosh mx w coshm(x+1)

ax ax ai

or Jm % dx- Jm £ -® dx=2"2 [ coshmlx+i)=-—cosh nx|
- cosh mx - —cosh mx
= Jm 4 e—“’) e dx = 2¢'%/2
—oo cosh mx

dx =2

J,oo (em/Z +efza/2)eax
—oo cosh mx
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o ax
or J. e dx = 1
- cosh mx cos &
2
0 ax oo ax
or j eh dx + eh dx = 1a (2)
- cOsh mx 0 cosh mx Cos :
Putting x = — ¢ in the first integral, we get
0 ax 0 —at o —-ax
J- € dx =— J. ¢ t= J- € dx
— cosh mx « cosh Tt 0 cosh mx
From (2),
o % 4 pma% 1
J' e e g
0 cosh mx cos &
2
= cosh ax 1 1 a
or j dez azgseca.
o cosh mx 2 cos &

: : : = log (1+x°
Example 8. Using contour integration, prove that: J logl(—+2x) dx =mlog,2.
0 +x

log (z+1
Sol. Consider the integral J f(2) dz where f(z) = —g2(+ 1 ) taken round a closed con-
C z
tour C which consists of semi-circle Cy, the upper half of a large circle | z | =R and the part

of real axis from —R to R.

For poles,
Only the pole z =i lies inside C.

2241=0 = z==i

T

. o log2+i—

. log(z+i) log(2) 9

=1)= Lt - . = =
Res.G=0)= MG 0erd ™ 2 %
By Cauchy Residue theorem,
R log (x +1) log(z+i) , 2m T i

W i ) T —z—i(log 2+ lg) = (log 2 +§j (1)

RoeJ-R 1+x

zlog (z+1i) _ Lt [

Now, Lt =270
z— o0

z log(z+1)
zoe 2941 .

z—1 zZ+1

_oL 2 1p srd 44

Zw Z—1 2z Z+1

Hence, Lt ZIOg—(Z;l)dz =0
z— o JCp 1+ 2z

- Lt wdz:o
z— o JCp 1+ 2z

jwwdxzn(log2+%)

From (1), 1 a2
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Equating real parts, we get

= 1 log (x* +1
I —&;) dx =7 log 2
-2  1+x
o 2
= I log (1+7) dx =7 log 2.
0 1+x
ASSIGNMENT
Evaluate the following integrals using Contour integration:
< dx < dx
1. @ (@@x) 3
' 0 1+ 2 " e (22 +1)3
U 2 . © %2
i) | v (GBT.U.2012) (@) Lm dx;a>0

o dx
2. I ;a>b>0
(6% + a®)(x? + b2) “

x2

0 [—— > 4
Jo (%% + 92 +4)2 *

*° x
6. A d
@ J—w @ +D (% +2x+2) *

°° x
R S—,
oo (22 +4x +13)?

9. (i)J cgsma; dx;(m=>0,a>0)
0 x“+a

[U.P.T.U. (C.0.) 2008]

* x sin ax

10. () dx;a>0
0 x% 4+ k2
e COoS X

11. (i)J dx(@a>b>0)
0 (22 +a?) (% +b?)

12. J' BT g
—o x“ +4x+5

14. Ifa > 0, prove that
()J' acosx+xsmxdx=2ne_a
%% + a2

iz

[Hint: Consider f(z) =
z—-ia

imaginary parts]

5. ] 2 Lal® (U.P.T.U. 2008)
—o (x“ + D(x“ + 4)
> x2_x+2
J.-m x* +10x% +9
AN x2
jiil J.—oo (®+1)% (% +2x+2) e
[U.P.T.U. (C.0.) 2009]

dx

8. 6dx
—ox° +1

(i1) %dx;mzo,a>0
0 (a” +x7)

(u)j _xsinme g [U.P.T.U. (C.0.) 2009]

wx? 4245
sin x
0 (% +a®) (x% +b%)

(i) dx (a>b>0)

[U.P.T.U. (C.0.) 2008]

00 3 o
13 X s x

. dx;(@>0,b>0)
0 (% +a®)x? +b2) *

(LL)J. X COS X — asmxdx:O

x+a

. At last multiply both N” and D" by x + ia and separate real and
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15. Prove that wﬂ de=2 1+i Hint: Tak 1+e%* h 1+ cos 2x
. 0 122 5 2 int: Ta ef(z)—msot atf(x)_m

16. By integrating e‘z2 round the rectangle whose vertices are 0, R, R + ia, ia, show that

el 2 e*a2 © 2. o (% 2
@) I e ™ cos 2ax dx = Jr and (i1) J‘ e sin2axdx=e I e¥ dy.
0 0 0
17. Apply calculus of residues to prove that j sin x? dx = j cos x2 dx :% g .
0 0
Answers
. .. . T . U3
1. ()2 (ir) 3m/8 (i11) B (iv) g
T b 51
2. —/————— 3. . —— . —
abla +b) 3 200 12
6. () -Z i) 1T 7. -~ 8. 13
5 50 27
—am
9. () L iy Te " (am+ D 10. (i) = e~ (ii) — me~ 2%
2a 4a® 2
-b -a
. T e e T T .
11. (L) m [T - o ] (Ll) 0 12. — Z sin 2
13. E(a2e7" —b%®)
2 (a?-b?)
1.42.3. Integrals of the Type Jm % dx, when F(x) has zeros on the real axis.
- F(x

When the poles of f{z) lie on the real axis and also within the semi-circular region, then those
which lie on the real axis can be avoided by drawing small semi-circles C,, C,’ etc. about those
poles as centres and small radii r and " in the upper half of the plane.

This method is said to be ‘indenting the semi-circular contour’.

When the semi-circle of radius R has been indented then f(z) is analytic along this

modified contour C and the integral J f(2) dz can be evaluated by Cauchy-Residue theorem.
o

Example. Evaluate j THRIY e, m > 0. [G.B.T.U. (C.0.) 2008, G.B.T.U. 2007]
0 x
Sol. Since sin mx is the imaginary part of e, we consider the function
imz Ya
o) = .
This has a simple pole at z = 0, which lies on the c,
real axis. Enclose this singularity by a small semi-circle
C,: | z | =r. Evaluate the function ¢(z) over the contour c
C shown in the figure consisting of parts of the real axis 2
from —R to —r and r to R, the small semi-circle C, and the /( \
large semi-circle C,. Since the function has no singular- R -r o =R ;

ity within this contour, by Cauchy’s theorem, we have
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dz =0
§C¢(Z) z
—r R
= J ¢(x)dx+J. q)(z)dz+J‘ ¢(x)dx+J‘ d(z)dz =0
-R C, r C,
—r eimx eimz Reimx imz
= J dx+j dz+j dx+J dz =0 ...(D)
-R x C, z r X C, z
Substituting —«x for x in the first integral and combining it with the third integral, we
get
R ,imx _ —imx imz imz
j de+‘[ ¢ dz+j ¢ _dz=0
r X C, 2 C, z
R o imz imz
or 2i J. Sth mx dx+J. ¢ dz+J. ¢ _dz=0 ..(2)
r X C, z C, z
imz 1 imz _ 1
Now J ¢ dz=j —dz+‘[ ¢ dz .(3)
C, z Cy, 2 Cy z
On C,, z=re®
1 0 re®® . :
J —dz=J m—;dG:_J‘ ido =—im
C, 2 T rel 0
imz _
Also, J' el lem [ 192l oy
C, =z C, |z]
where M is the maximum value on C, of | i —1 | = | eimr(cosO+isin®) _7 |
Clearly, M - 0asr—0
eimz
From (3), J dz=—in
C, z
Putting z = Re® in the integral over C,, we get .(4)
imz imR(cos0+isinB)
J- e dz=Jne—_Rei9 ide=iJ.neichose e*mRSinede
c, z 0 Re®® 0 :
Since, | eimReosb| <1

j eimz
C, z

i 2 T
Also, % continually decreases from 1 to — as 0 increases from 0 to —.

dz

< J.n e—mRsin(-) do=2 J.nme—mRsine de
0 0

2

ForOSGSE,SmezE or sin6>—
20 T T
eimz /2 . n/2 .
J‘ dz <9 J‘ o ZmR O/ g0 _ [_ e—ZmRe/n:l _ (1 — emR)
z 0 mR 0 mR

AsR—>oo,L(1—e"”R)—>O
mR

imz

J'e
c, z

dz =0
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Hence from (2), on taking the limit as r — 0 and R — «, we get

% rsmmx dx—in =0
0

x
or J“”Slnmx dx:E.
0 x 2
ASSIGNMENT
Apply calculus of residues to prove that:
ocxpfld TC wxafl
1. @) -[0 1+x x_sinnp’0<p<1 (M. T.U. 2013) (i1) J.o 1_xdx=ncotan,0<a<1
o a—1
(tii) X dx =~ cosec (n_a] ,0<a <2
0 1+x2 2 2
2. (i)J. BT dx=0 (ii)J' ©SX_ ge=" sina,(@>0)
0 X —maz—xQ a
8. () [ S de= o e s 0 G [ SEEL d
0 x(x*+a”) 2a 0 x(1-x%)
o od 2 2
4. (i)J. %dx:—z (ii) “"gx; de=2—
0o (1+x°) 4 0 1+x 8
oo a
5. (@) x—“dxzﬁ(l—a)sec(ml;—l<a<3
0 1+x9) 4 2
oo a
(i1) zx—dx:2—nsin(2a—n) cosec (am); —1l<a<1
0 x“—x+1 «/g 3

dx=mb—-a)ifa>b=0.

J‘°° cos 2ax — cos 2bx
2

0 X

TEST YOUR KNOWLEDGE

1. Define analytic function and state the necessary and sufficient condition for function to be analytic.

(M.T.U. 2012)
2. Ifflz) = u + iv is analytic, then show that the family of curves u(x, y) = ¢, and v(x, y) = c, are
mutually orthogonal. (M. T.U. 2012)
3. Using the Cauchy-Riemann equations, show that fiz) = | z |2 is not analytic at any point.
(M.T.U. 2013)
4. TFind the constants a, b and c such that the function fiz) = — x2 + xy + y% + i (ax? + bxy + y?) is
analytic. (M.T.U. 2013)
1+10 9
5. Evaluate _[ 22 dz. (U.P.T.U. 2008)
0
eiz
6. Evaluate the integral - dz whereC: | z | = 1. (M.T.U. 2013)
Cz
7. Define isolated and non-isolated singular points. (M.T.U. 2012)
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8. Define removable and essential singular points with example. (M.T.U. 2012)
9. Define singular point of an analytic function. Find nature and location of the singularity of

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

fla)y = 2572 (M.T.U. 2013)
z
Find the values of a and b for which the function f(z) = cos x (cosh y + a sinh y) +  sin x
(cosh y + b sinh y) is analytic.
If fiz) = u + iv is an analytic function and u = x2 — y2 — y then find its conjugate harmonic function
v(x, y).
If z) = u + iv is an analytic function and v = y2 — x2 then find its conjugate harmonic function u(x, y).

2 _ .2
Ifu= (x2—y22 is the real part of analytic function f{z) = u + iv then find f{z) in terms of z.
x“ +
Evaluate § 2 around the circle | z -2 | = 4.
C z-—

Evaluate } (5z* - 2% + 2) dz around the unit circle | z | = 1.
C

2 —
If F(o) = 43 527 =42 %3 . which C is the ellipse 16x% + 9y2 = 144, then find F(2).
C zZ—0
Evaluate § 5 where Cis | z—3i | = 4.
Cz°+9

3
Find residue of f(z) = [2 * i] atz=1.

z—

2z+1
Find residue of flz) = 22—+2 at the pole z = 1. (M.T.U. 2014)

zZ —z-

2
(i) Find residue of flz) = —5——— at the pole z = —1.
v idue of fle) = 5 s o polez

2
(i7) Find residue of fiz) = 5 z at the pole —1. (U.P.T.U. 2014)
2°+3z2+2

dz where C is any simple closed path such that 1€ C,0 ¢ C.

Evaluate § G
Cz"-2z
z—sin z

Find the nature of singularity of lz) = ——5— atz =0.
z

Evaluate 4; 5 z-3

Cz+2z+5
Let u(x, y) = 2x(1 — y) for all real x and y. Find a function v(x, y) so that fiz) = u + iv is analytic.

LetI: J L
c(z-1)(z-2)

anti-clockwise. Find the value of I.

dzwhenC=|z | =1

dz where f(z) = sin% + cos % and C is the curve | z | = 3 oriented

Let z b, 2" be the Laurent’s series expansion of the function ; ,0< | z | <m, then find
n z sinh z
b ,,b,and b,
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15 (2)
27. Letflz) = Z 2" forze C.IfC: | z—i | =2, then evaluate £f> f—215 dz.
n=0 C (z-1)
28. Let u(x, y) be the real part of an entire function fiz) = u(x,y) + i v(x, y) forz =x + iy € C. If C is the
positively oriented boundary of a rectangular region R in R? then evaluate § (a_u dx - g_u dy]
C X
iz
29. Consider the function f(z) = W . Find the residue of f at the isolated singular point in the
z2(z” +
upper half plane {z=x+iy e C:y > 0}.
30. Let S be the positively oriented circle given by | z — 3¢ | = 2. Then evaluate J. de e
S z° +
2n .
31. Let flz) be an analytic function. Then evaluate J F(e) cos (¢) dt.
0
1
32. Letflz) = ﬁ then find the coefficient of — in the Laurent’s series expansion of f(z)
z° -3z + z
for | z | > 2.
33. Ifulx, y) = x% — xy? is the real part of analytic function fiz) = u(x, y) + i v(x, y), then find its
conjugate harmonic function v(x, y). (M.T.U. 2014)
34. Define Harmonic function.
Answers
1 1 2 2
=—=,b=-2,c=— -—=+=1 i
4, a 5 €=y 5. 33 l 6. —m
9. removable singularity atz =0 10.a=-1,b=-1 11. 2xy +x + ¢
1
12. 2xy +c 13. 2 +c 14. 2m 15.0
16. 30m 17. /3 18. 6 19. 1/3
20. (i)—-4 @)1 21. 2mi 22. removable singularity
23. 0 24, x2 — (y — 1)? 25. — 4mi
26. b,=1,b,=-1/6,b,="7/360 27. 2mi (1 + 151) 28.0
29 -1 30 z 31. nf’(0 32. 3
. % - . if’(0) .
33. x*+y*—6x%y2 +c.
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UNIT 2

Integral Transforms

2.1 INTRODUCTION

The theory of integral transforms affords mathematical devices through which solutions of
numerous boundary value problems of engineering can be obtained e.g. conduction of heat,
transverse vibrations of a string, transverse oscillations of an elastic beam, transmission lines
etc.

The choice of a particular transform to be employed for the solution of an equation
depends on the boundary conditions of the problem and the ease with which the transform can
be inverted. An integral transform when applied to a partial differential equation reduces the
number of its independent variables by one.

2.2 DEFINITION

The integral transform f{p) of a function F(x) is defined as

b
IFG) = fip) = | Feo) Kip, ) d,

where K(p, x) is a known function of p and x, called the kernel of the transform : p is called the
parameter of the transform and F(x) is called the inverse transform of f{p).

Some of the well-known transforms are given below:
(i) Laplace Transform. K(p, x) = e?*

L{F(0)} = fip) = j: Fx) e7* dx

(i) Complex Fourier Transform. K(p, x) = e?*

FF@)} = fip) = | F) e dx
(ii1) Hankel Transform. K(p, x) =x J, (px)

H,(F@) =fip) = | F@xJ, (pv) dv

where J, (px) is the Bessel function of the first kind and of order n.
(iv) Mellin Transform. K(p, x) = x"~1

M{F(x)} = fip) = jo ) xP-1 .,
Other special transforms arise when the kernel is a sine or a cosine function. These lead
to Fourier sine or cosine transforms respectively.

131
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132 A TEXTBOOK OF ENGINEERING MATHEMATICS

2.3 FOURIER INTEGRAL THEOREM

Statement. If
(i) F(x) satisfies Dirichlet’s conditions in every interval (- c, ¢), however large.

(@) Jm | F(x)| dx converges;

then Flx) = j j F(t) cos Mt — x) dt d\

The integral on the right hand side is called Fourier integral of F(x).
Proof. We know that Fourier series of a function F(x) in (- ¢, ¢) is given by

F(x) = ?O+nzl (a cos—+b s1n—n:x) (1)
! F@)d
where, a,= - J_C (t) dt
a, = Ir F@) cosn—ntdt
C J-c Cc
and b, =+ | Fysin "™ at
C J-c c
Substituting the values of a, @, and b, in (1), we get
F(x) = 1 r F@) dt + 1 Z jc [cos M os nt +sin ™ sin n_nt} F(@) dt
2¢ J-c ¢ = e c c c c
t—
- j F(t) dt +— Z j ”“( ) v at (2)

If we assume that j | F(x) | dx converges i.e., F(x) is absolutely integrable on the x-axis,

the first term on rlght side of (2) approaches 0 as ¢ — oo since

> J_CF(t) dt

<— F
<o L| ()| dt

nn(t x)

From (2), F(x) = Lim = Zj F() co dt

c—e e

= Lim — Z (M)j F(t) cos {n(AN)(t — x)} dt ..(3) | where % = AL

This resembles a Riemann sum of a definite integral and is of the form

Lim ,; f(nar) e, J: FOVd

Hence as ¢ — o, (3) reduces to

Fx) = j j F(¢) cos Mt — x) dt dA (4)

which is known as Fourier integral of F(x). Eqn. (4) is true at a point of continuity.
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INTEGRAL TRANSFORMS 133

At a point of discontinuity, the value of the integral on the right is
1
2 [F(x + 0) + F(x — 0)].

2.4 FOURIER SINE AND COSINE INTEGRALS

We know that
cos Mt —x) = cos At cos Ax + sin Af sin Ax
Fourier integral of F(x) can be written as

F(x) = %J-: [; F(#){cos At cos Ax + sin At sin Ax} dt dA

= ["cos ke [ F(@) cos ke e d+ [ “sindx | Fleysin 2 di i
T J0 —oo n Jo A O

Case 1. When F(x) is an odd function
F(t) cos Mt is odd while F(¢) sin Af is even. Thus the first integral in (1) vanishes and we get

Fo) = 2 j " sin hx r F() sin At dt d,
T J0 0

This is called Fourier sine integral.
Case II. When F(x) is an even function

F(¢) cos At is even while F(¢) sin Af is odd. Thus, the second integral in (1) vanishes and
we get

Fl) = 2 Jmcos Ax r F(t) cos Mt dt d\
T J0 0

This is called Fourier cosine integral.

2.5 COMPLEX FORM OF FOURIER INTEGRAL

Fourier integral of F(x) is

Flx) = lrr F(¢) cos At — x) di d. (D)
T Jo Jo
Since cos Mt — x) is an even function of A, we have from (1),
1 = =
Flx) = — J j F(¢) cos At — x) dt d\ (2)
2T Jood o
Also, since sin A(f — x) is an odd function of A, we have
1= [
0= L L F(t) sin At — x) dt d\ .(3)

Multiplying (3) by i and adding to (2), we get
Flx) = = r r F(t) [cos At —x) + i sin Mt —x)] d d\
21 Jood oo

_ % I_Z j_‘: F(t). ™ dt d

I S P oy
Fo) = 5 j_we LF(t).e dt d\

which is known as the complex form of Fourier integral.
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EXAMPLES
Example 1. Express the function F(x) = I, for|x|<I as a Fourter integral. Hence
0, for|x|>1 ’
evaluate Jmm dh.
0

Sol. Fourier integral for F(x) is

F(x) = %J': f F(t) cos Mt — x) dt dA
1 > ¢l B 1, —1<t<1
= [ [ coshe-x dean ‘ : F(t)_{ 5 Otherwise}
. 1
_1 [ {w} a
T Jo A 4

1 J"‘“ [sin A(1- x) —sin A(— 1— x)] dr

Tt Jo A
_ lr[sm M1+ x) + sin Ml_x)}dl
Tt Jo A

2 [~ sin A cos Ax
=—| ————dA
njo A
/2, for|x|<1}

J‘°° sin A cos Ax
0, for|x|>1

T
dh=—F(x)=
, o 5 (x)

1(=w L
At | x | =li.e, x =+ 1, F(x) is discontinuous and integral has the value 2 (E + 0) =7

Note. Putting x = 0, we get J' sin A b or, I sin x P
0

dh=— dx=—.
A 2 2

Example 2. Using Fourier sine integral, show that

J‘:(Z—c;snljsin(xwdk:{n/l when0<x<n}'

0, when x>

0 X

2, 0<x<m
Sol. Let, F(x) = }

0, xX>T
Using Fourier sine integral, we have

Flx) = 2 Jmsin A r F(t) sin At dt d,
T JO 0

=2Jmsin?\xUn£sin?»tdtd?»}
T Jo 0o 2

= [“sin e (‘ cos “) dh = j (M) sin (xA) dA
0 Ao 0 A

T(1l-cosm\) . _ _n/2, O<x<m
JO (T)sm(xx)dx_lv(x)_{ 0 x>n}.
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Example 3. Using Fourier integral representation, show that

[ ©sin xm T o_ v [~ COS x® T _
Q)| —Fdo=—e" x>0 (LL)J. s do=—e T x=0.
0 I1+om 2 0} 2

Sol. (i) Fourier sine integral is

F(x) = j sin Ax J' F(¢) sin At dt d\

et = —J. sin Ax J ! sin At dt dA | Let F(x) = e
2 (= et . -
=— | sinAx (—sin At —AcosAt)| dAi
Tt Jo 22 o
2 >\ sin 7\,x
= 2| sindx| —2—|dn =
Tt Jo St [1 ] j 1+ XQ
> A sin Ax e
———dA=—¢e""
= -[o 172 2 e ,x>0
or, °°_ms1no2)x dco=£e”,x>0
0 1+ 2
(i) Fourier cosine integral is
Flx) = 2 j cos b [ F(0) cos Mt dt
0
e~ = —J. cos \x j cos M dt dh | Let F(x) =e™
—t had
——I cos x| ——=(—cosM+AsinAt)| dA
1+ A2 0
= zijOSM. ;2 d\
7 Jo 1+ X\
= CoS Ax T < €os mx T —x
=Ze® do=—e
= Jo Y dA 2e ,x=20 or, Jo 1+ 02 2 ,x2>0.
Example 4. Using Fourier integral representation, show that
0 , ifx<0

5 do=4n/2 , if x=0;.
I+o e ™, if x>0

Sol. From example 3, we have

J‘°° oS XM + ® Sin xM
0

> COS XM T _ oo :
J. 0=—e x,x>0 and O)SIH_xmdm—Ee_x’x>0
o =

2
l+o 2 0 1+o0? 2

Adding, we get

J‘°° €0s X + O Sin x® 0=l o
0 1+ 0 2 2
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= €0S XM + M sin x® = do PR
when x = 0, ) = g =|tanT | =—
0 1+o 0 1+ 0 2
when x < 0,
* COS XM + M Sin x® > €OS XM — M Sin x®
0 1+ o 0 1+ 2 2
Hence,
> COS XM + M SIn xX® 0, if x<0
| SN0 Go={n2, ifx=0l.
0 .
1+® e, if x>0

Example 5. Find the complex form of the Fourier integral representation of

flx) = e™ x>0andk>0
" | 0, otherwise

Sol. We know that the complex form of Fourier integral representation of fix) is given by

L= i [ i
ﬂx)=%-[we | ree™ aran (D)

—kt
_Je™, x>0and k>0
Here, o) = { 0, otherwise
From (1), flx) = 1L e [Jm e oM dt} dh
21 J- = 0
— i Y e—L?\x |:J‘Oo e—(k_ix)t dt:| d?&
21 J- oo 0
o (k- ™ oo oI
) - dk:ij ® _dh,
21 J- o —(k—=1A) o 2n J-w B —IA
ASSIGNMENT

1. Using Fourier integral representation, show that

ot = 2a

I CZOSM; d\h;a>0,x2>0.
0 X +a

2. Find Fourier sine integral for F(x) = e=*.

3. Using Fourier integral representation, show that

J“’“ A sin Ax _m(e”™ - e Py
0

T

o)+ 2 BZ-od)
Hence find the Fourier sine integral representation of e — e 2%,

0, x<0
4. IfF(x)=1%, 0<x<7; then show that
0, xX>T

F(x) = % Jm [Ar sin A(1t — x) + cos M7t — x) — cos Ax] dA
A~ Jo
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5. Using Fourier integral formula, prove that
oo (02
@) J )L4 2 cosix dh =~ e™* cos x,ifx > 0
0 \A"+4 2
@ii) J-w k—?’ sin dx dh = = e® ifx>0
i) ) *ra =3 cos x, if x > 0.
6. Using Fourier integral method, prove that
oo (i T .
o J' Sll’lﬂ',;\, sin A d = —s1nx if0<x<n
0\1-X 0, ifx>n
s T . T
COS( jCOSM —cosx, if|x|<—=
(i) f dr=12 20
0, if|x|>—=
2
7. Find Fourier sine integral representation of
0, 0<x<1
(i) Fx) =1k, 1<x <2}, where & is a constant. (i) Flx) =x%,0<x< 1.
0, x>2
8. Find Fourier cosine integral representation of
. sinx, 0<x<mw .. x, 0<x<2
@ k) = { 0, xX>T } (&) Flx) = {0, otherwise}
9. Find the complex form of the Fourier integral representation of
0, —o<x<-1
F(x) = X, -1<x<0
0, x>0
10. If Fourier cosine integral of a function F(x) can be represented as
Flx) = J AV cos xhdh  where AL = Zj F(t) cos Mt dt
0 m Jo
1, (A
Prove that Flax) = —J Al —| cos x\ d\. (@ >0)
a Jo a
Answers
9. 2 X;m?\.zxdk 3.2 2)\.5111;\36
nJo o + A nJdo (A" + DA +4)

2k [ ( cos A — cos 2\
7. @) Fx)=— e
n Jo A

. 2 |(-1 2 A 2sinh 2 |
(u)F(x)=;IO T+k_3 cos +7»—2_F sin Ax dA
8. () F) = ——j [HC—M] cos Ax dA

2 (= i _
(i) Flx) = _I (2 sin 24 cos 24 1] cos A diL
n Jo A 22

1 (1 1) _a
- —L?\.x _—
9. Fl) = J {7@ + [ix 73) } dh.

) sin Ax dA
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2.6 COMPLEX FOURIER TRANSFORM

If a function F(x) defined on the interval (- «, =) is piecewise continuous in each finite partial
interval and absolutely integrable in (— «, =), then

fip) = F{F(x)} = j‘” F(x) . eP* dx

is defined as the Fourier transform of F(x)iand is denoted by f(p). The function F(x) is called
the inverse Fourier transform of f(p).
The inverse formula for Fourier transform is given by

1 - A
F-1 {ﬂp)}=F(x)=2—j fp) . e7* dp.
T J—oo

Note. Some authors write the formulae as

o

1 . 1 .
)=——=—| e .Fwdx and Flx)=——=| e™*.fip)dp.
fip on _we x) ax x om _we flp) dp

oo

2.7 FOURIER SINE TRANSFORM

The infinite Fourier sine transform of the function F(x), 0 <x < « is denoted by F_ {F(x)} or f.(p)
and defined by

f.(p) = J.:F(x) . sin px dx

and the function F(x) is called the inverse Fourier sine transform of F_{F(x)}.
The inverse formula is given by

2 .
Fw) =F Uf, o) = = | £, () . sin px dp.

2.8 FOURIER COSINE TRANSFORM

The infinite Fourier cosine transform of the function F(x). 0 < x < « is denoted by F {F(x)} or
f.(p) and defined by

f.(p) =F (F(x)} = J:F(x) . cos px dx

and the function F(x) is called inverse Fourier cosine transform of f,(p).
The inverse formula for infinite Fourier cosine transform is given by

2 oo
Fx)=F 1 If(p)] = —J f. (p) . cos px dp.
T Jo

2.9 SOME IMPORTANT RESULTS

L[ E T d =2 m > 0) 2. [ e o=
0 x 2 0 2
weax_'_e—ax 1 a meax_e—ax a

.| ———dx==sec—,(-n<a<n) 4.| ———dx=—tan— (-n<a<n
0™ +e™ 2 2 ( ) 0 g™ —e™ 2 2 ( )
Jm —s1n2rx 5 dx=" ¢ sin br, (r > 0).
- (x-b)"+a a

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

INTEGRAL TRANSFORMS 139

2.10 PROPERTIES OF FOURIER TRANSFORMS

2.10.1. Linear Property
If f,(p) and f,(p) are the Fourier transforms of F,(x) and F,(x) respectively then

F lc,F,(x) + c,Fo(x)] = c,f(p) + cfo(p)

where ¢, and c, are constants.
Proof. We have,

F le)Fy(@) + ¢, Fy)] = J‘_w [e1Fy () + coFy (0)] . e dx
=c Ju>° Fi(x). e dx + Cy r Fy (x) eP* dy
= Cl F [Fl(x)] + C2F[F2(x)] = lel(p) + 02 fQ(p)-

2.10.2. Change of Scale Property (Similarity Theorem)
If f(p) is the complex Fourier transform of F(x) then

FFawl = Lf (ﬁ) , a#0.
a \a
. Put ax=t¢
Proof. F[F(ax)] = J. e” . Flax) dx = de= dt
- a

o) F(t) dt = %f(f)

From this property, it is evident that if the width of a function is decreased while its
height is kept constant then its Fourier transform becomes wider and shorter. If its width is
increased, its transform becomes narrower and taller.

=J‘:eipi F(t)% =ér

—oo

Remark. If f,(p) and f,(p) are Fourier sine and cosine transforms of F(x) respectively then
1 1
F_[Fax) = = f, (2) and F,[Flax)] = —f, (ﬁ)
a a a a

2.10.3. Shifting Property
If f(p) is the complex Fourier transform of F(x) then

F [F(x - a)] = e f(p)

Put x-a=u

dx=du

Proof. F[F(x-a)] = Jm F(x —a).e? dx

- L F(u) e?“ dy = giap j T F@) e du = e fip).

2.10.4. Modulation Theorem
If f(p) is the complex Fourier transform of F(x) then

F [F(x) cos ax] = é [f(p +a) + f(p - a)]
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Proof. F [F(x) cos ax] = Jm e F(x) cos ax dx

—oo

_ j‘” e'P* .F(x).[%] dax

| = DN

[r e PHOT F(y) dc + r

—oo —oo

el PIE F(x) dx}

=5 [fip +a)+flp—al.

This result has application in radio and television where the harmonic carrier wave is
modulated by an envelope.
Note. If f,(p) and f,(p) are Fourier sine and cosine transforms of F(x) respectively then

1

(i) F, [F(x) cos ax] = 3 [f.(o +a) +f(p — )l
1

(@) F, [F(x) sin ax] = 5 [f.(p —a) - f,(p + )]
1

(i17) F, [F(x) sin ax] = 3 [f.(o +a) —f(p - ).

2.10.5. Convolution Theorem [M.T.U. 2014, U.P.T.U. 2010]
The convolution of two functions F(x) and G(x) over the interval (— «, «) is defined as

F+G= r’ F(u) . Glx — ) du = H(x).

Statement. The Fourier transform of the convolution of F(x) and G(x) is the product of their
Fourier transform i.e.,

F{F(x) * G(x)} = F{F(x)} . F{G(x)}

Proof. We have,
F(F(x) * Gix)} = F {JZ Fw).Glx - u) du}

= J: {Ji Fw) .Gx-u) du} e'P* dx

on changing the order
of integration

_ f; F(u) {E Glx—u). et dx} du

= Jm Fw). {Jm P Gx —u) d(x — u)} eP* du
= Jio e F(u) {Jm e G(t) dt} du | where x —u =t (say)

- J " e F(w) du . FIG(t)

—oo

= Jm e . F(x) dx . F{G(x)} = F{F(x)} . F{G(x)}.

—oo
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2.10.6. If F_[F(x)] = f (p) and F_[F(x)] = f (p), then

@O F, [x F)] = - — [f(p)] (i) F, [x Fx)] = [f(p)]
Proof. (i) fc(p) = .[o F(x) cos px dx

d -
ap o) =~ jo F(x). x sin px dx = F, [x Fw)]

= F, [x F(x)] = [f (p)]

(ii) f.(p) = j: F(x).sin px dx

d »
d_p {f.(p)} = J;) F(x).x cos px dx = F, [x F(x)]

d
= F, lx Fx)] = dp lf,(p)l

EXAMPLES

Example 1. Find the Fourier transform of following functions:

e, fora<x<b 1
(@) F(x) = . (ii)F(x)=2—€, |x|<e
0, otherwise 0., x>t
(iii) F(x) = e 1*! () F(x) =el*l g >0
_t, for|t|<a
() F(t) = 0, for|t|> a}' (U.P.T.U. 2008, 2009)
. 0 . b .
Sol. (i) fp) = J F(x).e®™ dx =J. e'™ e dx
pix TP jie+plb _ io+pla
Tliw+p)]|,  iw+p)
(if) fp) = .[m F(x).e™ dx
e 1 1 ¢
= J. — Y dx=— (cos px +isin px) dx
e 2¢ 2€ ¢
. . e .
=i.2J‘ cospxdx=l(smpr _Smpe
2¢ 0 € P )y DE
(iii) fip) = Jm F(x) e?* dx = Jm e~ 1xl et dx

0 o0 _
= _[ e* eP* dx +j e™ ¥ dx
oo 0
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e(1+ip)x 0 e—(l—ip)x < 1 1 )
= . + . = —t . = 2 .
1+ip | |-1-1p) 0 1+ip 1-ip 1+p

(iv) We have just proved that

Fle-Ix1} = 2 5
1+p
using change of scale property, we get
1 2 2a
Fleeltl == | ——= |=—5 3.
a +a
1+ (p) P
a
() fip) = Jm Ft).ePt dt = Ja t et dt

= Ja t (cos pt + i sin pt) dt = 21 Ja t sin pt dt
a 0

e

I 1 (sin pt )"
=2 —ﬁcosap+—(—pJ
p p P

=2

~.

~

| a 1 . 2 .
=2i |- —cosap+—5sinap |=—; (sinap —ap cos ap).
p p

Example 2. Find the Fourier transform of the function

sin ax

(i) F(x) =xe@l*l, a >0 (i) F(x) = ,a>0

x
1+—, for—-a<x<0
a

(lll) F(x) = 1-=
a
0, otherwise

forO<x<a

Sol. i) flp)= J.i x el x| b gy

0 . oo . 0 . oo .
= I x % eiP* x + J X e79% eiP% gy = I x elatip)x gy 4 J x e~la-iPx gy
0

—oo —oco

x e(a+ip)x 0 0 e(a+ip)x e—(a—ip)x * oo e—(a—ip)x
a+ip -~ a+ip —(a—1ip) o 70 —(a—ip)

—oo

e(a+ip)x 0 e—(a—ip)x < 1 1 4iap
=" —2| T 2| T —2 2T 2, 22
(a+ip)” | |-(a=-ip)” ], (a+ip)* (a—-ip)* (a°+p°)
.. > sin . = gi .
(i1) fp) = j mar eP* dx = J. Sin ax (cos px + isin px) dx
_9 J‘°° Sin ax o o dx = J'°° {sm (a+p)x , sin (a—p) x} dx )
0 x 0 x X
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Case L. If |p| <a then a + p and a — p both are positive and then (1) gives

Case II. If |p| > a then for positive values of p, (a + p) is positive whereas (a — p) is
negative and for negative values of p, (a + p) is negative while (a — p) is positive. Consequently,
we get

T T I T
= ——— -+ — =
fp)=g =5 or —5+5=0
n, |pl<a
ence, 9= {5 (7125}

—-a

oo 0 a
i) fip)= | Fa).evdx= | (“2) eiP* dx + JO (1—5) e¥

a . 10 . 1 e
= J e dx + —J. x e dx——J x e’ dx ...(1)
-a a J-a a J0

0 .
0 ipx ipx \¢ o ipx
1 [x j —J 1.4 —ax| 1 x.ep - 1.ep dx
e e p a p o 0 p

i eipx
ip
eipa _ e—ipa 1 e—ipa 1 eipx 0 1 eipa 1 eipx @
=|————|t—|a—; Y N -——|e—— - .
p a p p\ Ip a a p p p 0

= l{12(1- e P) -%(eipa - 1)}
alp p

2 1 . . 2

=—5——5 le?* +eP] = — (1-cosap);p#0
ap ap ap

when p =0,
a 1 ¢0 1 (o
ﬂp):J. 1.dx+— xdx——J x dx | From (1)
—a a J-a a vo
0

9 lﬁ _lﬁa 92 a_a 2

" Tal2) el T T2 2T

2
Hence, f(p) = apz (1-cosap); p#0 ‘

a; p=0
Example 3. Find the complex Fourier transform of dirac delta function 8(x — a).

Sol. F(8(x —a)) = r 8(x —a) . P dax

avh 1 A
= Lim — eP* dx = Lim — -

h>0da R >0 h\| ip
. iph _ iph _
_ Lime? | £ =1 _ ina o | ag
h—0 iph iph—0\ iph

Remark. For the function 4(¢), F[d(#)] = 1.
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Example 4. Find the Fourier transform of e~*". Hence find the Fourier transform of

(i) Fx) = ¢, (@ >0) (i) F(x) = ¢/2
(iii) F(x) = ¢4’ (iv) F(x) = ™ cos 2x.
Sol. fip) = J.w e—x2 eP* dyx = J‘m e—(xz,ipx) dx
ipY . p
A
= e dx
(,_ip ip _
=e_(p2/4)-roe( 2) d Put Xy =%
—oo = dx=dz

e~ P/ Jm e dz
= F(e_xz) = 2e~P/®) Jme_z2 dz = x/Ee_(PzM) ..(D
0
(i) By change of scale property,

Fle ™ )= — fe [p ]2 :\/Ee—(p2/4a)
a

N

1
(i1) Comparing with the result of deduction (i), we get a = 2
Hence, F(e‘xz/z) =421 e_(p2/2)
(i1i) We have, from (1),
()= 818
_1(pY
Fle™)=F{e @} = ge 4(2J = g e~ (P*116) | By change of scale property
Hence, F {e™4(~ 3 }= f e3P o=(p*/16) _ Jr VT 13ip=(p*/16)] | By shifting property

2
(iv) We have, from (1),

2 2
(e—x ): ,TI: e—(p /4)
1 1
T _ 2 _ _9)2
RY |: . 4(p+2) e 4(p 2)

F(e"62 cos 2x) = o

Example 5. Find the inverse Fourier transform of f(p) = e~ P17,

1 = -
_ = -lply ,-ipx
Sol. F) = 5 j_me e gp

| By Modulation theorem

[ 00 A o .
J el e dp+J.0 e P 7P dp}

e PL—ix) 0 N o~ +iDp -

y-ix | (-t

1 N 1 _ y
ly—ix  y+ix n(y? +x%)’

Fl- ¥~ ¥~
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Example 6. Find the Fourier transform of

1
Fo)= Ii}ig} (U.P.T.U. 2014, 2010, 2008)
Hence evaluate
o J'°° sin ap cos px dp @) J'°° sin p dp.
= p o p
Sol. flp) = Jm F(x).eP* dx = Jm 1.7 dx=2 Jm cos px dx
—oo —-a 0
2 sin ap
= ,p#0
» p

For p = 0, we find fip) = 2a
Taking Inverse Fourier transform of fp), we get

1 ~ 2si
sinap |

1 (= —ipx _
Fw =5 | f(p).e™ dp =

—ipx d
2nd— p P

_ lr’ sin ap (cos px —i sin px) dp

T p
1, |x|<a _lJ“” sinapcospxd S dint 1 <h
= 0, |x|>al 7). —p p | Second integral vanishes
~sinapcos px , [m, |x|<a .
= J_w—p dp—{o’ |x|>a} (Z)
Hence the first result.
. ) “sinagpcos px , [m, |x|<a
Again, from (i), 2 J.o ———dp= {0’ . a}
*sinapcos px , [n/2, |x|<a
= Jo p dp = { 0, |x|>a
Puttingx =0 and a = 1, we get
[[FLap=T. .. ii)
0o p 2

. . 147, if |x|<1
Example 7. Find the Fourier transform of F(x) = { 0, if |x|>1

. (U.P.T.U. 2015)

. = (xcosx—sinx X
and use it to evaluate J (—) —dx
0 X

Sol. Fourier transform of F(x) is given by

- 1
fp) = J._w e?*  F(x) dx = J. e?* (1 —x?) dx

1 1
:J. cospx(l—xz)dx+iJ. sin px (1 —x2) dx
-1 -1

1
= 2.[0 cos px (1—x?) dx | Using property of Definite Integral
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. 1 1 . 1
i ZHQ_mM} i jo<_zx>.mdx]:i [esin peds
0

p p p-o
1 1
- 1 - - ]

_ 4 {x( cospxj} _J' 1.( cos pxjdx :i cos p +l(sm pxj
p b 0o 0 b p p p p 0
4 .

= p—3(sm p— pcos p)

By inversion formula for Fourier transform
1~ 4 . —ipx
F(x) :—J. —5(sin p—pcos p).e”" dp

2nd—p

2= .. i -
_2[" (cos pu-isin px)_(w] dp
oo p

4 (= (sin p-
= ;J.o [W].COS px dp | Using prop. of definite integral
p
1 (i
Putx = —, F(ljzéj. (sin p fCOSp).cosﬁdp
2 2 T J0 P 2
3 4 (=~ pcos p—sin p p
—=—-—| | —/——————|.cos=d (2
= - njo( o 2 dp @)
2
where F 1 =1- 1 =1_l=§
2 2 4 4
From eqn. (2), r (p COSP;SIH p).cos de=_3_n
0 p 2 16
Replacing p by x, we get
= (xcos x —sin x) x 3n
J. ————5 ——cos_dx=——.
0 X 2 16

Example 8. Find the Fourier transform of the function AF(®)
shown in the adjoining figure. !
L2
2, for-1<t<1 \
Sol. Here, F(t) =41, for-2<t<-1 , E' 1o
1, forl<t<2 i ! i
! [ b
-2 -1 0 1 2 't

Fourier transform is given by,

-1 1 2
f(p):J. l.e’ptdt+J. 2.e’ptdt+J. 1.e”" dt
-2 -1 1

eipt -1 eipt 1 eipt 2
=|— +2| = +|—
p 9 p 1 p 1
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eip _ efip e2ip _ e—2ip
= ; + ;
ip ip

1 . 1. . 2 .
= —(2sin p)+—2sin2p=— sin p (1 + 2 cos p).
p p p
> X Sin mx
Example 9. Find the Fourier sine transform of e-| * |. Hence evaluate Jo o X.
x
Sol. In the interval (0, «), x is positive so that e~ ¥ | = e,
Fourier sine transform of f{x) = e is given by
F {fx)} = .[o flx) sin px dx = .[o e™ sin px dx
—-X A
={ ¢ 5 (—sinpx—pcospx)} - >
1+p o 1+p
Using inversion formula for Fourier sine transform, we get
ﬂ)sz{ﬂ)}' d 2272 Gnpxd
= n r e =— n
x)=— | Fix)}sinpxdp or e n01+p2s1pxp
Replacing x by m, we have e""—2 T_P sin mp d, —EJ‘NxSin—mxdx
p g y > _ﬂ:01+p2 pp_Tl:O 1+x2
[=5] : n
Hence, J xsmmx dx=—e™
0 1+x2 2
—ax

. . . e . . .
Example 10. Find Fourier sine transform of ——, a > 0. Hence find Fourier sine
x

1
transform of; . (G.B.T.U. 2011; U.P.T.U. 2008, 2015)
N / e
Sol. £.(p) = jo F(x) sin px dx = jo sinpxdx=1 (say) (D
Lo 8 Jm e sin px dx i iati
dp = dp | = b | Differentiating (1) w.r.t. p
-ax o —-ax 0

> o o g
= = (si dx = J. — dx = J -ax d
-[o  op (sin px) dx N cospxdx = | e cos px dx

oo

—ax
e . a
=|—5——5(acospx+psinpx)| =-—5—75
a“+p , @ +p
Integration w.r.t. p yields,
I=tan™! (S) +c (2)
Initially whenp =0, I=0 .. ¢=0 | From (2)

From (2), I=tan! (5)

—ax

°° . p
J. ® _ sin px dx = tan™! (—)
0 X a
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Take limit asa — 0
e 1 T
— si dx =—
J;) xsmpx X 9

Example 11. Find Fourier cosine transform of the following functions:

X, O<x< i
; 2
@) Flx)=131-x, 3 <x<1 (U.P.T.U. 2009)
0, x>1
cosx, O<x<a ax | -ax
(ii) Flx) = { Gii) Fay= & Y€ o COSROX L en
0, x>a e™ +e” cosh mx
2
(iv) F(x) = e72% + 4¢3« (v) F(x) = sin >

0

x sin px vz 12 sin px sin px ' 1 sin px
= | — _J dx + 7(1-x) —J Y] dx
D 0 0 D Py 12 p

oo 1/2 1
Sol. @) f.(p)= jo F(x) cos px dx = j x cos px dx + -[1/2(1 —x) cos px dx

(ii) fip) = | Fw cos px dx

a 1 ra
= Jo cos x cos px dx = EJ.O [cos (1 + p) x + cos (1 —px] dx

> l{sin 1+ p)x . sin (1— p)x:|a l{sin 1+ pla N sin (1— p)a}
2

1+p 1-p |, 2 1+p 1-p
(e 4™ oo 0% 4 pm0X P 4 o7iPx
(ii1) f.(p) = _[0 (W] cos px dx = jo [mj (—2 dx
1 [ oo e(a+ip)x +e—(a+ip)x oo e(a—ip)x +e—(a—ip)x
.y e “
2 |JDo e™ +e ™ 0 e™ 4™
1 _1 . o
== —sec(—a-ﬂp)Jrlsec(a Lp) 21 1 — + 1 .
212 2 2 2 4 (a+tp) (a—tp)
- cos| =] eos| =
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2 cos & cos P cos < cosh 2
2 2 = 2 .+ cosip=cosh p

1
4 cos(a -;ijcos(a—;p) cos a + cosh p

(iv) f.(p) = j: (€2 + 4e73%) cos px dx

2 12
+
p2+4 p2+9

oo 2 1 ¢~ 2 2
(v) fc(p)=J‘0 sin%cospx dx=§jo {sin(%+px]+sin(%—pxj} dx
L= . [P 1= . (x? L= . [«?
_2-[0 Sln[?+pxjdx—2j.0 sm[?+px dx—2 _sin ?+px dx

%2
—+ px

= J. e cos px dx + 4 J e3% cos px dx =
0 0

1 i (2
= Im. part of J [ ] dx = Im. part ofEI o7 2P gy

2
]. i L[(x+p)27p2} 1 —i 2/2 *° _(x;p)
= Im. part ofEJ‘_ e? dx = Im. part OfE e ”? I_ e odx

—(ip%/2) \/E

L
2

b 2
= Im. part Of\/; [cos%—isi %)(coserzsm Zj

2 2 2 2

n P .Pp 1 T p p
=4 = |COS——SsMmM— | . —F7— = —— CcoS — — sin — .
‘\/2[ 2 2] V272 ( 2 2]

Example 12. Find Fourier cosine transform of

1
=Im. part OfE e

and hence find Fourier sine

2
transform of ad 5 (M.T.U. 2014)
I1+x
Sol. fc(p)=r cospxde=1 (say) (D
0 1+ x2
dl _J'°°—xsinpx d = J-w (1+x% - D sin px
dp " 14x2 T h x(1+x%) ’
J‘ sin px J“"’ s pa; da
0 x(1+x%)
dl oo
e __ T J‘ sin px .(2)
dp 2 o x(1+4?
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d’1 J‘°° x cos px J‘"" cos px

1 = = d =
Again, a2 " b x1ia) 0 112 x =1 | From (1)
d’1
— -I=0 ..(3
= dp? (3)
Solution of (3) is, I=c e’ +cye? ..(4)
dl -
% =c,eP —c,e? ...(6) | From (4)
= 1 T
When p =0, = Io 1722 dx = 2 | From (1)
d a__« From (2)
an dp -2 | From
Applying to (4) and (5), we get
c,+cy,=m/2 and c,—c,=—7/2
so that, c;=0, c,=m2
i
From (4), I= B eP
= COS px _r
= J; Too? dx-ze
Differentiating w.r.t. p, we get
~ —xsin px T * xsin px T
AP =2 b 2P dx == eP
Jo 12 dx g ¢ = Io o dx g ¢

Example 13. Find the Fourier cosine transform of e

X

2
Sol. Fourier cosine transform of e™ is given by

F, e} = _[O e™ cos px dx =1 (say) (1)
Differentiating w.r.t. p, we have

ﬂ s d 1 . —x? d
dp=—J.0xe sin px x=§fo(smpx)(—2xe ) dx

2

1 = oo
=5 [{sin pxe™” } -p -[o cos px e dx} (Integrating by parts)
0

P [~ 4 p
=——= x =—=1
2J0e cos px dx 9

p

a4 d,
dp =" 2 P
2 _r
Integrating, we have logl =- pj +logA or I=Ae * ...(2)

Now when p =0, from (1), I = J: e"‘f2 dx = g

From (2), % =A
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_r
Hence, I=F, e} = % e %,
1 1l 2 .
Example 14. If f.(p) =§tan — | then find F(x). (M.T.U. 2014)
p
Sol. tan~! % =tan + =tan™! L —tan™ 1
p (p°-D+1 p-1 p+1

F(x) = %J.:%tan_ (%} cos px dp

:% jo”{tan( ] ( )}cos px dp
]

o 1
:l“ tan” ( cos px dp — J. tan™ ( jcos px dp}
m|Jo 1

p+
=1 +1, (say) ...(D)
. had oo _1 1 .
where 11:l tan™! 1 i —I 5 - .s1npxdp
n p-1) «x 0o (p-1) { 1 } x
(p-1
1 (= sin px
o (p-1D°+1
.. -1~ sin px
Io=—| ——&~
Similarly, 9 J.o 1?11 D
From (1), 1= [71_SPL___Snpr |,
(p-D°+1 (p+D*+1
=i[£e_x sin x — ~ e sin (- x):| :m.
2mx | 1 1 x
Example 15. Solve the integral equations:
1, 0<t<1
@) [ fla) cos ke dx =™ ) [ Feosintede={ 2, 1st<2.
0, t>2
. _2 :2 1 v fW)=e
Sol. (i) f(x)_ﬂ0 e coshedh =T ‘ o e
o ol ¢l . 2
(1) F(x)zgj [ @) sin tx dt=—U sin tx dt+J‘ 2sin tx dt}
7 Jo n|Jo 1

_2 (—cos tle _g (cos tx)2

211 2
:_[__cosx_z(cos x—cosxﬂ:£(1+cosx—200s2x).
| x x x x X
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Example 16. Solve the integral equation
-p, 0<p<l1

o 1
J-OF(x)cospxdxz{ 0. p>1

sin’t T

Hence prove that Jm —dt=—
0 t 2

- 1-p, 0<p<l1
Sol. Let J F(x) cos px dx =f,(p), then f.(p)= P P
0 0, p>1

By inversion formula for Fourier cosine transform, we have

2

2 oo _2 1 3 oo
F(x)=;J‘O f.(p) cos pxdp = n“o (1- p) cos px dp+J.10.cos DX dpil

=z[(1_p).sinpx_(_ 1).—cos2px:|1=z{_ cos2x+i2}=2(1—c;)sx)
n x o WL x x nx

_ <p< 2(1-
1-p, 0_p_1whereF(x)= ( c;)sx)

Deduction. Since Jm F(x) cos px dx =
0 0, p>1 X

2 (> 1-cosx {1—p, 0<p<i1
—J ——5—— . cos pxdx =
mJo X 0, p>1

-1 _2sin? x
When p = 0, we have EJ 1C—gsxdx=1 or J. —22dsz
T Jo x 0 x 2
0o qin 2 t
Putting x = 2¢ so that dx = 2d¢, we get J. Sl; dt =g
0
Example 17. Taking the function F(x)= {1’ O<x<m
0, x>m
«(1—cos pw r O<x<
show that J (—pJ .sin pxdp=1:29’ x<m,
0 p 0, x>m
1, O<x<
Sol. Consider F(x)= {0 e
, X>T
Taking sine transform,
fs(p):J.OF(x).sinpxdx =J- 1.sinpxdx=1_cﬂ
0 p

By inversion formula for Fourier sine transform.

Er(l_cosl)n]sinpxdp:{l’ O<x<m
TTJO

p 0, X>T
=(1 T 0<x<n
= J.(—coslmjsinpxdpz 2’
0 p 0, x>m.
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Example 18. Find Fourier sine and cosine transform of F(x) =x" e ;a >0,n>—-1

Hence find Fourier sine and cosine transforms of

(@) xm1 (1) x™.
Sol. Here F(x) = x" e
* —ax : * n ,—ax elpx eilpx
fs(p)—J.Oxe .s1npxdx—j0xe ( % de
1 [ e . o )
=5 UO x" e @ PE gy _Io X emlarip)x dx}
_ 1[I+ T+ ‘ o [T e da rn)
2 | (@-ip)™"  (a+ip)"* 0 z
Puta=rcos®,p=rsin®
so that, a +ip =r(cos © + i sin 0)
(@ +ipy*t=rlicos(n+1)0 +isin(n +1) 6}
and a—ip =r(cos 0—1isin 6)
(@ —ip)*l=r"*l{cos(n+1)0—isin(n +1)6}
Also, r2=a?+p? and tan®O= s
Tn+1) | 2r"tsin(n+1)6
Now, f.(p) = o 204D
I'n+1Dsin(n+1)06 T(n+1sin(n+ 10 p
= RS = (@2 + p>)n 072 where tan 6 = o
o I'(n+1)cos(n+ 180 p
Similarly, f.(p)= @2+ p?)n I where tan 6 = "
We have the relations,
“A I'(n+ Dsin (n + 16
.[o e x" sin px dx = @@ 1 I (1)
o0 I'(n+1) cos (n+1)6
and J.o e x™ cos px dx = (@2 + p?) 2 -(2)
where tan 6 = L
a
Put @ = 0 and replace n by m — 1 in (1) and (2), we get
o0 r i n/2
_[ x™ 1 sin px dx = m) s1nmm ..(3)
0 p
o I'm)cosmm/2
and J 21 cos px dx = ) — ...(4)
0 p
Replace m by m + 1 in (3) and (4), we get
o . I'm+Dsin(m+1)w/2 T(m+1)cosmmn/2
Jo x™ sin px dx = — = e ...(5)
p p
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oo -T'm+1sinmmn/2
and Jo x™ cos px dx = P ...(6)

Replacing m by — m in (5) and (6), we get
I'l-m)cosmmn/2

Jo x™ sin px dx =

1-m
T
T 1 cosmm/2 w Tm)T(A-m)=— ;
== . . om sin mm
sinmn T'(m) D O<m<1
m-1 TCcosm— m-1
T
= P . 2 = E . p coseC —
T'(m) 2sin ——cosm — T(m)
oo m-1
Similarly, J x™ cos px dx = —. sec —
Y Jy P 2 Tm) 2
ASSIGNMENT
0, forx<a
1. Find Fourier transform of F(x) ={ 1, fora<x<b
0, forx>b
2. (i) Show that the Fourier transform of
0 il
a—|x|, for|x|<a .2 J‘ sin td T
= _— — . t=—.
F(x) { 0, for|x|>a>0 is p2 (1 — cos ap). Hence show that N 5
(i1) Find the Fourier transform of
1 <1 > si
Fx) = || hence evaluate J. Sy dx. (G.B.T.U. 2011)
0, |x|>1 0 X
3. Ifflp) is the Fourier transform of F(x), prove that F[e!** F(x)] = fip + a). +1F(t)
|
1
I
1
4. Find the Fourier transform of the single gate function (rectangular pulse) !
shown in the adjoining figure. ] >
& st T2 TR t
F(t)
5. Find the Fourier transform of the function F(¢)as shown in the figure:
At
Hint. F@¢) =g 0<t<T Al M N
A, T<t<2T
6. Find Fourier transform of F(x) = {xz’ x| < a} .
) 10, [x[>af o) T oT t
7. Find Fourier sine and cosine transform of .
. . Fig. of Q. 5
@) Flx)=e*, x>0 (@i) F(x) = 2e75% 4 52«
. . 1, 0<x<a
(i11) F(x) = cosh x — sinh x (iv) Fx) = {O, >a }

(W)xe ™ a>0.
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X, for 0<x<1
8. Obtain Fourier cosine transform of F(x) = {2 — x, for 1<x<2
0, for x>2

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

Also find its Fourier sine transform.
Find Fourier sine transform of

0, O<x<a 1
(@) Fx) ={x, a<x<b @) Fx) = —5———
0, x>b x(x“ +a”®)
ax —=ax
(iii) Fx) = xe™ =12 () Fa) =L te _opooshax . o
e™ —e ™ sinh mx
-ax _ ,—bx
) & e
x

1
Find Fourier sine transform of ﬁ and deduce that f, (cosec h mx) = 9 tanh (p/2)
e™ —e

Find Fourier cosine transform of F(x) = sech mx.
e 1
Find F-! | 7 | and hence evaluate F71 | — .
p s p

By taking e=®* for F(x); a > 0, x > 0; show that

J‘°° cos px 4 T q * psin px 4 T

0 a®+p? P=9q ¢ an 0o o+ p? P=g¢

Find F(x) if its Fourier sine transform is

. LT .| |sinp, O<p<m
* 1/2 >

(@) 1+ p2 (i1) 5 (ii7) 2mp) (iv) { 0. pxm }
2,2 2,2

Find Fourier cosine transform of e™® * and hence evaluate Fourier sine transform of xe™® * .

. . . . 1
Find Fourier sine and cosine transform of T
x

n

If f(p) is the Fourier transform of F(x), prove that F[x" F(x)] = (- i)* dp" {fp)}.

A certain function of time F(¢) has the following Fourier transform f(p) = 21 1 e 2p *1(p* + D)
p°+

Using the properties of the Fourier transform, obtain the Fourier transforms of

@) F(2t) @) Ft-2)
(tii) F(¢) cos 2¢ (iv) %t F(¢t).

State and prove the convolution theorem for the Fourier transform. Verify this theorem for the
functions f{t) = e and g(¢) = sin . (U.P.T.U. 2010)
Answers
(e!P — i) .. 2sinp T
o 2. (i1) » ,p;EO,2
pT . sin 6 A T A 9T
i ~— || where sinc 6 = —— (P -D+—e
Ts1nc(2)( 0 ) 5. sz ip
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2> 4 a
6. 7 F sin ap + ? cos ap
_p 1 . 2 5 1 1
7. @) 2> 2 @) p + ; 10 +
1+p° 1+p p?+25 p’+d p?+25 p?+4
i) —2— b 1 i )(l—cosapj.sinap ©) 2ap a? —p
"Y1+ p? 1+p2 1w p " p (a? +p)2 (@ + p?)?

2 2
8. ?cosp(l—cosp);ysinp(l—cosp)

9. () (a cos ap — b cos bp) N (sin bp — sin ap)

. n
5 (@) 9a2 (1—e7P)

p p
Jr 2 sinh (pj —1(}7)
i Y& ~(%2) : p (P pant( 2
(222 [AV) v) tan a
v 2 pe (i )2(cosa+coshp) @) a b
1 p 1. p 2 [x)
- Y — sech = i B el IS
10. 1 tanh B 11. B B 12. - tan o ;1
. ! 1 2  sin mx
14. (@) e (u); (m) @) 7 1)
15 ﬂe_(pzma?) pin J~(p/4a)
" 2a " 443 2p 2p
)
18. () ZL e ph+4 (ii) e2ip . e (2p2/(p* + 1)
p +4 p +1
{M} {M} { 2p+ 22 }
1 2 1 —o\2 -
(iii) 5 | —— e R RS S ) 12 o Lp+2r 1]
(p+2)°+1 (p-2°%+1 pr22+1

2.11 FOURIER TRANSFORMS OF THE DERIVATIVES OF A FUNCTION

Let u(p, t) be the Fourier transform of the function u(x, t).

Then u(p,t) = Jm ulx, t) e dx

2

Jdu
Suppose u and N both vanish as x — + «. Then the Fourier transform of a—LZL is given
x

0%u = 9%u ipx

= Heipxg—u— ipe™* u} +J (ip)? e?* .u dx‘| = pzj ue™ dx=—p*u
" ). e

by

%u
Hence, F Pl -p?y where 77 = F(u)
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If u,(p,¢) and u,(p,¢) be the Fourier sine and cosine transforms of u(x, ¢), then

Es(p,t)zjo usin px dx and E(p,t)zjo u cos px dx

82
The Fourier sine transform of B_Z is given by
X

o%u = %u .
F, {ax—z} = J;) Ews sin px dx

{. ou }x’ J'°° 9 .
=|{sin px ——-pcos px.u; — | p“sin px.udx
ox o Y0

2 [* .
_ - dx | _ _ 27
_ [p{u}x_o p J.o u sin px x] _ p{u} 7,

x=0
2u
Hence, F, [8x_2 ] =p(w), _,-p’u, where u, = F (u)
Similarly, we have,
0%u du
Fl=—=|=-|32 -p?u,| whereu, =F (u) (U.P.T.U. 2008)
ox 0x x=0

In general, the Fourier transform of the nt" derivative of F(x) is given by

d"F .
F T (—ip) F{F(x)}

Note. s may also be used as a parameter in place of p.

2.12 CHOICE OF INFINITE FOURIER SINE OR COSINE TRANSFORM

2
For exclusion of pYe) from a differential equation, we require
x

ou
(@) (w), _, in sine transform. (i7) (&) . in cosine transform.
%=

2.13 APPLICATIONS OF FOURIER TRANSFORMS TO HEAT CONDUCTION
(TRANSFER) EQUATIONS

In one dimensional heat transfer eqns, the partial differential equation can easily be trans-
formed into an ordinary differential equation by applying Fourier transforms. The required
solution is then obtained by solving this equation and inverting by means of the complex inversion
formula. This is illustrated through the following examples.
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EXAMPLES
2
Example 1. Solve the equation E())_u = a—L; x> 0,t> 0 subject to the conditions
t  ox
@Du=0 whenx=0,t>0 (ii)u={1’0<x<l whent =0
0, x>1
and (iti) u(x, t) is bounded. (G.B.T.U. 2011; U.P.T.U. 2009, 2015)

Sol. Since (u), _, is given, taking Fourier sine transform of both sides of the given
equation, we have

" )
-[o ?)—L;sin px dx = _[0 gx—gsin px dx

d(r .
= E(J‘Ousm px dx) =pWw),_,-p*w
= aw +p%y = (1) Whereﬁ—"-wusin x dx
5 TP = =), p
Solution to (1) is 7 = cle_pZt, ..(2)

where c, is a constant.
Now, when ¢ =0, Fourier sine transform of u(x, )

oo 1 oo
(@), _o= J.o u(x, 0) sin px dx = J:) 1 sin px dx +J.10.sin px dx

1
(—cospx] ~1-cosp
0

p p
From (2), (z),_,=¢
l1-cosp
= 6=
p
1-— _
From (2), u = ( COSP] e
p

Applying inverse Fourier sine transform, we have

u(x, t) = 2 Jm(l_cﬂ) e P sin pxdp
n Jo D

which is the required solution.

Example 2. Determine the distribution of temperature in the semi-infinite medium x >0
when the end x = 0 is maintained at zero temperature and the initial distribution of tempera-
ture is F(x).

Sol. Let u(x, t) be the temperature at point x at any time ¢. Heat flow equation is

Jdu 0%u
-2l 1
o c axz,(x>0,t>0) (1)
Subjected to the initial condition u(x, 0) = F(x) ..(2)
and the boundary condition u(0, ) = 0 ..(3)
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Taking Fourier sine transform of eqn. (1), we get

= du =92y
—sin px dx = ZJ' ——sin px dx
jo ot p ¢ 0 x> P

dir
= d—L;=02[p(u)x=o—p2 ul=-cpw ‘ Wy_9=0
= aw +c%p?g =0 (4) |where u = Jm u sin px dx
I .
2.2

Solution to (4) is w=ce“? t ...(5)
Taking Fourier sine transform of (2), we get

(@), _o= J.: F(x) sin px dx =f.(p) | say
From (5), (@) _g=¢; = c¢;=fp)

From (5), u =1(p) efczpzt

Now Taking its inverse Fourier sine transform, we get

2 = _2 2,
u(x, t)=;J‘O f,(p)e P *sin px dp
o%u

u
Example 3. Use Fourier sine transform to solve the equation % 2 FYe under the
X
conditions
@ u@,t) =0 @) ulx, 0) =e™ (ii1) u(x, t) is bounded.
Sol. The given equation is
du 0%u
5 =2%7 (1)
14 ox
Taking Fourier sine transform on both sides of eqn. (1), we get
©du . = 9%u
Jo gsm pxdx =2 J.o 8x_25m px dx
du _
= E=2[p(u)x=0—p2u]

du .

S 27 — h = d.
= dt+2pu 0 ‘Wereu J0u51npxx
Its solution is u = cle_zpzt (2)

where c, is a constant.
Att=0 (w),_o= Jm (W), —o sin px dx = Jm e ¥ sin px dx = p ..(3)
’ t=0"J - 0 1+ p?
From (2), (w),_g=¢, . (4)
F 3)and (4), ¢, =
rom (3) and (4), c, 1+ p?
From (2), u = % e 2P ...(6)
1+p
Taking inverse Fourier sine transform, we get
ulx, t) = ) #e_“zt sin px dp.
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Example 4. The temperature u in the semi-infinite rod 0 < x < oo is determined by the
2

differential equation a—? =k B_Z subject to conditions
x
: .. ou
@HDu=0 when t=0, x=20 (i1) " =— W (a constant) when x = 0 and t > 0
2 o 2
Making use of cosine transform, show that u(x, t) = Tu ) cos 2px (1-e *"t)dp.
p
Sol. Taking Fourier cosine transform on both sides of given equation, we get
= du = 9%u
J;) g.cospxdx =k J;) ax—2cospxdx
du ou 2—
— =k|-|=| -p%m
- dt { (ax szo P }
= ku — kp2u ‘ where u = J.: u cos px dx
du
— u =k (1
= 7 kp?u u (1)
LF. = e

Solution to (1) is

— kp?t kp*t K kp?t
u.e _Jku.e di+cp=—5e +cg

= u = % + cle_kpzt ..(2)
p
Att =0, (@)oo= .[o (W), _gcos pxdx =0 ...(3)
From (2), @)oo= 5 + 0, (4)
p
- 0=+ | From (3) and (4)
p
From (2), o= % (1— e ')
p
Taking inverse Fourier cosine transform, we get
u= 2 mi(l_ e ~*P°ty cos px dp.
T Jo p2
Example 5. (i) If the initial temperature of an infinite bar is given by
_ |8y, for|x|<a
e(x)_{O, for|x|>a

determine the temperature at any point x and at any instant t.
(i1) If the initial temperature of an infinite bar is given by

1, for—-c<x<c
Hix, 0) = {0, otherwise }

determine the temperature of an infinite bar at any point x and at any time t > 0.
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subject to the initial condition 6(x, 0) = {

Sol. (i) To determine the temperature 0(x, ¢), we have to solve the heat-flow equation

90 0%

—=c"—, t>0 el
ot ¢ ox? W
0y, for|x|<a
0, for|x|>a

.(2)

Taking Fourier transform of (1), we get
- w 22
a—eeipx dx = CZJ‘ a—eeipx dx

—oo Ot — O
ire eP* dx=—c?p?0
dt J-»

dé_ 2.2 o - ipx
i c“p°o ...(3) | where O—leee dx

Now taking the Fourier transform of (2), we get

_ o0 . a . B px a
0(p,0) = J 0(x, 0) e dx = 0pe™ dx =0, e. }

— oo -a L p

e et — g Pa _ 26 et — g pe _ 26, sin pa

-0 ip p 2 p

—a

..(4)

From (3), 3 == C2p2dt

Integrating, log0=—c?p’t+logA or G=Ae <Pt

20, sin pa 26, sin pa

Since 0 = when ¢ =0, from (4), we get A=
p

20, sin pa Pt
p
Taking its inverse Fourier transform, we get

6:

0(x,t) = ir 2008 AP it mips dp
21— p

_% [ Sinap -ep

n)e p

= 6_0|:J'°° sinap e P cos xpdp—1i ~ sin ap e Pt

n|d= p —~ P

_ 8y [~ sinap

SEE P
(The second integral vanishes since its integrand is an odd function)

(cos xp — i sin xp) dp
sin xp dp

2.2
e P cosxpdp

e o —czpzt
cos xp dp = _OJ.
0o p n Jo

20, (~sina _e%p? :
:_Oj SINAp  —c*p*t .2 sin ap cos xp dp

n p

:e_ojweczpzt(sin (a+x) p+sin (a—x)pjdp
n Jo p
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00 2| . (@+xv . (@a—x
=— e sin + sin 2 — 2
pg { c\/; c\/— Where v? = c2p%t

o) fece] [ [ s8]

(ii) To determme the temperature (x, ¢), we have to solve the heat-flow equation

o o, 0 o%u
= .1
o =k o’ ,t>0 (1)
subject to the initial condition p(x, 0) = » for-e<x<c .(2)
0, otherwise

Taking Fourier transform of (1), we get

B au ipx 2 ™ azu ipx
J._w at'e dx =k J._w—z.ep dx

ox
d = WX gy 2,2
= dtj_wue dx = — k*p?u
N an = — k%L ‘whereﬁzr we dx
dt —e
Ji
= @ k?p? dt
n
Integrating, we get
log & = —k%p?t +log A | Ais a constant
or, L =Ae*pt .(3)

Now, taking Fourier transform of (2), we get
np,0) = Jl u(x, 0) e?* dx

c ) ipc _ _—ipc 2
= I er* dx = L = — sin¢p ...(4)
-¢ p p

From (3), At¢t =0, \ sincp = A
p
L =—sinecp e kPt
p
Taking its inverse Fourier transform we get

ux, t) = — J Z sincp e ¥t . e dp
which is the required solution.

Example 6. Use Fourier cosine transform to show that the steady temperature u in the
semi-infinite solid y > 0 when the temperature on the surfacey = 0 is kept at unity over the strip
| x | < aand at zero outside the strip is

1 _1(a+x) _I(a—x]
—|tan +tan
n y y

The results J. e Px7 1 sinrx dx=tan™ L) (r, p>0) may be assumed.
0 p
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2.

2 2
Sol. Taking Fourier cosine transform of g—l; + ?)_L; =0, we have
X y

=92y = 9%y
—. dx+ | —. dx=0
Jo o cos px dx Jo %7 cos px dx

—(a—uj 27y & @) =0 wherez=| d
ax x:O—p u+Wu = A% ereu—fo ucospx X

d*u ‘ ou
= A

2 —
- 02U =0 — > 0asx >
dy2 b ox

Its solution is u =ce?” +cge ™

But u is finite so ¢, = 0, otherwise j; = asy — oo

From (2), u=coe ¥

But E:J u cos px dx
0

— “ _ _ sin pa
@)y -0 :.[o (), _ ¢ cos px dx _jo 1.cos pxalx_T
From (3), @), _o =y
_ sin pa
p
sin pa |
p
Applying inverse Fourier cosine transform, we get
9 =i
ndo p

Co

From (3), u Py

e Py
(2 sin pa cos px) dp

e P cos px olp:ljoo
ndo p

1p=e™™ ., .
:—J. [sin (@ + x)p + sin (a — x) pl dp
ndo p

= l tanl(—a A xJ + tanl(a — x]
T y y ]

ASSIGNMENT

Apply appropriate Fourier transform to solve the partial differential equation

2
8_V = B_V ;6>0,t>0
ot o?
subject to the conditions

. .. x, 0sx<1 ... .
@V, 0,)=0 (i1) V(x, 0) = {0 x>1 (Zi1) V(x, t) is bounded.

2
Solve ou =k a—g for x > 0, ¢ > 0 under the conditions
ot ox

@) u(0,t) =uy, t>0 @i1) ulx,0)=0,x>0 (@11) u(x, t) is bounded.
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3. Using the method of Fourier transform, determine the displacement y(x, ¢) of an infinite string
given that the string is initially at rest and that the initial displacement is f{x), — oo < x < oo. Show

that the solution can also be put in the form y(x, ¢) = %[f(x +ct) + f(x - ct)].

4. Using Fourier transform, solve

IV 2%V
TR TUSES £>0; Vix, 0)=f(x) (U.P.T.U. 2008, 2014)
X
5. Using Fourier transforms, solve the following initial boundary value problem:
9 1, -1<x<0
du 9d°u
—=c“——, —o<x <o, t>0; ulx,00=-1, 0<x<1 (U.P.T.U. 2008)
ot ox? .
0, otherwise
Answers
2 (| si -1) _
1. Vix, t)= —j [sm_ercos+] e Pt cos px dp
ndo\ p D

o _ —kp%t
2. ulx, t)= 2u [le—J sin px dp.
n Jo D

4. Vix,t) = 2i Jm F(p) e Pt gmipx dp where F(p) =J f(x) eP* dx
T Jo b 2

o

5. ulx,t)= l 1 (1- cos p) e—c2p2t pipx dp
ITJ_wp

2.14 FINITE FOURIER TRANSFORMS

The finite Fourier sine transform of F(x), 0 < x <[ is defined as

!
fs(p)=J.0 F(x).sin p?xdx;pel

Similarly, the finite Fourier cosine transform of F(x), 0 < x <[ is defined as

1
fc(p)ZJO F(x).cosanxdx;peI

Generally, the choice of w as the upper limit of integration in these transforms is found
convenient and can easily be arranged by having suitable substitutions to actual problems,
then

T T
f.(p)= Jo F(x).sin pxdx and f.(p)= J.o F(x) . cos px dx.
Note. f,(p) is always zero when p = 0.

2.15 INVERSE FINITE FOURIER TRANSFORMS

Inversion formulae are given as follows:
(1) When upper limit is &t
For sine transform:

F(x) =% Z f.(p) sin px
p=1
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For cosine transform:

=3

F(x) _1 1.(0) + 2 z f.(p) cos px where f (0) stands for jn F(x) dx .
m T 0

p=1
(2) When upper limit is /
For sine transform:
pTX
[

2 « .
) =7 Y. f(p)sin
p=1
For cosine transform:

> 1
F(x) = %fc (0) +% pz:l f.(p) cos % where f,(0) stands for Io F(x) dx.

EXAMPLES

Example 1. Find finite Fourier sine transform of F(x) =1 — %

Sol. The finite Fourier sine transform of F(x) is given by,

f.(p) = jo (1—%) sin px dx

sl L )

1 1 (sinpx]n_l

p T p

o P
cos k(m—x)

Example 2. Find finite Fourier cosine transform of F(x)=— -
k sin krn

[ -cosk(n—x)
Sol. f.(p)= -[o b sin b cos px dx
_ _mf [cos (& (T — x) + px} + cos [k(T — x) — px}] dax
3 1 sin (kT — kx + px) _ sin (kmt — kx — px) i
T~ 2ksinkn p—Fk p+k 0
1 1 1
:_|:—_ }:%,kio,l,z,...
2k p—k p+k p? -k
Example 3. Find F.F.S.T. and F.F.C.T. of F(x) = 2x, 0 < x < 4.
4
Sol. (i) fs(p):J.O 2% . sin pzx dx (Here [ = 4)
4
pTX _ cog P™
B - o8 4 €os Ty g(1—cosp1t),p;«r&0
=l2w {——44) - 2 ———d tar =) o
0, L) o »=0
4 . 4 s p
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.. 4 pTX
(i) fc(p)=J‘ 2x .cos — dx
0 4
4
sin 2% 4 sin 2™
S PO i
G L)
4 0 4
4
_cos P™
=—SiinE———4 = 2 Z(COSpn_l)ap;tO
pr pr (pn] p°n
4 0
4
When p = 0, fc(p)zfc(O):_[O 2x dx =16,
sin pw/2 _719
Example 4. Find F)if f.(p)={ 2p ~° Y77 where 0 <x<2n.
/4, p=0
1 n 2 <~ sinpn/2 pTx
. Flx)=—.—+— .cos
Sol 0 2rn 4 2m = 2p 2n

1 2 « si
1= smpn/Zcosﬂ
2n 4 2n = 2p 2

F)= 24t 3 SIRPT2) o0 DY
2p 2

p=1

ASSIGNMENT

1. Find finite Fourier sine and cosine transforms of
@) Flx)=x2, O0<x<m ) Fx)=1, O<x<m (@ii)) Fx) =x, O<x<m.

2

2. Find finite Fourier cosine transform of F(x) = (1 - ﬁj .

T
3. Find finite Fourier sine transform of

@) F(x) = % (i) Fix) =sinnx,ne I (i) F(x) = x(n? - x2)
(iv) Flx) =x (m—x) (v) Flx) = ™ (vi) cos mx.
4. Find finite Fourier cosine transform of
2
. T X e . 1, O<x<m/2
Flx) == —x+2_ _ L
(i) F(x) 3 x + o (1) sinnx,ne I (i11) F(x) 1 m/2<zx< n}‘

i

x, 0<x<m/2
Find finite Fourier sine transform of F(x) = n .

-x, —<x<T
2
6. Find inverse finite Fourier sine transform of

_1p-1 _
0 faipﬁ% L= cos prt

1
,p=1,2,...(0<x<mn) @) f;(p)= 55 —,0<x<m.
pm
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Answers
2. 1\p 2m(— 1)p
‘ S T | p#0 5 > P70
1. )@ f(p)= P ’ ®) fp) = ps
0, p=0 %’ p=0
1 » :
@) @ f(p)={p -V PO ®) £(p) = {0’ %ﬁpfg}
0, p=0 P
_1)P _
l ~1 p+1 0 w, 0
(iid) (@) f(p) = { P > 7 ®fp=1 P
0, p=0 n -
?7 pP= 0
i’ P 20
2. f(p)={mP
X p=0
3’ p
(- pPtt 0 1f p #n 6m 1
(iv) 13 [1-(-DP] (v) p2 5 [1- (= DPe™] (vL) 5 [1- (= D? cos mm]
p
1
4. O ? (i1) 2 p2 ; (n— p) is odd and 0 if even
(iii)zsinp—n;p;thndOifp:O 5.lzsinp—1t
p 2 D 2
- p-1 -
6. () %Z 20 D7 Gin px (ii) % > [1 il “j sin px.
1 p 1

2.16 PARSEVAL’S IDENTITY FOR FOURIER TRANSFORMS

M.A. Parseval (1755-1836), a French Mathematician, gave the following result.
If the Fourier transforms of F(x) and G(x) are f{p) and g(p) respectively, then

1 B =y oo E—
0 50| FPEP) dp= [ Fw) Gl da

o 1 e 2 5[ 2
(ii) gL, |f@)Pdp=] |F@)[ dx
where bar implies the complex conjugate.

Using inversion formula
for Fourier transform

Proof. J.j; F(x) G(x) dx = J‘:o F(x) {% J.j; g(p) e dp} dx

1 = « ipx
o J._m g(p) {J._w F(x) e dx} dp
| Changing order of integration

LJW f(p) g(p)dp ...(1) | By definition
2m e
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Now, take G(x) = F(x) in (1), we get

1 o0 — oo —
o | rofpdp=] P F@dx

1 = 2, (™ 2
= o[ _IrePdp= [ PP de ()

Hence the results.
Corollary 1. Following Parseval’s identities for Fourier cosine and sine transforms can be
proved as above:

O 2 f.p) g dp = [ F) Gedx @) 2 [ I7pF dp= [ IF@P dx
T JO 0 T J0 0

s 2 (- 2 2 5 _ " 2
(iif) ;jo £.(p) g(p) dp = jo Fx) G dx  (iv) ;jo 1L dp = IO | Fx)|? dx.

EXAMPLES

2

Example 1. Using Parseval’s identity, show that J: @+ ;)C FERE dx = 2(an+ 5
a® +x x

2
o X
Hence find ———dx. (U.P.T.U. 2015)
4 '[0 (x? +1*
Sol. If F(x) = e~ then £.(p) = —2—
a‘+p

By Parseval’s identity for sine transform,

3]” f(p) g, (pdp = | Flx) Gx) dx
T -0 0

2 _ D p ® _ax b
—_ A d — J ax. xd
= nd g4 p? b2+p2p 0 & ¢ x
- p2 dp - . e—(a+b)x °°_ -
= .[o 2. 2v2. %P = 5| =
(@® +p“)b” + p*) 2| —(a+b) 0 2(a +b)
Thus,
o x2 -
dx= ————
Jo (@® +x%) ®® + x7) 2(a +b)
Fora =56 =1, we get
- 2
J % dx = E
0 (x°+1) 4
o i I—e®
Example 2. Using Parseval’s identity, show that J. —s12n ax 5 dx:E—( e2 ).
0 x(a® +x%) 2 a
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ax _ {1, O<x<a
Sol. Let Flx)=e and Glx) = {O, > a}
then f.p)= ——— and gp)= P
a +p

Parseval’s identity for Fourier cosine transform is

EJN f.(p) g.(p)dp = r F(x) G(x) dx
n Jo 0

N _J‘ asmap dp=J‘ eiax.ldx=1L
0 pa®+p? 0 a
J‘“’ sin ax _ (1—e a2)
0 x(a?+x?) 2a?
ASSIGNMENT
dx B b

1. U P I’s identity, show that = .
sing Parseval’s identity, show tha b (2+x2)(bz+x2) 2ab @+ D)

© d
Hence evaluate ﬁ
0 (x“+1)
1, |x|<a s1n2 ax a . , . .
2. IfF(x) = {0, i N i S a} prove that J. = dx = o> using Parseval’s identity.
3. Evaluate using Parseval’s identity:
. 4
o ] 1 <x<1
@) _[ ( cosx) dx (i1) .[0 Slj:—zxdx [Hlnt:Take F(x)=0: Ole
4
4. Prove that: J sin x dx =1/3 Hint: Take F(x) = 1-|x], | x]< 1
0, otherwise
o _ gin x)2
5. Use Parseval’s identity to prove that: J. (x cosx — sinx)” dx =~
0 %8 15
Answers
1. n/4 3. (i) m/2 (1) m/2

2.17 THE Z-TRANSFORM

The Z-transform plays an important role in the field of Communication Engineering and Control
Engineering at the stage of analysis and representation of discrete-time linear shift invariance
system. When continuous signals are sampled, discrete-time functions arise. The application
of Z-transform in discrete time systems is similar to that of the Laplace transform in continuous
time systems.
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2.18 DEFINITIONS

2.18.1. One-Sided Z-transform

Let {f{k)} be a sequence defined for all positive integers ‘%#’. Then the Z-transform of f(%) is
defined as

Zif k) = Fz) = ), fR) 27" (1)
k=0
where z is an arbitrary complex number and Z is an operator of Z-transform.

This is one-sided Z-transform.

2.18.2. Two-Sided Z-transform
If {f{k)} is a sequence defined for k=0, +1, £ 2, ...

then Zifk) =F@) = Y, [z (2)
k=—oo
where z is an arbitrary complex number and Z is an operator of Z-transform.

This is two sided Z-transform.

Note 1.Iff(k) =0 for k£ <0 then {f{%k)} is called a casual sequence.
-1
. A . -k
2. If f(k) is a non-casual sequence, f{k) = 0 for £ >0, then its Z-transform is F(z) = Z f(R)z™" and

)

is also called one sided Z-transform.

3. The curly bracket { } represents sequence. Sequence {f(k)} is an ordered list of real or complex
numbers.

4. The infinite series on R.H.S. of (1) will be convergent only for certain values of z depending on
sequence {f(x)}.

5. The inverse Z-transform of Z{f(k)} = F(z) is defined as Z"1[F(2)] = {f(k)}.

2.19 UNIT STEP AND UNIT IMPULSE SEQUENCES

Unit step sequence is defined as 1 p
1, >0
u(k) = {0, k< o}
Unit impulse sequence is defined as -2 -1 0 1 2 3 k
P 1
1, k=0
-
0, k#0 (k)

2 1 0 1 2 3 k

2.20 RELATION BETWEEN UNIT IMPULSE SEQUENCE AND UNIT STEP
SEQUENCE

uk)= Y. k) and 8(k) = ulk) — ulk — 1)
h=—oo
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1, k=n
We have on—Fk) = {0’ - n}
Also, fln) = z fR)S(n—F).
h=—oo

2.21 Z-TRANSFORM OF UNIT IMPULSE FUNCTION

1, k=0}

We know that (k) = 0, k#0

7R} = D, 8Bz = +04+0+1+0+0+...]=1
E=—oo

Hence, ZdR) =1

2.22 Z-TRANSFORM OF DISCRETE UNIT STEP FUNCTION

We know that u(k) 1, k= O}

0, k<0

oo

Zu) = Y uhzt = Y 2

k=—oo k=0
=l+zl+22+ ... =1_12_1=Zi1;|z|>1.
2.23 Z-TRANSFORM FOR DISCRETE VALUES OF t
If Ait) is a function defined for discrete values of ¢, where t = nT,n =0, 1, 2, ...... , T being the

sampling period, then Z-transform of f{¢) is defined as

ZIfDY = D fnTz ™ = F(z).
k=0
Note. The important element of discrete-time systems is the samples in which a switch close to admit
an input signal in every T seconds. A samples is a conversion device which converts a continuous signal

into a sequence of pulses occurring at sampling instants 0, T, 2T, ...... where T is the sampling period.
EXAMPLES
Example 1. Find the Z-transform of the following sequences:
(@) flk) = {15, 10,7, ? 1,-1,0,3,6} () flk) =15,6,1,2,- 1,0, 8 4, 3}
0 AR = 1 . ) = 1 <h<
(Lll)f()— 4_k (lU)f()— 2_k ,—3_ <3
5%, k<o
() flk) = {2;3’ kzo}'
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Sol. (i) The symbol T is used to denote the term in zeroth position i.e., when & = 0. % is
an index of position of a term in a sequence.

1 1
Z{flk)) = 1523 + 102'2+7z+4+———2+0+i4+£5
z oz 2tz
1 1 3 6
= Fz) =1523 + 1022+ Tz + 4+ ——— +— +—
z z¢ 2t oz

(ii) In case the symbol T is not given, extreme left term is considered as zeroth term
corresponding to 2 = 0. Here, the zeroth term is 5.

Zif k) =5 E+i+£—i+0+i+i+i
fl =0+ 22 53 4 6 LT 8
6 1 2 1 8 4 3
F S5+—++—-——F+—F+—+—F
- (Z) Z 22 23 2'4 26 27 28
< . =1,
(iii) ZifR)) = fRyz* = —z
1 1 1
= +6423+1622+42+1+E+1622+6423+ ......
3
(iv) Z{ﬂk)}=2f(k)2_k (since —3<k<3)
-3
3
1 1 1 1
=Z—kz_k=8z3+4z2+22+1+ —t——t—
= 2 2z 42° 8z
-1 )
) Zifk) = Y, B2t D 2k
h=—o k=0

2 4 8
= 4532345224 5] 4 [ 14—+ +—+......
z z z

51z 1 z z
+ = +
1-51z 1-(2/2) 5-z 2z-2

; |21 <5, 12| >2.

Example 2. Find the Z-transform of

1

. - | | 1 _

@) fk) = {al £ 1} @) fk) =~ , k> (iii) f(k) il

k
) fik) = cos = k>0 (v)f(k)—(l) zzg}
Sol. (i)  Zi{ftk)} = z f(k)z 7"
. . -
Z Zak27k=( ...... +a32% + a%2? + az) Z()
=- k=0 k=0
__a= +(1_2)1: =z ‘ 1-07"=Y

1-az z l-az z-a k=0
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. 1 - 1 _
(i7) Z(Z):Z Ezk

. 1] (1
(&zi) Z{Mk+D}_Z(k

-
(v) Z (cos ]%tj = Z cos kz_n 27k
k=0
11 1y" 2
=1-—+—F-...... co=|1+—| =
22 24 ( 22) 22 +1
- - 1 .
ZifR)} = k)z k= ko= if <1
(v) m)}k§:ﬂ>z ;:z s if |z
= =0
Example 3. Find the Z-transform of
o

@) fik) = {77 *=0

@) flk) =

0, otherwise

Sol. () Z{f(k)}

.. 1
) Z{%+DJ

k oo

=z (e? —1) =z -1).

www.cgaspirants.com
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Example 4. Find the Z-transform of
(i) 4% 8k -1 ; k>0

@ uk-1)
i) 8k —n); k>0 () {"C,}; 0<k <n. (M.T.U. 2014)
= 1
Sol. @)  Z{ftk)} = l.z’k=l+i2+i3+ ...... =—(1+1+i2+ ...... )
el zZ z z 2 zZ z
11 |1
= ; ( _1) if 2 <1
V4
=21 if |z|>1
. . 4
(i) ZifR) = D, 448k -1)zt=—.
k=0 z
= 1
(ii1) Zifik)} = z Sk —-n)z?t= oon is (+)ve integer.
k=0
(iv) Zifk)} = Y "Cyzt=1+"Cizt +"Cyz 2+ e +7C, 2" = (L +27)

k=0
Example 5. Determine the Z-transform of the sequence given by

2k k<o
1 k
flk) = (5) £=0,2,4,......

Sol. F)= ) f)z*
h=—oo
_1 oo k fd k
1 1
- 3 ree R [ e B (5]
h=—oo k=0 k=0
(k-even) (k-odd)
o oo oo 2 1
= z 27" 2™+ (l)zp 272p (l) - -(2¢+1
m=1 p=0 2 q=0 3
where m = -k,
_k k-1
p_z,q_ 2

= F,() + Fy(2) + Fy(2)

z/2 22 z/3
+

= +
1-2/2 2 1 - 1
4 9
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Region of convergence for F,(z): | z | <2

Region of convergence for Fy(z): | z | > 5

2
. 1
Region of convergence for Fy(2): | z | > 3
. 1
Hence, Region of convergence for F(z): B |z | <2.
ASSIGNMENT
1. Determine the Z-transform of the following sequences :
@) k) = 12,4, %, 7,0,1,2} @) flk) = {3, 1,2, %, 7,0,1}
(@i1) flk) ={0,0,1,2,5,4,0, 1} @Gv) k) =1{1,2,5,4,0,1}

() flk) =8k + n).
2. Find the Z-transform of

0, fork<0
1, for0<k<5
AR =19, for6<k<10(-
3, for k>10
3. Find the Z-transform of
k
1
. .. I k>0
@) utk-4) (i1) 8(k — 5) (i) 4\ 8 .
2% r<-1
4. Determine Z-transform for the sequences given below :
f0)=1; f1)=4.7; fi2)=0; fi3)y=0
f4)=0.75; f5) =42 ; fk)=0;k>6.
5. [Express the signals shown below in terms of unit impulse functions and hence find the Z-trans-
form.
@) A f(k) ) A f(k)
2

Answers

7
; 2 —+—=+— (i) 323 + 22 R
1. @) 2z +4z+5+z B A (ii) 3z° + z +2Z+5+z 3

@) z2+223+624+4254+27 () 1+221+522+423 +275 (v) 2"
2, 1+ zl+22423 4244205420 +27+28+ ... +2z710) 4 3z 42124 L )
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3. ) . 1 (i) 25 (Gid) Z___Z
. i 1_2'71,|2'|> i) z 1l _l 242
3
4. F)=1+4721+07524+ 225
5.

@ flk)=0.58F + 1)+ 28(k) + 28(k — 1) + 6(k — 2);

Fz)=05z+2+ 221 + 22
@) fR) =8k +2) -8k +1)+28k)+8k—-2)—0508Fk-3); Flz)=22—-2+2+22-0.5273.
2.24 PROPERTIES OF Z-TRANSFORMS

2.24.1. Linearity Property

Z{a f(k) = bg(k)} = a Z{f(k)} £ b Z {g(k)}

Proof. Z{a flk) + b g(k)} = i {a f(k)+b g(k)z"
h=—oo

| by definition

h=—oo
Remark. If Z{f(k)} = F(z) and Z{g(k)} = G(2), then Z [a F(z) + b G(2)] = a Z71 {F(2)} £ b Z71 {G(2)}
where a and b are constants and Z! is inverse Z-transform operator.

2.24.2. Change of Scale Property

=a Y [z +b Y gz = a Zifk) £ b Zigk)).
h=—oo

If Z{f(k)} = F(z), then Z{|a*f(k)|}=F (E)

Fz) = Z{fik)} = ) f(R)z™"

h=—oo
e Z
Substituting 2 for z, we get

F (i) _ kimf(k) Gj

k oo
= Y a*f(z* = Z{|a* k)| ).

k=—o

. zla z .

Remark (i) Z{ak Uk)} = iflz]>]al
£ _q1 2-a
a

.. . <
(i1) Z{a*} = since Z(1) = .
a z-1
2.24.3. Multiplication by k»
If Z{f(k)} = F(z), then Z{k" f(k)} = (— Z di] F(z)
z
Proof. 7k k) = ), kfR)z"

h=—oo
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=_ N B (=kz k1 —_ N d h__,d
2 LIWCRT Y 22 B B =2 FE)

h=—o

In general, Z{|k" fik)|}= (—z di) F(z).
z

d d z az
R k. Z{k a?) = — 2 % 7(a") = — 2 & _ _
emar a Zdz[ (a™)] z (z—a} C_ar

Note. Since Z(1) = we have the following results.

z-1
. .. (z+1)
Z(k) = —Z2 7(k2) = =
@) Z(k) = (i1) Z(k*) - 1°
3142242 241128 + 1122 + 2
i) Z(B3) = Z taz tz i0) Z(k4) =
(iiz) Z(k%) -2 (i) Z(k*) 17

2.24.4. Shifting Property

If Z{f(k)} = F(z), then Z{f(k + n)} = z*" F(z)

Proof. Tk +n) = DRtz =" Y flhrn)z **"
k=—oo h=—oo
=2 Zf(r)z_r (r=kxn)
k=—o
=2 F(2).

Corollary 1. For casual sequence,

Ziflk —n)} =z F(2)

Also, Z{fik + 1)} =z F(z) —z 0)
and Zifk + 2)} =22 F(z) — 22A0) — 2z (1)
= zz{F(z) - f(0) - @} and so on.
z
Corollary 2. Z'[z" F(2)] = ik —n) = Z7[F@)], ,, .

2.24.5. Division by k

If Zif(k) = F(z), then Z {f“‘)} - [ P az

Kk
— k) _
Proof. Z{%} =k;m f(k) *
E (i) E e
k=—oo [ —
:_f i f(k)z % ldz
k=—oo
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:_jzz‘l[ i f(k)z_k}dz =—rz‘1 F(z)dz,

h=—oo

2.24.6. Initial Value Theorem

If Z{f(k)} =F(z),k >0, then f(0) = Lt F(z)

Z —> oo

Proof. Zifk) = Y f(R) 2™
k=0
= F)=f0)+f1)z1+A2)z2 + ...

Taking limit as z — «, we get
ﬂ0)= Lt F(2).

2.24.7. Final Value Theorem

If Z{f(k)} =F(z) ; k>0,then Lt f(k)= Lt1 z-1)F(@)

k— o
Proof. ZIfk + 1)~ )} = D (fk+ D= f(R)} 27"
k=0
zF@)-f0)-F@) = Lt > (f(k+D-fk)z"
"% k=0
Lt z-DF@)=f0+ Lt . Lt > {f(k+D-fk)}z"
z—>1 z—>1 newkzo

=fO+ Lt > Lt {fk+D-fR)z"
n%a:k: z—>1

o

| Changing the order of limits

= Lt |f(0)+ z (f(E+1D - f(R)
k=0

=Lim f(n+1) = Lim f(n):}%im f(k)

2.24.8. Differentiation Property

Let Z[{f(k)}] = F(2). An infinite series can be differentiated term by term within its region of
convergence. F(z) may be treated as a function of z~1.

Fo)= ). flk)zt=Y fk) D
k=0 k=0

Differentiating on both sides w.r.t. z7!

=)

Fz)= ). kflk) 1! (1)

]
dz =

4 dF(2) _
dz7! ~

z

D kAR) 2k = ZEAR)
k=0

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

INTEGRAL TRANSFORMS 179

dF(2)
Zikfl)) = 21— (2)

Differentiating (1) w.r.t. z~! again, we get

d’F(z) -
—— = E k(k—1) k) (z71)k-2
d(z_l)z E=0 ( ) ) &)

, -
2 CFC) N bk~ 1) fik) 2+ = Zik(k - 1) fik)
diz™) k=0

, d’F(2)

Zlk(k 1) flk)] = —_—
ek = 1) b)) =272 —

-.(3)

2.24.9. Convolution Theorem (U.P.T.U. 2015)

The convolution of two sequences {f{n)} and {g(n)} is defined as

oo

wn)= . Ak)gn—k) =f*g
E=—oo
If it is one sided (right) sequence, take f(k) = 0, g(k) = 0 for £ < 0, then

w(n) = Z fygln—k)=f*g
k=0
Statement. If w(n) is the convolution of two sequences f(n) and g(n), then

Ziw(n)} = W(z) = Z{fn)} . Z{g(n)} = F(z) G(z) (U.P.T.U. 2015)

-y !i f(k)g(n—k)] -

n=0 | £2=0

o

Proof. W) = Z{w(n)} = Z [Z f(R)g(n - k)

k=0

- i k) i g(n—k)zn}
k=0 | n=0

(by changing the order of summation)

D> Ak Z (p)z” (’”k)] (putting n — & = p)
k=0 |l p=

g
{ > f(k)z‘k] { 2 g(p)z” "} = F2) G(z).

Note. This result will be true only for the values of z inside the region of convergence.

2.24.10. Another form of Convolution Theorem
If Z{f(t)} = F(2), Z{g(t)} = G(z), then the convolution product is

w(t) = z ART) gnT —kT)=f*g

k=0
and Z{w()} = W(z) = Z{f1t)} Z{g®)} = F(z) G(2).
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Proof. (Here we are dealing with one sided Z-transform only)

Fe)= ), fimDz™ ;G =Y gnT)z"
m=0

n=0

F(z) G(z) ={ Z f(mT)z‘m} { z g(nT)z_”}
m=0

n=0

= Z Z fimT) g(nT) z7m ™" = i [ Zn: f(pT)g{(n—p)T}} z "
n=0 m=0 n=0

p=0

=7 { Z f(pTgln - p)T}} 2" = Zif * g).
p=0

2.24.11. Time Reversal Property
If F(2) is the Z-transform of A%), then Z{f (- &)} = F(z™1)

2.24.12. Correlation Property
IfZ{f|(R)} =F,(z) and Zi{f,(k)} = Fy(z), then R, (z) =F,(2). F,(z™)

and  cross-correlation sequence ry, . (1) = Z‘I[Rfl,c2 (2)].

2.25 SOME IMPORTANT Z-TRANSFORM RESULTS

S. No. {f(R)}, k=0 F(z) = Z {f(k)}
1. (k) 1
z
2. U) or1 S 1
z
3 k (2_1)2,|z|>1
d n
4. k" fk) (—ZE) F(z)
dY' =z
5 R -—z— 1
( Zdz) z—l’|2|>
6. a® or a* U(k) i slz|>al
z
& I
7 % og | ,lz]>1
1 z
8. r1 zlog(z_J
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1
9. P el/z
10. ok —n) z™n
11. £0) Lt F(z)
7>
12. Lt flk) Lt (z-1) F(2)
k> oo z—>1
13. P (0= k_z £, £k = D) R, () =Fi ) F,GcY
14. h(k) = k)  g(k) F(z) . G(z)
15. f—k) F(z1)
EXAMPLES

Example 1. Determine the Z-transform of
flk) =08k + 1)+ 3 8(k)+ 63k —3)—05(k—4).
Sol. By linearity property, we have
F(z) = Z{fik)} = Z{&(k + 1)} + 3 Z{3(R)} + 6 Z{5(k — 3)} — Z{d(k — 4)}
=z+3+628%-z4

Example 2. Find the Z-transform of

E+1)(k+2

() {a**) (ii) {k?) Gii) {%}

(iv) {ab*} ;a #0, b #0 ) {k (& - D).

Sol. (i) Zifk) = Y, a" "2 63 7ah) (D
E=—o

We know that, Z(1) = i
z-1

zla z

Z(a*) = (By change of scale property)

(z/a)—lzz—a
3

za
From (1), Z{ftk)} =

z—a’

2
(i) Z(k2)=(_zij 7(1) =(_zi){(_zij( z ﬂ
dz dz dz )\l z-1
d z z2(z+1)
=—z— = .
dz[(z—l)z} (z-1)3

Gii) Z {W} - % 72 + 3k +2)
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1| 2(z+1) d 2
M%%+3Z%)+Z2H:g{;i;3+3{%5§mD}+sz

z(z+1 d z 2z 1|z(z+1 3z 2z
-3z — +— == + +
{@-1)3 dz (2—1] Z-J 2{@_1)3 (z-1? z-J'

(iv) Z(abk):aZ(bk):a(Zfbj it |z|>|0 ]

N[= N

z(z+1)_ z 2z

z-1° (-1* (z-1%
Example 3. Find the Z-transform of f(k) = u(- k).

() Z{k(k — 1)} = Z(k? — k) = Z(k?) — Z(k) =

z
z-1
By time reversal property, we have
-1

Sol. We know that Z{u(k)} =

Ziu(-k)} = 1 1°1-2° |z | <1
Example 4. Find the Z-transform of
@) **nC Yor £+7C,) ; k20 @) (*"C a*}; k= 0.

Sol. (i) Z{k+nC, ) = Z{k+nC,)

— Z k+an k=14 n+1C1 z 1y ”+2C2 224 ...
k=0
n+2)n+1

=1l+(n+1)z1+ 21 22+ ...
n-Dn-2
=1+(n-1(=z1H+ Cn ;(‘ n=2) (—z D)%+ ...
2 n+1
— (1 _Z—l)—n—l - (1 _Zfl)f(n+1) - ( J .
z—-1
- 2 / a n+1 ‘ .

(i1) Z{nC ak) = oy — | Change of scale property using (i)

n+1
z
“lz-a '

Example 5. Find the Z-transform of
(@) sin ok, k>0 (U.P.T.U. 2009, 2015) (i7) sin (3k +5), k > 0.

d 1 < . .
: : — : B S ok _ ,-10kY) ~—k
Sol. (7) Z(sin k) = kE:O sin ok z7* = o kE:O (e 7Ry

o

1 . i .
— Z [Z (eloc Z_l)k _ z (efloc Z—l)k
k=0 k=0

[(1 _ eiu 2—1)— 1_ 1- e—iu Z—l)—l]

2i
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_ i 1 B 1 B i z z
- 2 1_eicx 2—1 1- e—icx 2—1 - 2 2 _eicx 2 e—icx
1 2(e' — e7%) _ zsin o
T2 22—z +e ™) +1| 22-2zcoso+1

oo

= 1 A A
(ii) Zisin (3% + 5)} = Z sin (3k +5) 2+ = o D (o8 +5) _ grilBh +5)) ok
k=0

k=0
1 . } > . .
— 2_ 5l(e31 Z*l)k _ Z e—5l (e—3L Z*l)k
k=0
1
= — 5L (1_e3l 71) l_ef5L(1_e—3L271) ]
2L
e

50 1 e—5i 1
2t | 1— egi 2_1 21 1- e_3i .2'_1

B e5i P e—5i Py ~ i e5i Z(Z_e—3i)_e—5i Z(Z—e?’i)
- 2% | z—e% % e B T 9 (Z_e3i)(2_e—3i)

1| (€% —e )22 —z(e% — e %) 22 sin5 -z sin 2 2] >1
=— - < = ; > 1.
2 1-z (¥ +e73) + 22 22— 2zc0s3+1° ' 7
Example 6. Find the Z-transform of
(@) c* cosh (0 k), k=0 (ii) c* cos (0L k), k=0
(i11) cosh (k?n + oc) ,k>0. (U.P.T.U. 2008)

ok

00 —ok
Sol. (i) Z{cosh (ak)} = Z ( +2 ] -k = —[Z (e® z7Hk + Z (e @ l)k]
k=0

_1 a _-1\-1 7(x—171_l 2 2
_E[(l—e 2Z7) T +(1-e%27) ]—2 z—e°‘+z—e7°‘
_z 2z-("+e™”) | z(z-cosha)
2122z +e ™) +1| 2%2-2zcosha+1
By change of scale property,
Z(Z—coshoc) ( h o)
Zict cosh (o)) = c\c _ z(z-ccosho

2 =2 2
(zj —Z(Z)coshoc+1 z° —2czcosho + ¢
c c

(i) Z{cos (0k)} = Z (e ] & _ %[Z (e z L)k 4 Z (e~ i® 21)k]
k=0

k=0

1 jor,~1y-1 —ia _-1y-1 1 2 z
=§[(1—e‘“z )T H+1-e"2T) ]=§ st g
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5( 2z —2cos . J_ z(z—-cosa)

2(2%-2zcoso+1) z?2-2zcoso+1
By change of scale property,
z\(z
(j ( 08 oc) z(z—ccosa)
Zick cos (oh)} = ——52C =— -

2 2 z2°—2czcoso+c
() —2()cosa+ 1

c c

2450

e )< e ), 1 (5 (5|
i) Z cosh(7+aj = z cosh(?ﬂx)z Z e +e z
!eoc i (en/2 Z—l)k +e—0c i (e—n/2 z—l)k]

0

[e® (1 — @2 z71)1 4 =0 (] — W2 z-1)-1]
_1_ a 2 g z _Z e (z—e_”/2)+e—0€(z_en/2)
= 2 _e . Z_en/z e Z_e—ﬂ:/z ~ 2 (Z_eﬂ/2)(2_e—1t/2)

T
- z zcosh(x—cosh(—ocj
2z cosh oo — cosh (o — 1/2) : 2
2?2 — (2 cosh /2)z + 1 B 2?2 —2zcosh /2 +1 )

(IR

Example 7. Find the Z-transform of {cos (% + (x)}; k>0.

oo

c k
Sol. Z {cos (k_n + (x) = Z cos (_7: + oc) z7k = Z (cos L cos Ol — sin L sin (x) z*
8 ko0 8 8 8

k=0
. km

=cos o Z (cos k_n) —sinaZ (sm —)
8 8

z(z—cosm/8) . zsinm/8
= Cos 0. . —sin o .

22—2zcos%+1 zZ—ZZcosg+1

| From Ex. 5 and 6
2 T . T . 2 T
2" —zcos o cosa—zsinosina 27 cosa-zcos| o -0

22—22c0sg+1 zz—chosg+1

2(z — cos aT)
2?2 —2zcosaT +1

Example 8. If F(z) = , find f(0).

Sol. From initial value theorem, f(0)= Lt F(z)

Z—> 0o
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T
A0 = Lt —22=08aD 1 Hospital rule.
2522 —92zcosaT+1

Example 9. If F(z) = ——, find Lt flt).
z—e t— oo

Sol. From final value theorem, we have

tEtm ft) = Lt1 (z-1F(z) = Lt (-1

z—e

}gwen z1 { 1} (- D*.
Sol. Z‘l{ } { }
z+1 z+1
k
{ } {(- 1J } (DL E=1,2,3, ...
241, kok-1

1
Example 11. Find Z- (3z — ZJ .

Example 10. Find Z! {

3 1 . z
-1 —7-1 —7-1 1
Sol Z {32_1}—Z 1 771z I
z—= z—=
3 3
k-1 k-1
1 1
—7-1 2 _| = it _
=7 T = (3) or (3) u(k —1).
o=
3
k—k-1
Example 12. Using differentiation property, find the Z-transform of
(i) k ak u(k) (i) k(e — 1) a* u (k).
Sol.()  Ztkat ulh)) =2~ |2
ol. (i) {ka® u(k)} =z dl \z—a
-1
=z1l—F Q-az)1l=2z1. a - %
dz"! 1-azhH? (A-azhH)?
. 5 d? L 202272
@) Zik(k-1)ad*uk) =22 d _1)2 (1-azV)1l= m
Note. Ifa = 1, then Zik utb) = —org and Z{k(k— 1) ulh)) = 22
ote. If a = 1, then Z{% u( )}_(1_2_1)2 an {k(k — 1) u( )}_m.
Example 13. Find the Z-transform of f * g where
@) fin) = u(n), g(n) = 2" u(n)
@) f(n) = 3" u(n), g(n) = 4" u(n) using convolution theorem.
Sol. (i) F(z) = Z{u(n)} = nZ::O 1.z27= 1 if|z]|>1
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= z
G(2) = Z{2" u(n)} = ZO 2 an=_—if[z]>]2]
By convolution theorem
Zif x g} = Z{w(n)} = W(z) = F(2). G(2)
2
z z z
= . =——if 2.
2o1 22 Gone-p 21> 12]
(ii) F(z) = Z{3"u(n)} = Zf3 if|z|>]3]
G) = Zirun)) = ——if | 2 | > | 4 |
z—-4
By convolution theorem
Zif = g} = Ziw(n)} = W(2) = F(2) . G(2)
o Y
= . = > .
2-8 z-4 (z-8)z-4 ' °

Example 14. Compute the convolution f(k) of the two sequences :
1, 0<k<5
fik) =14, -2, 1} and fyk) = {O, otherwise}'
Sol. F,(2) = Z{f,(k)} = 4 — 2271 + 272
F,2)=Zif (R =1+z1+z2+23 + 24 +275
Fiz)=F(2) Fy2) =4+ 221+ 322+ 323 +324+ 325 —z6+27
Taking inverse Z-transform, we get

flk) = {%, 2,3,3,3,3,-11)}.

Example 15. Determine the cross-correlation sequence ry; (1) of the sequences :

(k) =11, 2, 3,4} and f[yk) =14, 3,2, 1}.
Sol. Cross-correlation sequence can be obtained using the correlation property of
Z-transform.

Fi(2)=1+2271 43272+ 4273
Fo(z2)=4+3z71+ 22 +273
= Fyz1)=4+3z+222+23
R;r (2)=F(2) . Fylz D) =(1+ 221+ 322 +4273) (4 + 3z + 222 + 29)
= (2% + 422 + 10z + 20 + 25271 + 24272 + 16273)
_7-1 _
rflfz (l) =7 {Rflfz (Z)} = {1a 4a 10, QTO, 25’ 24> 16}

227 + 52+ 14
(z-1)*
1 [2+5271+14272
Sol. Fiz)=—.
22 |: (1_ 271)4 :|

By initial value theorem, fl0) = Lt . F(z)=0

Z —> oo

Example 16. If F(z) = , evaluate f(2) and f(3).
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Similarly, fil)= Lt z{F)-f0)}=0

Z—> o

f2)= Lt 2){F(z)-A0)-z1AA1)}=2-0-0=2

Z—> oo

f3) = Lt 23{F(z) —0) —z A1) =22 f2)} = Lt 23{F(z) — 2272}

z—> 00 z—> o0

, |28 +62+14 2
- zEtw = (z-1* 22
, 1182° +22° +82-2
= ZEtw z°. 22 (Z _ 1)4 =13
ASSIGNMENT
1. Find the Z-transform (one sided) of the following sequences {f{k)} where f%) is
k
@) (%) u(k) (i) (cos 8 + i sin 0)* i1) (= DF u(k)
kn kn 1)
(iv) 3% sin 5 (v) 2 cos 5 (vi) 4% + (E) +u(k - 3).

2. Find the Z-transform of {f{k)} where fik) = k 2*
3. Show that
z(z — cosh 0) z sinh 0

) Z(cosh k6) = i) Z(sinh % 6) = .
() Zcos 22 —2zcosh 0+ 1 G 4lein ) 22 —2zcosh 0 +1

4. Show that

% (ze* —cos 0 ®sin®
(i) Bl cos ko) = — o (22 ) i) B sin ko) = — 25 :
z%e”* —2ze% cos O +1 ze”* —2ze% cosO+1
1 2
5. Using Z(n?) = 222 show that Z(n + 12 = zerD
(z-1 (z-1
2
6. GivenZ(u,) = 23212 1| |53 show that u, =2, u, =21, u, = 139.
(z-3)

(2% + 2) cos 0 — 222
(22 -2zcos0+ 1%

7. Using Z(k) = ﬁ , show that  Z(k cos k) =
o

8. Find the convolutions of

@) k(k—1) = 3% (i) 3% * cos kO (iii) cos % * sin k?n .

d

9. Prove that Z{¢"} = —z — [Z{E"1}].
dz

10. Evaluate the Z-transform of the sequence {f(k)} = ok z 3k,
k=0 k=0
Answers
L4z .. z T 4 . 3z
1. @) 171 (i) o0 (i) 1 (iv) 2.9
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2
z . z 2z 1
+ +
) JE (UL)z—4 2z-1 22(z-1)
2 . 922 . 22 (z - cos 0)
2 B —2 Gy — 2
(z-2) (z-1°(z-3) (z-3)z“—2zcos0+1)
23 22
i1l) —5——5 10, ——.
L z-2(z-3)

2.26 [INVERSE Z-TRANSFORM

Inverse Z-transform is a process for determining the sequence which generates given
Z-transform. If F(z) is the Z-transform of the sequence {f(k)}, then {f{%)} is called the inverse
Z-transform of F(z). The operator for inverse Z-transform is Z-1.

If Z{f(k)} = F(z), then Z7[F(2)] = {fik)}.
2.27 METHODS OF FINDING INVERSE Z-TRANSFORMS

We have the following methods of finding inverse Z-transforms:
(1) Convolution method (2) Long division method
(3) Partial fractional method (4) Residue method (or Inverse Integral method)
(5) Power series method.

2.27.1. Convolution Method
We know that Z{f * g} = F(z) G(z)

k
ZF) G =frg= Y fim)glk—-m).
m=0

EXAMPLES

2
z

(z—a)(z-0)
Sol. We know that Z1{F(z) Giz)} =f*g

Example 1. Find Z1 { } using convolution theorem.

Let Fi)= —— - flk) = ZHF()} = Z { £ } =at
(z—a)

G(z) = = o glk) =7 YG(2)) = Z71 { £ } = bk
z=b z—b

ZHF(z) G(2)} =f* g = ak = b*
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2
z
Example 2. Using Convolution theorem, evaluate Z! {m} .

Sol. We know that
77U {Fz) .G} =f*g
Let FGz) = - 1 flk) = (1)*
G(z) = . 3 g(k) = (3
Now, Z1{F(z).G{)} = (1) = (3)
k k m
=Y amgmoge Y (lj (a G.P)
m= 0 m=0 3
k+1
k+1 k+1
- Sk - (1) - (3) - {l (3k+1 _ 1)}
14 1-3 2

2.27.2. Long Division Method

Since Z-transform is defined by the series F(z) = z fik) z7* (one sided), to find the inverse
k=0

Z-transform i.e., Z~! [F(2)], expand F(z) in the proper power series and collect the coefficient of
2z to get fik).

EXAMPLES
Example 1. Find inverse Z-transform of
. 10z 2% -2)
@ 22 -82+2 W T @+ 1%
1 10271
Sol. (i) Fz) = — % 0z

2> -82+2 1-38270+2272
By actual division,

10z + 3022 + 70273 +
1-321+222) 1021
10zt — 30272 + 2023

30272 — 2023
30272 — 90273 + 60z*
70273 — 60z

70273 — 210z~ + 1402z
+ 15024 — 140275
F(z) = 10271 + 30272 + 70273 +
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Now comparing the quotient with

D Ak zt=f0) + A +A2) 22 + ......
k=0

We get the sequence fik) as  f{0) =0, A1) =10, fi2) =30, fA8) =170, ......
i.e., Wwe can get flk) =102 -1),k=0,1,2, ......
22(z2 - 1) B 2271973
2+1D? 14227 %2421

By actual division, we get F(z)=2z1-623+ 10251427 + ......

(@1) F(z) =

Comparing the quotient with Z fR)zk=f0) + Az + A2z 2 + ...
k=0

Weget £0)=0,A1)=2,A2) =0,A3)=—86,f4)=0,A5) =10,A6) =0, ......

In general flk) = 2k sin k?n’ k=0,1,2, ...
Example 2. Find the inverse Z-transform of
F(z) = 4_2
for @D |z|>]al @ |lz|<|al.

Sol. i) For | z | > | a |, we have

<1

N | e

= z 4ak z7%, where |z | > | a |
k=0

71 ( i’ j = (4ah).

(@) For | z | < | a |, we have

4z 4z (1_5)—1
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Example 3. Find the inverse Z-transform of (U.P.T.U. 2014)
F(z) = —(2_ _2) for
@]z|<2 G2<|z]|<3 Gi)]|z]|>3
1 1 1
Sol. F(z) =

(z-3)z-2)  z-3 z-2
(i) For | z | <2.

-1 -1
F) = — = (1-3) N 1(1-3j
50773) f2liTe

1 1
=-3 (1+312+3224+3323+..)+ 5 (1+212+22:2 423234 )

=—B1+322+33%2+.)+@21+22%+2322+..)
Here coeff. of z* (if k> 0)=0

1 1

Coeff. of z* (ifk<0)=— WJFW

Now, Z-UF()} = {fR)} = {— 351} + {281},
(@) For2<|z|<3.

-1 -1
F(z)=—l(1—3] —1(1—3)
3 z z

z 22 23 1 2 22 93
1+—+—+—F%+...... -1+ 5+t

= _ 3k-1 4 9k-1

w

W |~

3 3% 3d z 22 =z
=—(B1+32%+3322+3%3+...... )— (1 + 2272+ 2%3 + .. )

Here, coeff. of z7* (if b > 0) = — 2*-1

Coeff. of z*(ifk<0)=—3k1

-2%-1 k>0
Now, ZWF@) = fR) =1 -,
3 k<0

>

(tii) For | z | > 8.

1 1
Fz) = 1(1—3) - 1(1—3)
V4 V4 z z

ghl_ok 1l k>1

Z7YF(2)} = {flk)} = .
{F2)} = {f(k)} { 0 b<0

2.27.3. Partial Fractional Method
Here we split the given F(z) into partial fractions whose inverse transforms can be
written directly.
Example. Find the inverse Z-transform of
z 2% — 20z 82

22472410 (@) )

w z-2)3z-4) Cz-1DH4z-1
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192
_ F(z) 1 1 A B
SOl.(l) 2 - 22+7Z+10 - (Z+2)(Z+5) - z2+2 + z+5
11 1 1 ( AZE’B:_E)
32+2 3 2+5 3 3
Py ~—2 -1 2
B =372 3245
ﬂk)—Z‘l{F(z)}—lZ_1 2 _lz—l -
- ~3 z2+2 3 z+5
1 1 } ky—_%
=3 = (— k_— (- k / -
{3(2) 3 =% { v’ Z‘“}
2% - 20z F(z) z* =20
.o F - =
@) D - T e TG99
F(2) 22 .90 A + Bz + C2? D
Now = 3 = 3 *
2 (2-2°(z-4  (2-2) ok
1 1
= D—_§7A=67B_0’C_§
1 5 (_1
F(z)_6+§z ( 2)
z  (z-2° z2-4
1 (12z+2° z 1|2(z-2)?2 +42% + 82 z
or Fiz) = 3 5 3 -
2 [ (z-2°% z-4| 2 (z-2) z-4
_l z 222+4z_ z
T2 1z2-2 (z-2?° z-4
1 1 laz® +a’z 2k
Now fik) = ZHF(2)} = — {2 + 2k%2F — 4%}, REEZN e o Sk
9 (z-a)
= (2k-1 4 2k  p2 _ 92k-1)
822 2
ces F = =
(@22) ®= G Dz -1 ( 1)( 1)
z—=|lz-=
2 4
F(Z)_ z A " B _ 2 1
z 1 21 z—1 2—1_2—1 2—1
z 2 V4 4 2 4 2 4
2z z

F&) = —q/9 z—a/o

1\ 1)
Ak) = ZUF(2)} = 2(5) _(Z) E=0,1,2, ...
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2.27.4. Inverse Integral Method (or Residue Method)
By using the theory of complex variables, it can be shown that the inverse Z-transform is

given by flk) = ZL {)c F(z) z*! dz, where C is the circle (may be even closed contour) which
fun}

contains all the isolated singularities of F(z) and containing the origin of the z-plane in the
region of convergence. Hence by Cauchy’s Residue theorem,

k) = sum of the residues of the singularities of F(z).

EXAMPLES

Example 1. By Residue method, find the inverse Z-transform of

@) z (i) z (i) 22 vz
1) —4——— i) ———— i) ——————
22472410 22 -22+42 z-1E2+1)
. 2z z(z+1) 22 -1)
(iv) 2222 +z2-1 @ (z-1)° ) 2 +1)?°
Sol. (i) F2) = —————

22 +7z2+10

fk) = LJ‘ 21 F(2) dz = sum of residues
2mi JC

Y € Lo L 2
2mi9C 2% 4+7z+10 2mi 7C (z+2)(z +5)
Poles are z = — 2, — 5. These are simple poles.
% ok
Residue (atz=-2)= Lt (z+2) z = =2
z>-2 (z+2)z+5) 3
k 3
Residue (atz=-5)= Lt (z+5) 2 Gl
z5-5 (z+2)(z+5) -3
ok Rk
flk) = sum of residues = =2 + o1 {(=2) — (- 5)").
3 -3 3
(id) Fz) = 5
2°—-2z+2

1
I S | _ .
flk) = o J.c 2" F(z) dz = sum of the residues

k
=i' Zk—l.; Zzi. Z—dz
2mi JC 2% —2z+2 21 € 22 — 22+ 2
The poles are given by 22 =2z +2=0 .. z=1=iboth are simple poles.
Residue atz =1 +1i is
k Y
Lt [-(1+30) z ML)
21+ [z-—1+D)]z-(1-2)] 2
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Similarly, residue atz =1 —1i is

. 2" (1-0)*
B e € AP B
N N
f(k) = sum of the residues = (1+_l) 4= L_)
2i -2
1 . .
= {— [(1+-(1- l)k]} (D
21
We know that (1+0k=(J2) {cos %n +isin %c}

(1-i)k=(2) {cosk—n— i sin k_n}
4 4
L+ -1 —i)k=(J2) {21’ sin %"}

.k
Substituting in (1), we get Ak) = {(ﬁ)k sin Zn}

224z

(Zi1) F(z) = m

fi) = == | 21 F(z) dz = sum of the residues
2mi °C

1 -9 22 +z 1 (z+1
= — -1 = h— —
om jc C-D2+D) F T om0 “

Poles are given by z =1, + 1

Residue (atz = 1) = Lt (z—1)2t — 2D
esidue (atz=1)= Tt (z z D D"
Residue (atz=1i)= Lt (z—1) 2 (41 = i*G+1) = i*(1+i) ——lik
TS z-Dz-Dz+i) G-1Q2) -2+ 2
1
Similarly, residue (at z = — i) is:—E (— i)

f{k) = sum of the residues

1 1
1 _ Dk (Ve 1_ ko (e
=1 2 l 2( =1 {i* + (=)} (1)

N | =

kn

1 kn . . km B km . .
1*=cos — +isin — ; (—1)*=cos — —1 sin —
2 2 2 2
i* + (—i)* =2 cos k?n . Substituting in (1), we get

1 kr| kn}
ﬂk)—1—2 {2cos7}—{1—cos7 .
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2z 2z
A F = =
(@) @) 22-2242-1 (-DE%2+1
Polesarez=1,z=+1
Residue (atz=1)= Lt (z—1) 2" 1
esidue (atz=1) = -1)———— =
uetats B Yo )
22" 2;" i*
Resid tz=0)= Lt (z—1i = == .
esidue (atz=0)= Lt =0 3G dern ~ G-D@) - 1+i
pa— / k
Residue (atz =—1) = — ( l),
1-:
ik (_ l)k
f(k) = sum of the residues = 1 — -+ -
1+ 1-1
it ik /2
=1-2R.P.of -|=1-2R.P.of —
1+1 \/56””4

=1— ﬁ R.P. of eik n/2 - in/4

=1-4/2 cos (%—gj = {1—(cosk§+sink§)} .

2(z+1)
(z-1?

z = 1is a pole of order 3

2 3 k
Residue (atz=1)=o5 Lt & JE=D.z +]
(z-1)

(v) F(z) =

2! 251 dzz

1
=51 Lt1 (B + 1)zF1 + k(k — 1)2F2)

1
=5 {R2+k + k2 —Fk} =k
flk) = sum of the residues = {£%}, £ =0, 1, 2, ......
2(z2 -1
(2% +1)?
z =+ 1 are poles and each is a pole of order 2.
ko2 B2

. . d 2 2°(2°-1) d |z°(z"-1)

Resid tz=1i)= & leg-1prP=2 =~ t_ 1y 22
esidue (atz=0)= Lt { -2 (z+0)?] ividz | (z+i)?

+)? 2" 22+ k2" 2 - D] -2F 2 -1 .22+ R, ,
= Lt =—1
z2i (z+i)4 2

(vi) F(z) =

k
Similarly, R, = Residue of flz) (at z = —i) = o (- )"}

Ak) = sum of the residues = {g A1+ (- i)k‘l]}, £=0,1,2, ...
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R
Example 2. Using residue’s method, evaluate Z! {82 2 }

4-2)7°
.3
Sol. Here, F(z) = M
(4-2)
Poles are given by, z = 4 (pole of order 3)

Residue of F(z) (at z = 4) is

1 d2 3 k-1 82—23
- KL - EE
R (3—1)![(122 {(Z ey | B

2 2
=%{% {(z° —82)2}‘_1}} :l{d—Q ("2 - 82k)}
z=4

2| dz

z=4

(& + 2)(k + 1)z — 8k(k - 1)2" 2], _,

(% +2)(k+ 1) (4 - % k(k—1) (4%

. N[ = N

=4?[k2+3k+2—%(k2_k)} = (k% + Tk + 4) (4): 1

e
71 {(842_ :)3} —R={(k2+ Tk + 4) (401},

Example 3. Using residue’s method, show that

> 322 +2 :ﬁ r, 31, ok
? {(52—1)(5“2) 75 2 s Y

322 +2
5z -1D(5z+2)
Poles are given by (5z — 1)(5z + 2) =0
_laf
55

Sol. Here, F(z) =

= z which are simple poles. Consider a contour | z | =1

. 1 1) h-1 _ 82" +2
Resid tz=— R, = Lt -= “(Er— 1VE»” = 9)
esidue (at z 5)15 1 1[(2' 5)2 5z - D(z+2)

z——
5

_ F. L
157 B2+

k-1
1(1 3 53
S LAY (2] 222 (gp
15(5) (25+ ) 75 (2

R, = Lt (2+g).zk‘1.ﬂ
2 L5 s 5 B5z-1D5Bz+2)

2P 71822 + 2)}

Residue (at z = — 2/5) is
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= Lt 1 1 21322 +2)
z=-2/5 |5 (5z-1)
1( 1) (—2)’“(12 ) (- Dk . 2+1 g2
L P Y Lyg|l=—TL 2 22
5 3 5 25 (5)k+2 3

62

31
_22 1V ok-1¢ oy — 22 4k
=5 (=1).2¢1(.2) 75 (- .4)

53 31
Hence, Z7!{F(z)} = {fik)} = sum of residues =R, + R, = Fr (2F + P (GWL

2.27.5. Power Series Method

In this method we find the inverse Z-transform by expanding F(z) in power series as illustrated
in the following example.

Example. Find Z! {log (%J} by power series method.
z

z
Sol. F(z)=1 —_—
: o2,
Letz=~ th Fz) =1 1/y log (1 + )
hEE, e 2)=log 3/ [ =l +y
_ 1, 3 R SR S S -D*
_y+2y 3y+ ...... =Tt oz 3,3 + p z
0, for k=0
fik) =271 {F2)} = { (- D* .
———, otherwise
k
2.28 SOME IMPORTANT INVERSE Z-TRANSFORM RESULTS
S.No. | F(z) {f(r)} {f(k)}
where |z | >|a |, k>0 where |z | <|a |, k<0
1. 1 11U (k1) — a1 U= k)
zZ2—a
2, & @t U (&) or at —at
zZ2—qa
2 k k
. 1 - 1
3 o a? k+1)a k+1)a
1
4. 3 (k-1 ak2U (k-2 — (k-1 ak2U(Ek+1)
(z-a)
5 2 L e Bin—DatUR L Gt D) Rn-Dat
. (z—a)n (n—l)' ...... n— a _(n—l)' ...... n — a

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

198 A TEXTBOOK OF ENGINEERING MATHEMATICS

2.29 DIFFERENCE EQUATIONS

The inherent discrete nature of some physical phenomena gives rise to work with discrete
functions. The mathematical models in which a variable can have only discrete set of values,
give a chance to study difference equations. Difference calculus also forms the basis of difference
equations which arise in the theory of probability, in the study of electrical networks, in
statistical problems and in all situations where sequential relation exists at various discrete
values of the independent variable.

2.30 DEFINITION

A difference equation is a relation between the differences of an unknown function at one or
more general values of the argument.
Or
An equation which connects various differences of an unknown function is called a
difference equation.
A difference equation is a relationship of the form

Ay Ay Ay
Fx,y,E,F, ...... ,m =0 ..(1)
Ay fx+h)—-f(x)
Let y = flx), then P —
Ny  fxc+2h)=2f(x+h)+f(x)
Ax? h?
A'y  flx+nh)—.... + o
o = o .
where A is the interval of differencing. Hence eqn. (1) can be rewritten as
o [x, fx), flx + h), flx + 2h), ...... ,flx + nh)]1 =0 ..(2)
where flx) = y is an unknown function.
e.g. Ay, +2y,=0 ...(3)
A%y, + 3Ay, +y, =0 ..(4)

Ifwe put A=E — 1, where E is an operator called shift operator such that E{flx)} = flx + 1),
then eqns. (3) and (4) can be rewritten as
(E - 1)yk + 2y,e =0

= (E+1)y, =0 ...(5)
and (E - 1)2y,e +3E-1)y, +y,=0
= E%, +Ey, -y, =0 ...(6)

Eqns. (3) and (4) may also be put as
Yer1 ¥, =05 Yo + Vi~ =0.

2.31 ORDER OF A DIFFERENCE EQUATION

The order of a difference equation is defined as the difference between the largest and the
smallest arguments for the function involved divided by 4, the interval of differencing.
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Consider the difference equation
Vs ¥ Vpe1— Y =0
(k+2)-Fk
1

Note. While finding the order of a difference equation, it must always be expressed in a form free of A’s.

Order = 2.

2.32 DEGREE OF A DIFFERENCE EQUATION

The degree of a difference equation is defined to be the highest power of flx).

2.33 SOLUTION OF A DIFFERENCE EQUATION

A solution of a difference equation is any function which satisfies the given equation. The
general solution of a difference equation is defined as the solution which involves as many
arbitrary constants as the order of the difference equation.

The particular solution is a solution obtained from the general solution by assigning
particular values to periodic constants.

Consider a difference equation
Ypi1—2Y,=0;h=0,1,2, ... ...(1)
Let y,=2"h=0,1,2, .. ...(2)
The function y, defined by (2) satisfies the difference equation (1) so it is called a solution
of eqn. (1). Generally eqn. (1) is satisfied by
¥, = ¢ . 2" for any constant ¢ ..(3)
The function y, given by eqn. (2) is a particular solution of eqn. (1) while function y, in
eqn. (3) is the general solution of eqn. (1).
Remark. A difference equation may have no solution just as in case of algebraic equation
e.g. (v, —y,)%+y,%=— 1is satisfied for no real-valued function y.
We will now proceed to solve difference equations with the help of Z-transforms.

2.34 APPLICATIONS OF Z-TRANSFORMS TO DIFFERENCE EQUATIONS

Z-transform is useful in solving difference equations.

The given difference equation can be converted to the form y = ¢(z) by taking Z-trans-
form on it, provided the initial values of y are known. Using inversion, we can get the value of
¥, which is the solution of the given difference equations.

2.35 PROVE THAT

Z2(Yy,y) = 2" (?— Yo —%— cea— y§:11 j, where Z(y,) = y.
z

o

Proof. LHS = Z (y,,,) = > Yy, 2= 2" > Yy, 2
k=0 k=0

Setting m = n + k, we get

oo

oo n-1
z@kﬂz) =N Z Ym ZMm = n [z Ym zm ZO Vm z_m:l
m=n m=

m=0
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= Y1 Yo Yn-1
=z" — Yy — - — =
|:y Yo 5 22 Zn1:|
Note. Forn=1,2,3, ...... , we have

Zp) =2(y =)

Z@MQ=£(§—yo—l%

4

Z(y,,s) =23 (y— Yo —ﬁ—y—g) and so on ...
Z z

Note. If Z(y,) = y, then Z(y, ) =27 y.

EXAMPLES

Example 1. Solve by Z-transform: y, , +y, =1ify,=0.
Sol. Take Z-transform on both sides, we get
Z(y,.1) + Z(y,) = Z(1)

2z
Z(y_yo)"'y: z—1

z
= yiz+1)= 21 o y,=0)

zo_ 2o 1)l 2 2
YT D+ 2|21 z+1
Take inverse Z-transform,

1 1 z -1 z 1 b
=— - =—{1-(1)}.
S P P

Example 2. Solve by Z-transform: y, ,—3y,,; +2y,=0;y,=0,y,=1.

Sol. Take Z-transform on both sides,
Z(y,,9) — 3Z(y,, 1) + 2Z(y,) = Z(0)

= 22(§_y0_%)—3z(§—y0)+2§=0

(22-3z+2)y =z

z B z _z z
22-82+2 (z-D(z-2) z-2 =z-1
Take inverse Z-transform, we get

y =

y, =212 ___Z |=(2t_1) where k=0, 1,2, ....
k
z—-2 z-1

Example 3. Solve the following difference equations using Z-transform
Vi1 =2, =1L k20,y,=1
Sol. Taking Z-transform on both sides, we get
Z(yy1) — 2 Zy,) = Z(D)
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- Ay —y) =27 = —
Y =¥)=2¥ = ——
52
= z—2)y = +z= =
( )y o -1 | Yo
_ 22
= YT e-De-2)
- l= z _ 2 B 1
z (z-Dz-2) z-2 2z-1
_ 2z 2
or y_z—2 z—-1

Taking inverse Z-transform, we get

z
_97-1 _7-1
yp=22 (2—2) Z (2—1
-2cosay, +y,=0,y,=0,y,=1

x+2

J =2(2F) -1 = {21 1}

Example 4. Solve using Z-transform :y

Sol. Take Z-transform on both sides,
9| = Y1 = = _
z (y—yo——j—2cos0c.z(y -y)+y=0

= 22(§—1j—22cosoc.y+§=0
z
_ z 3 z
Yy =73 - io —io
z°—=2zcosa+1 (z—-e*)z—-e™")
- =1 z Lt z
Y = osina z—e®* | 2sino | z—e®

Taking inverse Z-transform, we get
- A A
= [(e"*)* — (e7%)"]
Y 2sin o
= __l [(cos oox + i sin ot x) — (cos oL x — i sin oL x)]
2sin o
sin oL x
sino |

1 1
Example 5. Solve using Z-transform : y, + 2= O(k) + 3 Ok-1)

where &(k) is unit impulse sequence.
Sol. Taking Z-transform on both sides, we get

1 1
Zy,) + 4 2, 1) = ZISU) + 5 Z(8Ck - 1))

g 1 L
+—zly=1+—-2z
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1+ % 21 z+ %
= Y=_"1 ;771
1+-2 zZ+—
4 4

1
There is only one simple pole at z = — 1

1

B 1 A

Residue (atz=—lj is = (z+—).zk L 3
4 4

k
1 1
Example 6. Solve by Z-transform y,, , + i Vi = (Zj ;R>0, y,=0. (U.P.T.U.2009)

Sol. Take Z-transform on both sides,

1 1)
2y + 5 20y =2 KZ) }

_ 1 _ oz
= Ay —y)+ ¥y ="7
S 1
4
— £ 4
CHEN
z——|z+-—
4 4
y 1 1
Z=2|—g-—7
Z z—— z+—
4 4
— z z
e S R ¥
z—— z+-—
4

Take inverse Z-transform on both sides,
k k
1 1
yk-z{(z) (-] }

1 ook
Example 7. Solve: y, + 55 Vo= (é) cos ?n (k 2 0) by residue method.

Sol. Take Z-transform on both sides, we get

1 1)*
Z (yk +£yk_2) =7 {(g) cos kn/Q}
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_ 1 5 _ 22 o et cos ok) = 2(z—ccos )
- y+%z P 22 — 2¢z cos o + ¢2
2t o Herea=n/2,¢c=1/5
25
22 24

5 5°

. i d i\ z
Residue (atz=—)= — (z——j A S—
5) | dz 5 ( ) 1)2

\2 .
d 53 ) (Z+;) (k+3)zk+2—zk+32(2+;)
“e=d (=48
i 5 _i 5
(k+2) (1)’*’ " (k+2) (1)k( T n)k
= = = = COS—+1S81n —
4 5 4 5 2 2

= (k+2) .(cosk£+isink£j
2 2

z=

%18
Ot ~.

4.5
Residue (at z= _—l) = (k+ %) (cos o _ i sin k_n)
5 4.(5%) 2 2
. (k+2) km
¥, = sum of residues = 2.5 cos .
Example 8. Solve by Z-transform the difference equation
Viso + Yoy + 9y, =28 (v, =y, =0). (U.P.T.U. 2010, 2014)

Sol. Taking Z-transform on both sides, we get
Z(y,,,) + Z(6y, . |) + Z(9y,) = Z(2F)

= z2(§—yo—ﬁ)+6z(i—yo)+9i=i
z z—-2
z
= (22+62+9)§=Z_2
v
- YT - 2(z+9)?
Poles are given by (z-2)(z+3)%=0 = 2=2,-3
There are two poles out of which one is simple and other is double.
Residue (at z = 2) = |(z-22" ;2} = {L} = z
(@-20E+3"], 5 " | (z+3?| _, 25
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d?-! _
Residue (at z = — 3) 1 —T11+ 3)?.z ;2
(2 D! |dz (z—-2)(z+3) _ 3

d 2" _ (z-2). k"1 - 2F
dz |(z-2) 22_3_ (z-2)* s

_ _ k-1 ok 1 _a\k
_ —5k(=3) (-3) =__}"/(_3)}6_1_( 3)
25 5 25
k _ o)k
Hence f(k) = Sum of the residues = { 2 _k (— 31— =37 } )
25 5 25

Example 9. Using Z-transform, solve the following difference equation:
Vpuo + 4y, + 3y, = 3% given y,=0 and y, = 1.
Sol. Taking Z-transform on both sides, we get
Z(y, o) + 4Z(y, ) + 3Z(y,) = Z(3k)

— Y1 _ _

2 - - —_ =
= z(y Yo Z)+4z(y Yo + 3y ~_3
_ z

= (Z2+4z+3)y —z=
z—3

_ z z
= y =

+
z-3)z+D(z+3) (z+D(=z+3)
Taking inverse Z-transform,

B e
k (z=-3)z+D(z+3) (z+D(=z+3)
=Z 1 {PR)} + Z71{Q(2)}

. ~ z 3k
Re51dueofP(z)at(z=3)=ZI_JJ;3 (2_3)'2k1'(z—3)(z+1)(z+3) =1
Residue of P(z) at (z =— 1) = Lt 1) . g1 : iy
esidue of Pl)at (z == 1) = Lt =+ 1.2 5 10z +8) = Ce)
Residue of P(z) at (z=-3)= Lt (z +3).z*k1 & —ﬂ

B T 253 : "(z=-3)(z+D(z+3) T 12
Residue of Q) at G =— 1= Lt (c+1). 251, ——— - D"
esidue of Q(z) at (z = — _z%-12+ A T D3 T 5
Residue of —_3)= 3) . zk-1 ;_ﬂ
esidue of Q(z) at (z = — )-th_s(z+ ).z " z1Dz+3) - _9
3 * 3)* —1F (=3
yk=sumofresidues—{—4—( ) (12) }+{( 2) —( 2) }

3__ E_ vk
{4 -1 2(3)}.
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Example 10. Use Z-transform to solve the difference equation:
Vo = 2Wpoy + V), =3k + 5.
Sol. We have,
yk+2_2yk+1 TV = 3k +5.
Taking Z-transform on both sides of the given equation, we get
z

) 9 (F—y) 4 T = ZBk +5) = S +5.
Y=Y z R “(z-D? z-1

Let y,=a and y, =0 then, (2) becomes

o (= b _ _ 3z N 5z
ze|y—-a 2 —2z(y—a)+y=—(2_1)2 2-1
_ 3 5
(22—2z+1)y—az2+2az—bz:ﬁ+7zl
_ 3z 5z
= (z-1?2y = 17 *——1 +az2+(b-2a)z

_ 3z 5z az’?

= 1 + 3 +
(z-D* (-1 (-1
Taking inverse Z-transform, we get

3z = 5z 1l az?+(b-2a)z
_pa| 2% |ygl| 2% | g1|% TOTa)Z
e Rl = =

5 +(b ZG)W

3z
Now, let Fiz) = ——
ow, le (2) e
Pole is z = 1 of order 4.
d? _ 3 3
Residue (atz = 1) =37 Ll {( -D* .z ﬁﬂ = é{d_?’ (3zk)}
z=1 z
1 53 _k(k-1D(k-2)
- E[ie(k- Dk - 2)z ]1 ==
k(k-1)(k-2
7 [F(2)] = %
5z
Let G(z) = m
Pole is z = 1 of order 3.
2 2
Residue (atz = 1) =3 {; {( 1%, = 21)3 Zle = é{%@z )
z=1
5k (k-1
_2 1).k-2 RV E
=3 [k(k 1271, _ 9
ZG(2)] = g k(k—1)
az® + (b -2a)z
Let Hez)=———"F=—

(z-172
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Pole is z = 1 of order 2.

2 —_—
Residue (at z = 1) 1 l d {zkl Y {az® + (b - 2a) Z}H
-1

T©2-1!|dz (z-1)>2

_ (% [2¥ 7 a2 + (b - 2a)z}]j = [% (az" + (b - 2a)zk)} 1
= la(k + 1)2* + (b — 2a) kz*1]__ = alk + 1) + (b — 2a)k
=a+bk—-ak=a(l-Fk)+0bk

. Z71H)] =a(1-k) + bk

Now, from (4),

k(k—2)(k-1)
=T 4

k(kz_ L (+3)+bk—alk—1)

=—k(k_12)(k+3) +b-ak+a

{k(k -D(k+3)
- 2

5
+§ k(Ek—1)+bk—alk-1)

+Cy + Clk},
where, C)=a and C,=b-a.
Example 11. Using the Z-transform, solve the following difference equation:
Yhsz = Yir1 =¥ = 0, ¥(0) = 0, y(1) = I.
Sol. Taking Z-transform on both sides of given equation, we get
7(6y,.5) — 2y, 1) — Z(y,) = Z(0)

= 622 (y—yo—%j—z(i—yo)—?ﬂ
622(§—1)—2y—§=0
z
(622 -2-1)y =62
> 6z 6z 2
or = P = =
622-2-1 (Bz+D2z-1 (Z+1)(z_1)
3 2
r O (N R R R
) 2_5 1 1 _5 1 1
o Z24+ = z2-— z+=
2 3 2 3

Taking inverse Z-transform on both sides, we get

6 -1 Z -1 z 6 { 1 k 1 k
et o)
5 Z—1 Z+1 5 2 3

2 3
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Example 12. Using the Z-transform, solve the following difference equation:
Yirz = i 2 ¥ par — ¥ = U (R); y(0) = y(1) = y(2) = 0.
Sol. We have,
Viss — e g+ 3Vpey — ¥ = w(k) (1)
Taking Z-transform on both sides of equation (1), we get
- Y Y _ y _ -z
2 (y—yo —;1—2—3) — 327 (y—yo —j) +32(¥y -y =¥ =77
= (22 -322+83z-1)y = ——
z-1
= y=—2
(z-D*
Taking inverse Z-transform, we get
z
—71|—=
o Lz - 1>4}
z
Now, F(z) = -1
Pole is z = 1 (Pole of order 4)
. . 1| d° 4 k1 2 1(d®
Residue at this pole = 3 {—3{(2— D*.2". '] =% E(z ) B
1 k(k—1D(k-2
= E[k(k ~D(k-2)2"3] _ = %

k(k—1(k-2
Hence, E = {%}, k>3.
Example 13. Using the Z-transform, solve the following difference equation:

1 1Y
Ve \3) Y= 3 ,k>0,y(0) =0.
Sol. Taking Z-transform on both sides, we get

(2)

-1 . =z
= y-g2ly= 1
P
3
2
z _
= (1—12-1) y = i = y=—2 3 (D
3 s 1
3 273
Taking inverse Z-transform on both sides, we get
2
z
V=2
)
s T
3
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Here, Fe)=—"=
)

1
Poles are z = — which are of order 2.

2 2
Residue at this pole = (2_11)! % (z—%) .zkl.('zﬁ
73 1
T3
d k+1 k k+1
=|:E(Z ):|Z_1=|:(k+1)2 :|1= 3k
3 =3
k+1
From (2), Ye=1"3% [

Example 14. Using the Z-transform, solve the following difference equation:

oo ()= {(2) (2 a0

1 1
Sol. yk+1—6yk_2= 2 cos?,kzo
Taking Z-transform on both sides of equation (1), we get
_ 1 P
Y+1g7 V= o1
4+ =
16
2
(14‘ —_— 2_2) y = 2
16 s 1
4+
16
2* z*

y: -
2 1)( 2 1) s, 1Y)
(Z +]_6 Z +16 (z +16)

i
There are two poles of IT order at z = 1 and z = e

N2
. AR .5 k-1 z | L=
Res1due(atz_4]- 7 (z 4) A 1V =% ( ijz
25+ — zZ+—
( 16) i 4
4

. \4
l
z+—
( 4) .

N
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(z + ;) (k+3)2F2 — 93

©\3
l
z+—
=0 L
. LN\ k+2 .\ k+3 -k -k
L.(k+3)(lj —2(‘) i3(k+3jlk—2i3lk
2 4 4) 32 )4 64 4
2]
9 8
R+2) (i) k+2 ( kno . kn]
[ERE—— —_ =7+l COS— +181In —
4 )4) T @ 2 2

Residue | at z=— i is = M (cos k—n —1sin kn)
4 (4)k+1 2 2

. (k+2) kn
¥, = Sum of residues = {@)k” .2 cos 2}.

sink; k>0

0: k< 0}; given that y, = 0.

Example 15. Solve using Z-transform: y,, , -5y, = {

Sol. Take Z-transform, we get

(7 —yg) -5 zsin 1 (1)
2(y — - =
Yo 22 -2zcos1+1
_ zsin 1
= (z-5)y = | Yo=0

22 -2zcos1+1

zsinl
T (2-5)2%-2zcos1+1)
Taking inverse Z-transform, we get

Y

) zsin 1
M=l G TB) eme) (z—e )
in 1
Here F(z) = d Smi =
(z2-5)(z-e')(z-e™)
Consider a contour | z | =6

Residue of F(z) at (z = 5)

1 zsin 1 5% gin 1
= Lt =) G T e—e)(z-e) ~ 26-10cos 1
Residue of F(2) at (z = ¢%)
zsin 1
_ iy k1 : :
_zEtei (e-eh= (z-5)(z-e")(z—e™)
(e))* sin 1 et

T (el —B)ei—e ') 2i(ef —5)
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Residue of F(z) at (z = ™)

. zsin 1
= It (z+e?).2k1, : :
et (z-5)z—-e')Nz-e)"

B (e’i)k sin 1 _ ek
(et =B) et —e) 2i(5-e7h)

f(k) = sum of residues

5% sin 1 et e
= + - + -
26-10cos1 2i(e*-5) 2i(5-e™)

5" sin 1 N 1{ cosk+isink N cosk—isink }

= 26-10cos 1 9% |cosl+isinl—5 b5—cosl+isinl

B 5% sin 1 B cos ksin 1 (5—-cos1)sin k
T 26-10cos1 26-10cos 1 26 —-10cos 1

sin 1

5-cos1l
i 26—-10cos1 °

flk) = {A(S)k —Acosk-A [ ) sin k} where, A =

sin
Example 16. Solve by Z-transform: 'y, ,= 7y, + 10 x,
X1 =Vp x5 yy=3,x)=2.

Sol. Vo1 = 1y, + 10x,,
Taking Z-transforms, we get

2(y —y,) =7y +10x
= (7-2)y +10x =-3z (1)
Applying Z-transform to x, , =y, + 4x,, we get

2(x —xp)) =4x +y
= y—(z—-4x =-2z ..(2)
Eliminating y from (1) and (2), we get

(22 -11z + 18)x =222 - 11z

_ 222 - 11z z z
X = = +
z-2)(z-9 2z-9 z-2
x;, = {9% + 2%} (Take inverse Z-transform)
The equation is Xy =Yy + 4,

Yy, =Xy, —4x, = (9)e+l 4 (2041 — 4(9% + 2k) =5 . 9k _ 2 2k
Hence the solution is
x, ={9% + 2% andy, = (5. 9% - 2. 2k}
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ASSIGNMENT
1. Find the inverse Z-transform of:
2 2
@ z°+ 22 (i) 29+ 2z Gid) z
(z-1) (z-1D(z-2(z-3) (z-1D(z-2)(z-3)
5z 22
() —= V) — i) —————
22 +11z + 30 (2z - D(z-3) (z+2)%+4)
-1 3 2 _
(vii) —2—— (viii) F(z)=— 22 () 2 22
(1-2z7) (z-2)8z -1 2% —52° +82-4
M. T.U. 2014)
2. Using convolution theorem find the Z! of
2 2 2
W — 2 i) — 52 (i) —— .
(z—-4)z-3) 2z-14z-1) (z-a)
3. Solve the following difference equations:
@) ulk +2) —bulk + 1) + 6u(k) =6k if u(0) =u(1) =0
(D) Yo — 3V 1—4y,=03;y,=3,y,=—2
D)y, , 0+ Y,,1—20,=035,=4,9,=0
@)y, 0= 2V, ,1+y,=3k+5,y(0)=0,y(1) =1 M. T.U. 2014)
by using Z-transform.
4. Solve by Z-transform:
(@) Vg = Wpoy + 3y, = 5 (i) Ypp0 = 5y — 6y, = 2 (ii1) Y0 — 6Yj4q + 9, = 3%,
(G.B.T.U. 2011)
() y,,0— 4y, =k—1 (V) Yoo — 6Yy,1 + 8y, = 28 + 6k
W) y,,1—2y, 1=0, k21, y0) =1 (UPT.U. 2015)
5. Solve the following difference equations using Z-transform:
@) Vo= W Y =k599=y,=0 ({i) ¥y —4,=0;5,=0,9,=2  (UP.T.U. 2008)
(W10) Ypoo — 241 + ¥ =25 90=2,5, = 1. () y, + 3y, 4 + 2y, 5 =8k) + 28(k — 1)
. 1 923
6. FindZ A (U.P.T.U. 2015)
Bz-1D"(z-2)
Answers
. .. 3 5 a1 1 .
1. ()2k+1 (i) 5 4(2)% + 3 3k (iii) 37 (2)F + 3 3  (iv) (=5 —(—6)*
k k+1 ~R+1 ~k+1
1 L (=2 (20) (20) ..
3k_| = - 2k(k —1) Uk
© (z) v 8i(l+i) 2i(1-0) (vit) 2k =D U

(viid) fik) = %(2)’e —[

(i) 4k+1 _ 3k+1

25k + 85k +72](le

o3 -4

3
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212 A TEXTBOOK OF ENGINEERING MATHEMATICS
. 1 1 1 .. 1. .., 14 2
3. (@) uk)= 12 (6)F — 3 (3 + 1 (2) @)y, = 5 4) +? -1
(iii)yk=§+§(—2)k (iv) yk=W+k
5" ok
4 Dy =ci+ e+ o (i) y), = ¢4 (= 1) + cy(6)F — =
ji1) y, = k) (3)k lkk 1) (3)k2 2 =c,(2) 2)k £+l
(iii) y, = (cq + cyk) (3)* + 5 (k-1)(3) (@) y), = c1(2)% + cy(— 2)* — 379
k 8 . 1
©) y, = ¢ (D + [cz - Z) @+ 2% - < i) y, = 5 [W2)F + -v2)]
: E{l_(_ ) - -1 -1 %
5. @Dy,= 1 @)y, =2+ (- 2) (@) y,=1-2k + 2
@) {(= 1 uk)}
k
6. gp_(SkrIl)1}
25 25 3
TEST YOUR KNOWLEDGE
. . . . k, 0<x<a .
1. Find Fourier cosine and sine transform of f(x) = 0 where % is a constant.
2. Find Fourier cosine transform of e cos ax.
3. Find flx) if its Fourier cosine transform is 2i (a - %) if p < 2a and 0 if p > 2a.
I
. . & . 1-0o, 0<a<l
4. Solve the integral equation J f(x) sin ox dx =
0 0, a>1
[T _[1-0a, 0<a<1
5. Solve: J.o f(x) cos ox dx = { 0, o1
6. Define Fourier transform of a function f(x). (U.P.T.U. 2014)
7. Define Fourier sine and cosine transform.
8. Write any two properties of Fourier transform with proof.
9. Find the complex Fourier transform of dirac-delta function d(x — a).
10. State and prove convolution theorem of Fourier transform. (M.T.U. 2014)
11. Define Z-transform of a sequence {f(2)}.
12. Define inverse Z-transform of a function F(z).
13. Define unit step sequence and find its Z-transform.
14. Define unit impulse sequence and find its Z-transform.
15. Find the Z-transform of {"C,}, 0 <k <n. (M. T.U. 2014)
16. State and prove change of scale property of Z-transform.
17. Find the Z-transform of {3}, 2 > 0.
18. State and prove convolution theorem for Z-transform.
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19.

20.
21.

22.

23.
24.
25.

13.

17.

23.

INTEGRAL TRANSFORMS 213
2
Find the Z-transform of {%}, k>0.
Explain the inverse integral method of finding inverse Z-transform of a function F(Z).
Define a difference equation. Define its order and degree. How is Z-transform useful in finding
the solution of a difference equation?
4z71
Find the inverse Z-transform of m
Solve by Z-transform: y, o +y,,, —2y,=0,y,=4,y, = 0.
Solve: y,.; —5y,,1 — 6y), = 2k by Z-transform.
Find the Z-transform of {a*}, 2 > 0. (U.P.T.U. 2014)
Answers
2 2 .
ksinap k(1 - cos ap) a(p” +2a”) 2 sin? ax
, - 1 1 3. 573
p p p + 4a T X
e 2(1 - cos x) .
Zfz-snx 5.5 — 9. el
T x2 s
n
2 14.1 15. (1 . l)
z-1 2
B 142242 1|2(z+1) 3z 2z
—_— 19. — 3+ 5+ 22, 2k(k — 1) u(k)
(z-1 2|z-1° (z-1* 2-1
k
8 4 (2) z
= — 4+ — _zk 24. = —1k+ Gk—— 25. .
Y=g 3( ) Y, =¢q (=1 +c, (6) 15 p—
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UNIT 3

Statistical Techniques

3.1 MOMENTS

Moments are statistical tools, used in statistical investigations. The moments of a distribu-
tion are the arithmetic means of the various powers of the deviations of items from some given
number.

3.2 MOMENTS ABOUT MEAN (Central Moments)

3.2.1. For an Individual Series

If x,, x4, ..., x,, are the values of the variable under consideration, the rt" moment u, about
mean x is defined as

i (xi -x)

p== .r=0,12..
n

3.2.2. For a Frequency Distribution

If x, x,, ..., x, are the values of a variable x with the corresponding frequencies f, f;, ..., f,,
respectively then r*" moment u_about the mean x is defined as

Zn:fi(xi—f)r N
== ;r=0,1,2,... where N=Zfi

o N i=1
1< _ 1< N
In particular, W = ﬁ; fi(x, - x)° :ﬁl; f; =X ° 1
For any distribution, by=1
Forr=1,

n

=Y D :§Zfixi—f[§ifi]=f—f=0
i=1 i=1

i=1

For any distribution, u, =0

214
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STATISTICAL TECHNIQUES 215

For r = 2,
1 n
M= N Z fi(x; —x%)? = (S.D.)2 = Variance
i=1
For any distribution, u, coincides with the variance of the distribution.

w 18 _
Similarly, W, = 1 file; =), == ) filx; - x)*
3" N TN~
i=1 i=

and so on.

Note. In case of a frequency distribution with class intervals, the values of x are the mid-points of the
intervals.

EXAMPLES
Example 1. Find the first four moments for the following individual series:
| « | s | 6 | 8 | 10 | 18 |
Sol. Calculation of Moments
S. No. x xX-x (x - x)? (x-x) (x-x)?
1 3 -6 36 - 216 1296
2 6 -3 - 27 81
3 8 -1 1 -1 1
4 10 1 1 1 1
5 18 9 81 729 6561
n=5 Xx =45 Sx—x)=0| X(x—x)>=128 (x — x )3 =486 S(x — x )* = 7940
Now, X = & = ﬁ =9
n 5
T(x-%) 0 T(x-x)? 128
= = = = = = 256
Hy " 5=0 K - 5
S(x-%)° 486 (x-x)* 7940
= = =97.2, = = = 1588.
Hs n 5 Ha n 5
Example 2. Calculate u,, W, WU, U, for the following frequency distribution:
Marks 5-15 15-25 256-35 35-45 45-55 55-65
No. of students 10 20 25 20 15 10
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216 ATEXTBOOK OF ENGINEERING MATHEMATICS
Sol. Calculation of Moments
Marks No. of Mid- fx x—x | flx-x) flx— x)? flx-x)3 flx - x )*
students point
62 (x)
5-15 10 10 100 —-24 - 240 5760 — 138240 3317760
15-25 20 20 400 -14 - 280 3920 — 54880 768320
25-35 25 30 750 -4 - 100 400 - 1600 6400
35-45 20 40 800 6 120 720 4320 25920
45-55 15 50 750 16 240 3840 61440 983040
55-65 10 60 600 26 260 6760 175760 4569760
N =100 Tfx SAx—x) | fx—-x) | Zx-x)3 | TAx—x)*
= 3400 = = 21400 = 46800 =9671200
Now, x= e = 3400 =34
N 100
Sf(x-%) O Sf(x-x)? 21400
M=TTN 100 - M=TN T 100 D2
=3 ey
= Xf(x —x)” _ 46800 _ 468, b = If(x —x)" _ 9671200 _ 96719
N 100 N 100

3.3 SHEPPARD’S CORRECTIONS FOR MOMENTS

While computing moments for frequency distribution with class intervals, we take variable x
as the mid-point of class-intervals which means that we have assumed the frequencies
concentrated at the mid-points of class-intervals.

The above assumption is true when the distribution is symmetrical and the no. of class-

1
intervals is not greater than 2—Oth of the range, otherwise the computation of moments will

have certain error called grouping error.

This error is corrected by the following formulae given by W.F. Sheppard.

2

ted) = n, — —
U, (corrected) = p, 12

(corrected) = pu, — 1h2 + Lh“
My = Uy 2 Lo 240

where £ is the width of the class-interval while u, and u, require no correction.
These formulae are known as Sheppard’s corrections.

Example 3. Find the corrected values of the following moments using Sheppard’s cor-
rection. The width of classes in the distribution is 10:

u, =214, U, =468, u, =96712.
Sol. We have  p, = 214, U, = 468, u, = 96712, h = 10.
n? (10)
Now,  u, (corrected) =, — 15 214 - =214 — 8.333 = 205.667.

U, (corrected) = pg = 468
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1 2
—h* Wo +—h4 96712 — 19) (214) + — (10)4

2 240
= 96712 — 10700 — 291.667 = 86303.667.

u, (corrected) = u, —

3.4 MOMENTS ABOUT AN ARBITRARY NUMBER (Raw Moments)

If x,, x5, x4, ..., x,, are the values of a variable x with the corresponding frequencies f}, /5, f5, ..., f;,
respectively then r*h moment u about the number x = A is defined as

1< N
ur’=ﬁi;fi(xi—A)’;r=0, 1,2,.. where, N=;ﬁ

1 n
For r = 0, o=~ > file; AP =1
N&
1« 1< A
Forr =1, W=D file,=A) = D fxi-= > fi =x -A
N; N&= N=
138 9
Forr =2, “2’=ﬁzfi(xi_A)
i=1
’ 1 S 3
Forr =3, u3=ﬁ2fi(xi—A) and so on.
i=1

In calculation work, if we find that there is some common factor A (> 1) in values of

x—A
x — A, we can ease our calculation work by defining u = - In that case, we have

r’:%[Z}”u ]hr;r=0,1,2,...

Note. For an individual series,

1N ,
ur=;Z(xi—A) ;r=0,1,2, ..

w |h ir=0,1,2, .. foru=2"

i=1

3.5 MOMENTS ABOUT THE ORIGIN

Ifx,, x,, ..., x, be the values of a variable x with corresponding frequencies f}, f;, ..., f, respectively
then r® moment about the origin v is defined as

ZI»—*

izz,r—012 where, szn:fi
- i1
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218 A TEXTBOOK OF ENGINEERING MATHEMATICS
N
Forr =0, == x = =
Z fixi’ = =
1 n
Forr=1, V1=ﬁ2ﬁxi=_
i=1
1 n
Forr =2, vy = N Z fix;2  and so on.
=1

3.6 RELATION BETWEEN 1 AND .’

We know that,
PN AT )
i=1 1 _ ,
W = S =§;m<xi—A)—(x—A>1

1 ;=

ﬁz fillx, = A -, I | w=%-A

1 n

= 2 il = AY =7y — AL+ eylor, = AV P = e+ (= 1 )
i=1
| Using binomial theorem

= o= =T WU+ ey W iy — + (=T
Putting r = 2, 3, 4, we get

Ho =My — 202 + % = pg — p,? |~ pg=1
Mg = g — 3uguy + 3 — u? = uf — pguy + 2u 3
My = My — 4pgu) + Bugp® — 3u

Hence, we have the following relations:

H1=O

My = Wy — 1y?

Hg = Mg — 3pgp] + 207

and My = b — AW + 6 - 3u

3.7 RELATION BETWEEN v, AND 1

We know that,

n
Z fix,”;r=0,1,2, ..

i=1

V. =

r

Z| =
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:%Zlfi(xi—A+A)’

= %z Fille; —A) + ey, — A T A+ +AT]
i=1

=W +7c, A+ .+ A
If we take, A = x (for p ) then

VoS oHTC X HTC o X2+ X (1)
Putting, r =1, 2, 3, 4 in (1), we get
Vi= U+ X =X | v wy=0,p,=1

Vo = Uy + 2o X + 2y PoX 2=y + X2
Vg = g + Zeqly X+ Beglty X2 + Begt X3 = g + BU,x + X3
vy =y + e X+ feuy X+ fegy 8 + fe gt
=, + 4p,x + 6, x 2+ Xt
Hence we have the following relations:

2

V=% Vo=ly+ X

Va=Hg+ 3, ¥ + X3 and | v, =p, + 4% + 6T+ Tk

3.8 KARL PEARSON’S 3 AND y COEFFICIENTS

Karl Pearson defined the following four coefficients based upon the first four moments of a
frequency distribution about its mean:

3

B, = 3
Mo (B-coefficients)

My

B, = 24

2o}
1=+ \/E } (y-coefficients)

Yo = Bz -3

The practical use of these coefficients is to measure the skewness and kurtosis of a
frequency distribution. These coefficients are pure numbers independent of units of measure-
ment.

EXAMPLES

Example 1. The first three moments of a distribution, about the value 2’ of the variable
are 1, 16 and — 40. Show that the mean is 3, variance is 15 and p, = — 86.

Sol. We have A=2, p/=1, u =16, and p;=-40
We know that /=¥ -A = x=u/+A=1+2=3
Variance = u, = uy — ;2 =16 — (1)2 = 15
My = Mg — 3ugpy + 203 = — 40 — 3(16)(1) + 2(1)> = — 40 — 48 + 2 = — 86.
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Example 2. The first four moments of a distribution, about the value ‘35’ are — 1.8, 240,
- 1020 and 144000. Find the values of 1, , Uy, Hg, W, .

Sol. u, =0.
Wy =1y — 12 = 240 — (— 1.8)% = 236.76
Wy = [y — 3, + 2u;% = — 1020 — 3(240)(— 1.8) + 2(— 1.8)3 = 264.36
My = 1 = 4uguy + Bugpuy® — 3ugt
= 144000 — 4(- 1020)(— 1.8) + 6(240)(— 1.8)? — 3(— 1.8)* = 141290.11.
Example 3. Calculate the variance and third central moment from the following data:

x, 0 1 2 3 4 5 6 7 8
fi 1 9 26 59 72 52 29 7 1
(U.P.T.U. 2006)
Sol. Calculation of Moments
-A
x f I . fu fu? fus
A=4 h=1

0 1 ~4 —4 16 —64

1 -3 - 27 81 — 243

2 26 -2 - 52 104 - 208

3 59 -1 -59 59 - 59

4 72 0 0 0 0

5 52 1 52 52 52

6 29 2 58 116 232

7 7 3 21 63 189

8 1 4 4 16 64

N =¥ =256 Yfu=-1 Sfu? = 507 Sfud = - 37

Now, moments about the point x = A = 4 are

5. _
W = (ﬂ) h=—" __0.02734

N 256
Sfu?),, 507
ro | AE g2 200 g
Ha ( N J 256 9805
‘= —qu3 R =— 57 _ 0.1445
Hs= "N 56

Moments about mean

W= 0

Wy = py— W2 =1.9805 - (- .02734)? = 1.97975
. Variance = 1.97975
Also, g =g — Uy py + 2u73
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= (- 0.1445) — 3 (1.9805) (- .02734) + 2 (- .02734)3
= 0.0178997
Third central moment = 0.0178997.

Example 4. The first three moments of a distribution about the value 2 of the variable
are 1, 16 and — 40 respectively. Find the values of the first three moments about the origin.

Sol. We have A=2, pu/=1, pwy=16, u;=-40
: vi=x=A+u/=2+1=3
Vo=, + x2=15+(3)2 =24
Vg = g + Bl,x + X3 =—86 + 3(15)(3) + (3)% = 76.
Example 5. The first four moments of a distribution about x = 2 are 1, 2.5, 5.5 and 16.
Calculate the first four moments about the mean and about origin.

Sol. Wehave A=2, u/=1, p;=25, ny=5.5, i, = 16.
Moments about mean
My = 0

Hy=Hy—()?=25-(12=15

Wy =y — 3oy + 2(n))3 = 5.5 — 3(2.5)(1) + 2(1)3 = 0

My =1y — 4piuy + 6uguy? — 3uyt = 16 — 4(5.5)(1) + 6(2.5)(1)2 — 3(1)* = 6.
Moments about origin

v,=% = A+, Vo =y + X2
Vg =l + 3U,T + X7, V=, AT +6u,x? + x Y
vi=x=2+1=3, v, =15+ (3)2=10.5

vy =0+ 3(1.5)(3) + (3)3 = 40.5, v, =6+ 4(0)(3) + 6(1.5)(3)% + (3)* = 168.

Example 6. For a distribution, the mean is 10, variance is 16, v, is 1, and B, is 4. Find
the first four moments about the origin.

Sol. x =10, p,=16, v, =1, B,=4 | given
Now, Y, =1
S B, = v n=yB
u
- 221 = p?=p’=(16)% = (64)
)
= Uy = 64
and By =4
= Ba_y =, =4(16) = 1024 | o w,=16
)
Moments about the origin
v,=x =10

Vo=, + x2=16 + 100 = 116
Vg = lg + Bl,x + X3 =64 + 480 + 1000 = 1544
v, =l + 4U,X + B,x % + x4 = 1024 + 4(64)(10) + 6(16)(100) + (10)*
= 22184
Example 7. In a certain distribution, the first four moments about the point x = 4 are
- 1.5, 17,- 30 and 308. Find the moments about mean and about origin. Also, Calculate 3, and B,
(U.P.T.U. 2014)
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Sol. We have, A=4,u, =-1.5,u,=17, 1, =-30,, =308
Moments about mean

W= 0

Wy =Wy—W2=17-(-1.5)%=14.75

My =Wy — 3y, +2u3=-30-3(17) (- 1.5) + 2 (- 1.5)3 = 39.75

My = Wy — 4510y + Boly? — 3y

=308 — 4 (- 30) (- 1.5) + 6(17) (— 1.5) — 3 (- 1.5)* = 342.3125

Moments about origin

v,=X=p; +A=-15+4=25
Vo =Wy + 52 =14.75 + (2.5)2 = 21
Vg = Uy + 3, X +X° = 166

V=, + A X + 6, X0+ xt = 1332

Calculation of B, and B,

TH n
B, = =3 =0492377 B,= -+ =1.573398
) Ho

Example 8. The first four moments of a distribution about the value ‘4’ of the variable
are — 1.5, 17, — 30 and 108. Find the moments about mean, about origin ; B, and B,. Also find
the moments about the point x = 2. (U.P.T.U. 2007)

Sol. We have A=4,u’, =-1.5,u, =17,y =-30, ', =108

Moments about mean

=0

Wy =Wy — W2 =14.75

My = [y — 3Wy 1y + 2173 = 39.75

W, =W, — 4, 0y + 6 % — 3ut = 142.3125

Also, x=W;+A=-15+4=25
Moments about origin
v;=x =25

Vo=, + X2 =14.75 + (2.5)2 = 21
Vg = Uy + BU,x + x° = 166

v, =W, + 4T + 6u,x? + ¥t = 1132
Calculation of B, and B,

TH u
B, =5 =0.492377 B,= 5 =0.654122
Ko Wy

Moments about the point x = 2
W,=%-A=25-2=05
Wy =y + 1,2 =14.75 + (52 = 15
Wy =y + 3Wy 'y — 21,3 = 39.75 + 3 (15) (.5) — 2 (.5)% = 62
W, =y + 407 — 6 .2 + 3ut = 244
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ASSIGNMENT
1. (i) Calculate first four moments about mean, for the following individual series:
5, 5, 5, 5, 5, 5.
(i) Find the first four moments about the mean of the following series:
1, 3, 7, 9, 10.

(iii) Calculate u,, Wy, g, 1, for the series : 4, 7, 10, 13, 16, 19, 22.
2. (7) Find the first four moments for the following frequency distribution:

x 1 2 3 4 5 6 7 8 9
f 1 2 3 4 5 4 3 2 1
(i) Calculate the first four moments of the following distribution about the mean and hence find
B, and B,.
x 0 1 2 3 4 5 6 7
f 1 8 28 56 70 56 28 8

(it7) The number of flowers on Sunflower plants are given below:

No. of flowers 3 6 12 16 25
No. of plants 1 2 3 4 5
Calculate the first four moments about mean. [M.T.U. (B. Pharma) 2011]
3. (2) Find the first four moments about mean for the following frequency distribution :
Marks 0-10 10-20 20-30 30-40 40-50
No. of students 5 10 40 20 25

(i) Calculate the first four moments about the mean for the following:

Classes 5-15 15-25 25-35 35-45 45-55

f 14 22 36 18 10

(ii7) Calculate the first four moments about the mean for the following data:

Class-interval 0-10 10-20 20-30 30-40 40-50
f 10 20 40 20 10
M. T.U. 2014)

4, Calculate the first four moments about x = 15 and hence find the moments about the mean of the
following distribution :

x 10 11 12 13 14 15 16 17 18 19 20 | 21
f 9 36 75 105 116 107 88 66 45 30 18 | 5

5. (i) The first three moments of a distribution about the value 4 of the variable are 1.5, 17 and
—30. Find the moments about mean.

(i1) The first four moments of a distribution about x = 4 are 1, 4, 10 and 45. Show that the mean
is 5, the variance is 3, u 4 is 0 and p, is 26.
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(i) The first four moments of a distribution about the value 5 of the variable are 2, 20, 40 and 50.
Calculate mean, variance, U, and p,. (G.B.T.U. 2011)

6. If the first four moments of a distribution about the value 5 are equal to — 4, 22, — 117 and 560.
Determine the corresponding moments :

(i) about the mean, and (i1) about zero.

7. Compute first four moments of the data 3, 5, 7, 9 about the mean. Also, compute the first four
moments about the point 4.

8. Inafrequency distribution, the mean is 1.5, variance is 0.64, B, is 2.5 and vy, is 0.3. Find p, and p,
and also the first four moments about the origin.

9. The first four moments of a distribution about the value ‘0’ are — 0.20, 1.76, — 2.36 and 10.88.

Find the moments about the mean. (U.P.T.U. 2009)
Answers
. @Ou;=0,u=0,p3=0,u,=0 @)y =0,py=12, uy=—12, p, = 208.8
(i) py = 0, py = 36, Uy = 0, p, = 2268
2. @p=0,u,=4,p,=0,p,=376 @)y =0,u5=2,u;=0,u,=11,B, =0, B, =2.75

(i) iy = 0, p, = 54.8, |, = —49.6, 1, = 5475.6
8. ()p,=0,u,=125,pu,=—300,u, = 37625 (ii) 1, = 0, u, = 134.56, i, = 126.14, p, = 41840.82
(i) p, = 0, 1, = 120, py = 0, i, = 36000

Uy =0,u,=55u,=44,p,="77.8
@ py=0,pu,=14.75, uy = - 99.75 (i) 7, 16, — 64, 162
@0, 6,19, 32 (@) 1,17, 38, 145

B =0,p5=51u3=0,1,=41; u{ =2, u; =9, ug = 38.25, u, = 177
wy = 0.1536, u, = 1.024, v, = 1.5, v, = 2.89, v, = 6.4086, v, = 15.6481
uy =0, n, =172, uy = - 1.32, u, = 9.4096.

© P A: O R

3.9 MOMENT GENERATING FUNCTION
[UP.T.U. 2014 ; G.B.T.U. 2012, M.T.U. 2013]

For certain theoretical developments, an indirect method for computing moments is used. The
method depends on the finding of the moment generating function.

3.9.1. In Case of a Continuous Variable x, it is defined as

b
M(¢) = j et f(x) dx (1)

where integral is a function of parameter ¢ only. The limits a, b can be — « and - respectively.
It is possible to associate a moment generating function with the distribution only when all
the moments of the distribution are finite.

Let us see how M(¢) generates moments. For this, let us assume that flx) is a distribu-
tion function for which the integral given by (1) exists.

Then e may be expanded in a power series and the integration may be performed term
by term. It follows that

b 2
M) = L (1+tx thz—!x2 +] fle) dx

b b
- j £(x) dx+tj xf(x) dx + ...
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2

4
=v0+v1t+v2.§+... ..(2)

r

Obviously, the coefficient of o in (2) is the r* moment about the origin.

r

\Y
M(@) —"r!+vr+1t+... =v (3

r
t=0

Also,

r

t=0
Thus, v, about origin = r*h derivative of M(¢) with ¢ = 0.

Although the moment generating function (m.g.f.) has been defined for the variable x
only, the definition can be generalized so that it holds for a variable z where z is a function
of x. e.g., if z = x — m (m is mean), the r*» moment about z will give ! moment of x about the
mean m.

Moment generating function for z will clearly be given as

M, (¢) = j " e £ () dx

M _,@® = J.bet(x_m)f(x) dx=e™ Jbetxf(x)dx =e ™ M ().

3.9.2. In Case of Discrete Distribution of the Variable x
We know that, for a variable x,

v,=Zx".P
where P is the probability that the variable takes on the value x.
If z is any function of x, we get r** moment for z by the relation
v, =22"P
and the moment generating function is given by
M, (t) = Ze* P ~(D
To verify that this function generates moments, we will expand e and then sum term
by term,

£2 t?
M,(@) = Z [1+tz+§zz+..} P=XP+tZzP + 2—!222.P+

2
—vg v v+
0 IREPYIE:

r

In this case, we can also show that v = M., @)

r
dt -0

M(#) is clearly the expected value of ¢®* and hence can be written as E(e®*) which gives
the moment generating function incase of discrete as well as continuous variables.

Expectation of any function ¢(x) is given by

E{¢p()} = Z olax;) £(x;) | for discrete distribution

or, E{o(x)} = Jm o(x) f(x) dx | for continuous distribution
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Eqn. (1) can also be rewritten as

M, _@®=E [et-a)] = z PUC ) P, = o Z ol P, = e M,(t)

L
Therefore the moment generating function about the point ‘@’ is equal to e times the
moment generating function about the origin.
Note. m.g.f. is not always defined since E{| ¢ |} does not always exist for all values of ¢.

6
eg,ifflx)=—55,x=1,2,3, ... then m.g.f. does not exist.
nex

m.g.f. always exists for £ = 0 since M__,(0) = 1.

3.9.3. Properties of Moment Generating Function (M. T.U. 2013)

(1) The moment generating function of the sum of two independent chance variables is the
product of their respective moment generating functions.

Symbolically, Mx+y(t) =M (1) x My(t) provided that x and y are independent random
variables.
Proof. Let x and y be two independent random variables so that x + y is also a random variable.
The m.g.f. of the sum x + y w.r.t. origin is
M,, () = E{e’® )} = E(e’* . ¢¥) = E(e™) . E(e?)
Since x and y are independent variables and so are e”* and e?.
M, @) = M) . M)
Hence the theorem.

(2) Effect of change of origin and scale on m.g.f.

M) = e~at/h M_(t/h) where u = =

Proof. Let u be a new random variable given by u = Y79 sothatx =a + hu

then by definition, the effect of linear transformation on m.g.f. is governed by
Mx(t) - E(etx) - E[et(a +hu)] - E(eat . ethu)
- eat E(ethu) — eat Mu(th)

Also, M, (#) = E(e™)
xX—a at
=K et( h ) = e_TM (ij
“\h
3 M, (t) = M (ct), c being a constant.

Proof. By definition,
LHS = M_, (t) = E(e’*) = M, (ct) = RHS
Hence the result.
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EXAMPLES

Example 1. Find the moment generating function of the exponential distribution

1
f(x) = ; e‘x/c; 0<x<o,c>0 (M.T.U. 2014)

Hence find its mean and standard deviation.
Sol. Moment generating function about the origin is given by

M, @) = J:etx Lo go
c

1
oo t—— |x
=1J e( c) dx = =|—
cJo c ( 1)
t_f
¢/ lo
=(1-ct)yl=1+ct+c22+c% + ...

d
v, = [— Mx(t)} =(c+2c% +3c%2 + ...)
t=0

dt =0~ C
d2
and Vv, = R M, @) = 2¢?
£=0
Now, mean X =Vy=c¢
Variance Hy=Vy— x2=Vv,—V,%=2c%—c? =¢?

Standard deviation = /Ly =c.
Example 2. Obtain the moment generating function of the random variable x having
probability distribution

x, forO<x<lI
fix) =12—-x, for1<x<2
0, elsewhere

[M.T.U. 2012; G.B.T.U. (C.0.) 2011; G.B.T.U. 2013]
Also determine mean v, v, and variance |,.

Sol. M, (¢) = E(e)

= Jl x.e™ dx+J;2(2—x)etxdx+J; 0.e” dx

= =1+t+t2+..

2 ?
2 t+—+—+...
[et_lj 21 3!
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d
Mean =v, = [E Mx(t)} =1
t=0

Similarly, v, = 2, b, = v, — x2 = v, —v,2=2 - (1)>= 1 = Variance.
Example 3. Find the moment generating function of the random variable whose moments
arev, =(r+1)!2.

oo

Sol. M,(®) = E@e) = )" e” PX =x)
x=0
o tr oo tr . o .
= Z:)r—!v, =D DL = 3 D)
r= r=0"" r=0

=1+22t+3.2°%+....=(1-2t)2
Example 4. Find the moment generating function of the probability distribution function
fz)=e?(1+e?)?2 —co<z<oo.
Sol. M, (¢) = E(e”)

= Jm e? e F(1+e )2 dz

= Jmu2 w-1D"du wherel+e*=u = —-e*dz=du
1

1 1
=Jv_t(1—v)tdv wherev=1-— = dv=-—73du
0 u u

=B(1-¢1+¢);1-¢>0
=7t cosec mt, t < 1.

Example 5. Find the moment generating function of the negative exponential function
flx) = e ; x, > 0.

Sol. M, (t)= kJmetx e ™ dx = xJ'we<t*h>x di = ;LJ"” oD g
0 0 0

A oo (Y
(14 - (5] e
Example 6. Find the moment generating function of the discrete binomial distribution
given by
P(x) ="c_ p*q"~* (whereq=1-p)
Also find the first and second moments about the mean. (U.P.T.U. 2008)
Sol. Moment generating function about the origin is given by
M () =Ze™."c .p*q"~*
=Y ncx (pet)x qn—x — (q +pet)n

d
v1=[EMx(t)} = [n(q + pe)"~1.pet ], _,=np |Sinceq +p =1
t=0
d2
=|— M,®)
V2 Lit2 l o

= [nple! . (n — 1) (g + pe!)*~2 pet + (g + pe)"~1 . e}l _,
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= [np (g + pely*~2. et {(n — pe’ + (q + peD}], _,
[np(q + pel)* =2 . el(q + npe))], _

=np(q + np) | gq+p=1
= npq + n? p?
Hence first and second moments about the mean are given by
W= 0
Since X =V, =np

My =Vy— x2 =V, —V{ = npq + n’p® = n’p* =npq

Hence, mean = np, S.D. = ,Ju, = npgq.
Example 7. Find the moment generating function of the discrete Poisson distribution

X
given by P(x) =e™*- k—' . Also find the first and second moments about the mean.
x!

(M.T.U. 2013)
Sol. Moment generating function about the origin is given by

A* (he")* t e -1
eh L _ehy BT ok gl _pMe oD

M. (2) = Zetx . =
* x! x!

d =D 4t
Vl = [E Mx(t):|t_0 = [e e ]t=0 =A

2 t_
V2 = d_ M (t) = [7\, {et 4 e}”(et -D . 7\¢et + e}\’(e Det}]t:O
2 X
dt 120

= e ! Le' + Dl,g =ML + 1)
Hence first and second moments about the mean are given by
Wy = 0
Since vVi=Xx =L
- Hy=Vy—x2=vy,—Vv 2= (A+1)-A2=)
Example 8. Find the moment generating function of the continuous normal distribution

1 2
—— (x—p)
26° #

1
ven by flx) = ——e ;oo <X <oo,
gieen I = 5 Jox

Sol. Moment generating function about the origin is defined as

M) =E =] e .Le%(%} dx

—oo o221
M e 1,2 -
e # x
J. e ?2 ez where z = ~—
V2 J—e o
1o o 1 2
1 [ut+7t G ) o —=(z-tc)
2 J e 2 d

e z
Vo

—oo
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102 11262 © 2 T
_ eut+2t o _ eu 50 I e da= x/2_

0

Example 9. The random variable X assuming only non-negative values has a Gamma
probability distribution if its probability distribution is given by

i
fo) = TP

0, elsewhere

Ple= . x50,0>0,p>1

Find the moment generating function of Gamma probability distribution.
Sol. M, (¢) = E(e™)
oo B B e
- .[ et & yPlgmox gy o O[T Bl ploct) g
0 B I'B Jo

B -
= (O;W J;) y*1ePdy | wherey=x(c—1)sothatdy=(o—¢)dx
o —

-B
1 1
= FB:(l—LJ st ] <o
o

- 7

Example 10. Let the random variable X assume the value ‘n’ with the probability law

pX=n)=pq"*~,n=12 3, ... Find the moment generating function and hence mean and
variance. (G.B.T.U. 2010)
Sol. The given distribution is a discrete distribution.
M, =%em pg 1= Lxelg =L a-ept=—L
q q q(1-ge’)

which is the moment generating function.

d
V1 = [a Mn (t):|t

t

=£ qe = p =£=l
0 q|(-ge)?]_, (a-@* p*® »p

d? d et
dt =0 dt (]_—qe ) o
(1-ge")?.e' —e' . 2(1-ge") (- ge')
=P PRI
(1-ge’) ¢=0
1-9?+2¢1-¢ | 1 2q
=p 1 — _+_2
(1-9) P p
_ 1
Mean=x =v, = —
p
1 2 1
Variance = pi, = v, — x2 = _+_q__2=iz
p p° p° p

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

STATISTICAL TECHNIQUES

www.cgaspirants.com

231

ASSIGNMENT

Define moment generating function. Find the moment generating function of a random variable
X whose probability function is given by:

PX=x)=p(1-pf,x=0,1,2, ..., (G.B.T.U. 2012)
Define moment generating function and two properties of moment generating function with proof.
(M. T.U. 2013)

1 _
The probability density function of the random variable X is flx) = % exp (— %), — o0 <) < oo,

Find moment generating function of X. Hence find the mean E(X) and variance V(X).

(M. T.U. 2013)
) e dx + %J. exp (— - e)etx dx]
0

Show that the moment generating function of random variable X having the p.d.f.

0—x

. 1
{Hmtz M, @)= Py J._w exp (—

1’ —l<x<2 ezt;e_t ££0
flx) =13 is Mg(®) = YR
0, elsewhere 1 r=0
Find the moment generating function for triangular distribution defined by
x, 0<x<1
flx) = {Z—x, 1ngz} (M.T.U. 2013)
1
IfPX =x) = Z_x ,x =1, 2,3, ..., find the moment generating function of x. Hence obtain the
variance. (U.P.T.U. 2014)
Answers
eOt 2,2
__pr 3. —55 or L+6t+ +...; EX) =0, V(x) = 262
1-¢'a-p) 1-6%
M, (6)=1+¢+——t2 + 6. < .1
x % "5 g

3.10 SKEWNESS

For a symmetrical distribution, the frequencies are symmetrically
distributed about the mean i.e., variates equidistant from the
mean have equal frequencies. Also, the mean, mode and median
coincide and median lies half-way between the two quartiles.

Thus,

M=M,=M, and Q;-M=M-Q,.

MO
Md
Symmetrical distribution
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3.11 MEANING OF SKEWNESS (U.P.T.U. 2015)

If the curve of the distribution is not symmetrical, it may admit of tail on either side of the
distribution. Skewness means lack of symmetry or lopsidedness in a frequency
distribution.

The object of measuring skewness is to estimate the extent to which a distribution is
distorted from a perfectly symmetrical distribution. Skewness indicates whether the curve is
turned more to one side than to other i.e., whether the curve has a longer tail on one side.
Skewness can be positive as well as negative.

Tail on Tail on
Right Left

' e

Positiveiy Skewed Negatively Skewed
Distribution Distribution

Skewness is positive if the longer tail of the distribution lies towards the right and
negative if it lies towards the left.

3.12 TESTS OF SKEWNESS

1. If A M. = Mode = Median, then there is no skewness in the distribution. In other
words, the curve of the frequency distribution would be symmetrical, bell-shaped.

2. If A.M. is less than (greater than), the value of mode, the tail would be on left (right)
side, i.e., the distribution is negatively (positively) skewed.

3. If sum of frequencies of values less than mode is equal to the sum of frequencies of
values greater than mode, then there would be no skewness.

4. If quartiles are equidistant from median, then there would be no skewness.

3.13 METHODS OF MEASURING SKEWNESS (U.P.T.U. 2007)

Relative measures of skewness are called the coefficient of skewness. They are independ-
ent of the units of measurement and as such, they are pure numbers.

Following are the methods of measuring skewness:

1. Karl Pearson’s Method

2. Bowley’s Method

3. Kelly’s Method

4. Method of Moments.

Here, we will discuss Karl Pearson’s method and the method of moments only.

3.13.1. Karl Pearson’s Method

This method is based on the fact that in a symmetrical distribution, the value of A.M. is equal
to that of mode. As we have already noted that the distribution is positively skewed if A.M. >
Mode and negatively skewed if A.M. < Mode. The Karl Pearson’s coefficient of skewness is
given by:
A.M. - Mode

S.D.

Karl Pearson’s coefficient of skewness =
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We have already studied the methods of calculating A.M., Mode and S.D. of frequency
distributions. If mode is ill-defined in some frequency distribution, then the value of empirical
mode is used in the formula.

Empirical mode = 3 Median — 2 A.M.

A.M. - Mod
Coeff. of skewness = Toe
_ AM.-(3Median-2A.M.) _ 3A.M. -3 Median
- S.D. - S.D.
3(A.M. - Medi
Karl Pearson’s coefficient of skewness = ¢ SD edian)

The coefficient of skewness as calculated by using this method gives magnitude as well
as direction of skewness, present in the distribution. Practically, its value lies between — 1 and 1.
For a symmetrical distribution, its value comes out to be zero.
The Karl Pearson’s coefficient of skewness is generally denoted by ‘SK’.
Mean — Mode

(i)IfSKP=0 = T=O

< Mean = Mode

< Distribution is symmetrical.

Thus a distribution is a symmetrical distribution iff SK, = 0.
Mean — Mode

(ii) If SKp > 0 e —gp >0

< Mean — Mode > 0

< Mean > Mode

< Distribution is positively skewed.

Thus a distribution is a positively skewed distribution iff SK; > 0.

(iii) If SK;, < 0 o Mea‘;‘;l)l.w“ie <0

< Mean — Mode < 0

< Mean < Mode

< Distribution is negatively skewed.

Thus a distribution is a negatively skewed distribution iff SK; < 0.

EXAMPLES

Example 1. Karl Pearson’s coefficient of skewness of a distribution is 0.32, its standard
deviation is 6.5 and mean is 29.6. Find the mode of the distribution.

Sol. We have SK;, = 0.32, S.D. = 6.5, x = 29.6.

X — Mode
Now SKP = T
0.82 < 29.6 — Mode
R 6.5

29.6 — Mode = 0.32 x 6.5 = 2.08
Mode = 29.6 — 2.08 = 27.52.

Ly

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

234 A TEXTBOOK OF ENGINEERING MATHEMATICS

Example 2. For a moderately skewed data, the arithmetic mean is 100, the variance is
35 and Karl Pearson’s coefficient of skewness is 0.2. Find its mode and median.

Sol. We have x = 100, Variance = 35, SK; = 0.2.

x — Mod
Now SK, = xToe

100 — Mode

02=—""FTF7F— < S.D. = vari
e ( variance )
= 100 — Mode = 0.2 x 5.92 = 1.184
= Mode = 100 — 1.184 = 98.816.
Also, Mode = 3 Median —2x = 98.816 = 3 Median — 2(100).
: 3 Median = 98.816 + 200 = 298.816
298.816
Median = 3 = 99.61.

Example 3. In a certain distribution, the following results were obtained :

AM. =45, Median = 48, Coefficient of skewness = — 0.4. The person who gave you this
data, failed to give the value of S.D. You are required to estimate it with the help of available
data.

Sol. We have

coeff. of skewness = — 0.4, A.M. = 45, median = 48.

3(x — Medi
Now, coeff. of skewness = 3(x — Median)

S.D.
4 3(45-48) -9
= _—= =
10 S.D. S.D.
= 4S.D. =90
90

D.=— =225.
S 1 5

Example 4. The sum of 20 observations is 300 and sum of their squares is 5000. The
median is 15. Find the Karl Pearson’s coefficient of skewness.

Sol. Let ¢’ be the variable under consideration.

We have n = 20, >x = 300, Zx2 = 5000, median = 15.
Zv 300 _

Now, x=—
n

20
2
SD. = 1/&—52 - ‘/%—(15)2 = /250 - 225 =+/25 =5
n

Now, Karl Pearson’s coeff. of skewness

_ 3(x —Median) _3(15-15) 0
- S.D. 5 5
Example 5. Find the coefficient of skewness by Karl Pearson’s method for the following

15

=0.

data:

Value

12

18

24

30

36

42

Frequency

7

9

18

15

10
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Sol. Calculation of x, S.D.
Value f d=x-A u=dh fu fu?
x A=24 h=6
6 4 - 18 -3 -12 36
12 7 -12 -2 -14 28
18 9 -6 -1 -9 9
24 18 0 0 0 0
30 15 6 1 15 15
36 10 12 2 20 40
42 3 18 3 9 27
N =66 Sfu=9 Sfu? = 155
_ >fu 9
AM.x =A+|——|h=24+|—-5|6=24.82
X + ( N )h + ( 6 6) 6 8
s (3fu)? 155 2
SD.= [ —-|—=| Xh=6Xx,/—-|—=| =894
N ( N ) 66 66
Mode. Grouping Table
x 1 1I 117 v 14 VI
f
6 4
12 7 11
18 9 16 20
24 18 27 34
30 15 33 43 42
36 10 25 28
42 3 13
Analysis Table
Column 24 18 30 36 12
I 1
1I 1 1
11T 1
v 1 1
A\ 1
VI 1 1 1
Total 6 3 3 1 1
Mode = 24
X —Mode 24.82-24 0.82
SK, = = Y Y 0.092.

S.D.

8.94

www.cgaspirants.com



http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

236 A TEXTBOOK OF ENGINEERING MATHEMATICS

Example 6. Calculate Karl Pearson’s coefficient of skewness for the following data:

Income (in %) 500—600 | 600—700 | 700—800 800—900 | 900—1000 | 1000—1100

No. of employees 8 12 4 2 1 1
Sol. Calculation of x, Mode, S.D.
Income No. of Mid-points | d=x-A u=dlh fu fu?
(in 3) employees of classes A =750 h =100
f x
500—600 8 550 - 200 -2 -16 32
600—700 12 650 -100 -1 -12 12
700—800 4 750 0 0 0 0
800—900 2 850 100 1 2 2
900—1000 1 950 200 2 2 4
1000—1100 1 1050 300 3 3 9
N =28 Sfu=-21 | Zfu®=59
_ by 21
A.M. x=A+(%)h=750+(—%] (100) = 750 — 75 =% 675

Mode. By inspection, modal class is 600-700

Mode =1 + (L]h
A+ Ay

Here [=600,A,=12-8=4,A,=12-4=8,h =100

Mode = 600 + ( ) (100) = 600 + 33.33 =% 633.33

2
h= @—(—Ej x 100
28 | 28
= /2.1071- 05625 x 100 = /15446 x 100 = 1.2428 x 100 = T 124.28

x —Mode _ 675-633.33 0.34
S.D. 12428 77

4+8

S.D. =

=)

Now, Karl Pearson’s coeff. of skewness =

ASSIGNMENT

1. A frequency distribution gives the following results:
Coeff. of variation =5

Karl Pearson’s Coeff. of Skewness = 0.5
S.D. =2

Find A.M. and Mode of the distribution.
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2. Find Pearson’s coeff. of skewness from the following frequency distribution:
Height (in inches) 60—62 63—65 66—68 69-71 72-74
Frequency 5 18 42 27 8
3. From the following data, calculate the coefficient of skewness based on mean, median and S.D.
Variable | 100-110 | 110-120 | 120-130 | 130-140| 140-150 | 150-160 | 160-170 | 170-180
Frequency 4 16 36 52 64 40 32 11
4. From the following data, find out the Karl Pearson’s coefficient of skewness:
Measurement 10 11 12 13 14 15
Frequency 2 4 10 8 5 1
5. Calculate Karl Pearson’s coefficient of skewness for the following frequency distribution:
Marks more than 0 10 20 30 40 50 60 70
No. of students 100 90 75 50 25 15 5 0
6. For the following frequency distribution, calculate the value of Karl Pearson’s coeff. of skewness:
Temp. (°C) | —40to—-30| —30to —20 | —20to —10 | —10to0 | Oto 10 | 10to 20 | 20 to 30
No. of days 10 28 30 42 65 180 10
7. From the following data, calculate Karl Pearson’s coefficient of skewness:
Marks (above) 0 10 20 30 40 50 60 70 80
No. of students | 150 140 100 80 80 70 30 14 0
8. Find out the mean wage and coefficient of skewness from the following data:
35 men gets at the rate of ¥ 4.5 per man
40 men gets at the rate of ¥ 5.5 per man
48 men gets at the rate of ¥ 6.5 per man
100 men gets at the rate of ¥ 7.5 per man
125 men gets at the rate of ¥ 8.5 per man
87 men gets at the rate of ¥ 9.5 per man
43 men gets at the rate of ¥ 10.5 per man
22 men gets at the rate of ¥ 11.5 per man.
9. Calculate Karl Pearson’s coefficient of skewness:
Wages (in %) 70-80 | 80-90 | 90-100 | 100-110 | 110-120 | 120-130 | 130-140 | 140-150
No. of workers 12 18 35 42 50 45 20 8
10. Find the mean, mode, S.D. and Karl Pearson’s coeff. of skewness for the following:
Yrs. under 10 20 30 40 50 60
No. of persons 15 32 51 78 97 109
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11. Compute the coeff. of skewness from the following figures : 25, 15, 23, 40, 27, 25, 23, 25, 20.
12. In a discrete series of 20 terms, the sum of the terms is 200, the sum of the squares of the terms
is 5000 and the median is 15. Find Karl Pearson’s coefficient of skewness.
13. Calculate the coefficient of skewness based on mean, median and standard deviation from the
following data:
ClL 0-10 10-20 20-30 30-40 | 40-50 50-60 60-70 70-80
f 3 6 11 24 28 16 9 3
[M.T.U. (MBA) 2012]
14. Which of the following two series is symmetrical?
Series o Mean = 22, Median = 24, S.D. =10
Series B: Mean = 22, Median = 25, S.D.=12
15. Following table gives the data relating to marks obtained by students who appeared for B. Tech.
IIT Semester examination in Mathematics III at a centre. Calculate Karl Pearson’s coefficient of
skewness from the said data:
Marks 0 10 20 30 40 50 60 70
to to to to to to to to
10 20 30 40 50 60 70 80
No. of students 10 40 20 0 10 40 16 14
[Hint. Since max. frequency corresponds to two classes very far from each other so mode is ill-
3(Mean — Median)
fi K, =
defined and SK, SD. }
Answers
1. Mean =40, Mode =39 2. 0.0356 3. —0.0087 4. 0.3604
5. -0.0627 6. - 0.6617 7.-0.7539
8. Mean wage =3 8.07, Coeff. of skewness = — 0.2422 9.-0.3314
10. Mean =29.95, Mode =35, S.D.=15.49, Coeff. of skewness=-0.32 11.-0.03
12, -1.22 13. - 0.08608 14. Series o 15. 0.754.

3.13.2. Method of Moments

In this method, second and third central moments of the distribution are used. This measure
of skewness is called the Moment coefficient of skewness and is given by:

Moment coefficient of skewness = ati . [G.B.T.U. (C.0.) 2009, 2011]

2

For a symmetrical distribution, its value would come out to be zero. The coefficient of

skewness as calculated by this method gives the magnitude as well as direction of the skewness
present in the distribution.

In Statistics, we define B, =

5
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Moment coefficient of skewness can also be written as = % =+ ,B;.
)

The sign with JE is to be taken as that of p;. The moment coefficient of skewness is

also denoted by v,. The moment coefficient of skewness is generally denoted by ‘SK,’.

EXAMPLES

Example 1. The first three central moments of a distribution are 0, 15, — 31. Find the
moment coefficient of skewness.

Sol. We have u,; =0, u, =15 and p,=-31

Moment coefficient of skewness = 5 5
Jut  Jas)

Mg

-31

31

58.09

- 0.53.

Example 2. The first four moments of a distribution about the value 5 of the variable
are 2, 20, 40 and 50. Calculate the moment coefficient of skewness.

Sol. We have

Now

Moment coefficient of skewness =

A=5u/=2,u;=20,u;=40 and p, =50

Wy = Uy — () =20-(2)2=16

Wy = Uy — SUyly + 21,3 = 40 — 3(2)(20) + 2(2)3
=40-120+ 16 =-64

- 64

—64

=-1.

Uy _

Jae?

64

Example 3. Calculate the moment coefficient of skewness for the following distribution :

Classes 2.6-7.56 | 7.6—-12.5 | 12.6-17.5 17.56-22.5 22.5-27.5 | 27.6-32.5 | 32.6-37.5
Frequency 8 15 20 32 23 17 5
Sol. Calculation of Moment Coefficient of Skewness
Classes f Mid-pts. d=x-A u=d/h fu fu? fu?
x A=20 h=5
2.5-7.5 8 5 -15 -3 —-24 72 - 216
7.56-12.5 15 10 -10 -2 -30 60 - 120
12.5-17.5 20 15 -5 -1 -20 20 - 20
17.5-22.5 32 20 0 0 0 0 0
22.5-217.5 23 25 5 1 23 23 23
27.5-32.5 17 30 10 2 34 68 136
32.5-37.5 5 35 15 3 15 45 135
N =120 Sfu=-2 | fu® = 288|%fu® = - 62
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>fu -2
No '=|——|h=|7=%|5=-0.083
v . ( N ) (120j
o (Zfu?),, (288
“f( N jh |120) 7" =60
>fu® - 62
Mg = ( '; ]hs =(162) 5% = — 64.583
Now, Wy = Uy — },l1'2 =60 — (- 0.083)%2 = 59.993
g = 1 — 3u] 1y + 2173 = — 64.583 — 3(~ 0.083)(60) + 2(— 0.083)?
=—49.644.
. —-49.644
Moment coefficient of skewness = —2 = =-0.1068.
Jud V(59.993)3
ASSIGNMENT
1. The first-three central moments of a distribution are 0, 2.5, 0.7. Find the value of the moment
coefficient of skewness. (U.P.T.U. 2015)
2. In a certain distribution, the first four moments about the point 4 are — 1.5, 17, — 30 and 308.
Calculate the moment coefficient of skewness. (U.P.T.U. 2014)
3. The first three moments of a frequency distribution about origin ‘5’ are — 0.55, 4.46 and — 0.43.
Find the moment coefficient of skewness.
4, Calculate the moment coefficient of skewness for the following data:
Marks 0-10 10-20 20-30 30-40 40-50 | 50-60 | 60-70
No. of students 8 12 20 30 15 10 5
5. Calculate the moment coefficient of skewness from the following data:
x 0 1 2 3 4 5 6 7 8
f 1 8 28 56 70 56 28 8 1
6. For the following frequency distribution, find the first four moments about the mean. Also find
the value of B,. Is it a symmetrical distribution?
x 2 3 4 5 6
f 1 3 7 3 1
7. Compute the coefficient of skewness from the following data: [G.B.T.U. (C.0.) 2009]
x 6 8 9 10 11 12
f 3 9 13 8 5 4
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8. Intwo frequency distributions, the second moments about mean are 36 and 49 respectively while
third moments about mean are 43.2 and 85.75. Compare the skewness in the two frequency

distributions. (G.B.T.U. 2012)
1 (2 1
9. The first three moments about the origin are given by vi = n; , Vg = (o + ); nr ), and
2
Vg = % . Examine the skewness of the data.
10. (i) Define skewness of a distribution. (U.P.T.U. 2015)
(i1) Define the coefficients of skewness. (M. T.U. 2012, 2013)
Answers
1. 0.17708 2. 0.7017 3. 0.7781 4. 0.0726
5. 0 6. 0, 0.933, 0, 2.533, Yes 7. 0.0903.
8. v, (for I distribution) = 0.2, v, (for II distribution) = 0.25
Second distribution is more positively skewed than the first.
9. data is symmetrical.
3.14 KURTOSIS [U.P.T.U. (C.0.) 2008; U.P.T.U. 2006, 2015]

Given two frequency distributions which have the same variability as measured by the standard
deviation, they may be relatively more or less flat topped than the normal curve. A frequency
curve may be symmetrical but it may not be equally flat topped with the normal curve. The
relative flatness of the top is called kurtosis and is measured by ,. Kurtosis refers to the
bulginess of the curve of a frequency distribution.

Curves which are neither flat nor sharply peaked are called normal curves or mesokurtic
curves.

Curves which are flatter than the normal curve are called platykurtic curves.

Curves which are more sharply peaked than the normal curve are called leptokurtic
curves.

3.15 MEASURE OF KURTOSIS [G.B.T.U. (C.0.) 2009, 2011; U.P.T.U. 2007]

The measure of kurtosis is denoted by B, and is defined as

where |, and u, are respectively the second and fourth moments about mean of the distribution.

If B, > 3, the distribution is leptokurtic. If B, = 3, the distribution is mesokurtic. If
B, < 3, the distribution is platykurtic. The kurtosis of a distribution is also measured by
using Greek letter “y,’” which is defined as 7y, = B, — 3.

>0 = B,-3>0 = PB,>3 = thedistribution is leptokurtic.
Similarly, if y, = 0, then B, =3 = The distribution is mesokurtic.

Y%<0 = B,<3 = the distribution is platykurtic.
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Leptol;urtic Mesokurtic Platykurtic
B2 >0 ,=3 B,<3
t2> 12=0 12<0

3.15.1. Steps for Computing §,

L If the value of w, and u, are given, then find B, by using the formula: B, = M—42.
u
IL. If raw moments pj, Uy, Uy and u, are given, then calculate: ?

My =ty —n7 and p,=pj-4ugug+6u; n? - 3u
Now, find B, = H—;.
II1. If moments are n?)t given, then first find u, and u, by using the given data and then

128
u3
IV. The given distribution is leptokurtic, mesokurtic and platykurtic according as B3, > 3,

B, = 3 and B, < 3 respectively.

use the formula: B, =

EXAMPLES

Example 1. The first four moments about mean of a frequency distribution are 0, 100,
— 7 and 35000. Discuss the kurtosis of the distribution.

Sol. We have, U, =0,u,=100,u;=-7 and u, =35000
35000
Now, B,= 4= _3553
Ho (100)

The distribution is leptokurtic.
Example 2. The first four moments of a distribution about the value ‘4’ of the variable
are — 1.5, 17,— 30 and 108. State whether the distribution is leptokurtic or platykurtic.
(U.P.T.U. 2007, 2014)
Sol. We have, uy=-15,us =17, u=-30, u; = 108
Moments about mean:
Wy =y — ;2 =17 — (- 1.5)2 = 14.75
My = by = 4uguy + 6uguy® — 3u
=108 -4 (- 30) (- 1.5) + 6 (17) (- 1.5)* - 3 (- 1.5)* = 142.3125

142.3125
SR _22200B 06541
us  (14.75)

Since B, < 3, the distribution is platykurtic.

Kurtosis: By
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Example 3. The first four moments of a distribution about x = 4 are 1, 4, 10 and 45.
Obtain the various characteristics of the distribution on the basis of the given information.
Comment upon the nature of the distribution.

Sol. We have A=4,u/=1,u5=4,u;=10 and p;=45
Moments about mean:
u, = 0 (always)
o=y —2=4-(1)2=3
My =y — 3y Hy + 202 =10 -3(4)(1) + 2(1)3=0
My = Mg — 4ug 0y + 6y g2 - 3u
=45 — 4(10)(1) + 6(4)(1)2 - 3(1)* = 26

N T——

e

Skewness: Moment coefficient of skewness, v, =

The distribution is symmetrical.

26
Kurtosis: 3, = H—42 = W =2.89<3 .. Thedistribution is platykurtic.
Mo
Example 4. The standard deviation of a symmetric distribution is 5. What must be the
value of the fourth moment about the mean in order that the distribution be

(i) leptokurtic (ii) mesokurtic (iii) platykurtic?

Sol. We have, 6=5 = o02=25 = u,=25 |~ u,=o0
My My
N L
o Po=1 7 625
Thus, the distribution will be
(i) Leptokurtic if B, >3 = :2—45 >3 = pu,>1875
(i) Mesokurtic if f, =3 = =3 = 1, =1875
(iii) Platykurtic if B, < 3 = ;2—45 <3 = p,<1875.

Example 5. The first four moments about the working mean 28.5 of a distribution are
0.294, 7.144, 42.409 and 454.98. Calculate the moments about the mean. Also evaluate B,, B,

and comment upon the skewness and kurtosis of the distribution. (U.P.T.U. 2006)
Sol. We have, Uy =0.294, p; = 7.144, u; = 42.409, u; = 454.98
Moments about mean
ny = 0

Wy = g — w2 = 7.144 — (.294)2 = 7.0576

My = Hg — 3y g + 207
=42.409 — 3(7.144) (.294) + 2 (.294)% = 36.1588

My = 1y — i 1y + B u® — 3ugt
= 454.98 — 4(42.409) (.294) + 6(7.144) (.294)? — 3(.294)*
= 408.7896
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Calculation of B, and B,
B, =22 37193 B,="% =8.2070
)

Skewness
Since f, is positive, vy, =1.9285 | U, is positive
The distribution is positively skewed.
Kurtosis
Since B, =8.2070 >3
The distribution is leptokurtic.

Example 6. The first four moments of a distribution about the value ‘0’ are — 0.20, 1.76,
—2.36 and 10.88. Find the moments about the mean and measure the kurtosis.

(U.P.T.U. 2009)

Sol. We have, W, =-0.20,y,=1.76,u, =-2.36,u, =10.88
Moments about the mean:
W= 0

My = Wy — 1,2 = 1.76 — (<0.20)2 = 1.72
My = W5 = 3ol + 20,7
=-2.36-3(1.76) (- 0.20) + 2 (— 0.20)% = — 1.32
By = Wy —4Wn') + 6o, — 3,
=10.88 — 4 (- 2.36) (- 0.20) + 6 (1.76) (- 0.20)%2 — 3 (- 0.20)*
= 9.4096
Kurtosis:

B, = 14 = 3.180638
U

Since, 3, > 3 hence the distribution is leptokurtic.

Example 7. The following table represents the height of a batch of 100 students. Calcu-
late kurtosts.

Height (in cm) 59 61 63 65 67 69 71 73 75

No. of students 0 2 6 20 40 20 8 2 2

[U.P.T.U. (C.0O.) 2008]
Sol. To calculate B,, we will have to first find the values of u, and p,.
Moments about 67

o (EHu (129 _
Hl_(N)h—(looj@)_O.M

2
My = (qu ]hz =(1G4)(4) - 6.56

N 100
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Height No. of u=2 _267 fu fu? fu? fu?
(cm) x students [

59 0 -4 0 0 0 0
61 2 -3 -6 18 -54 162
63 6 -2 -12 24 —48 96
65 20 -1 -20 20 -20 20
67 40 0 0 0 0 0
69 20 1 20 20 20 20
71 8 2 16 32 64 128
73 2 3 (] 18 54 162
75 2 4 8 32 128 512
N =3f=100 Sfu =12 Sfu?=164 | Sfu® =144 | Sfu* = 1100
Sl s 144
= h®=—x8 =11.52
Hs ( N j 100
Sfut),, 1100
[ = h* = x16 =176
He ( N J 100

Moments about mean
W, = 1) — 1% = 6.56 — (.24) = 6.5024
My = pg = 4pug g+ 6ugpy? — 3ut
=176 —4(11.52) (0.24) + 6 (6.56) (0.24)2 — 3 (0.24)*= 167.19798
Kurtosis

Measure of kurtosis B, = H—; =3.9544 > 3
Ha

Hence, the distribution is leptokurtic.

ASSIGNMENT

1. The first four moments about mean of a frequency distribution are 0, 60, — 50 and 8020 respec-
tively. Discuss the kurtosis of the distribution.

2. The p, and p, for a distribution are found to be 2 and 12 respectively. Discuss the kurtosis of the
distribution.
3. (i) The first four central moments of a distribution are 0, 2.5, 0.7 and 18.75. Test the kurtosis of
the distribution. (M. T.U. 2013)
(i) Define skewness and kurtosis of a distribution. The first four moments of a distribution are
0, 2.5, 0.7 and 18.71. Find the coefficient of skewness and kurtosis. (U.P.T.U. 2015)
4. The standard deviation of symmetric distribution is 4. What must be the value of y, so that the
distribution may be mesokurtic?

5.  (¢) Ifthe first four moments about the value ‘5’ of the variable are — 4, 22, — 117 and 560, find the
value of B, and discuss the kurtosis.
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(i) The first four moments of a distribution about the value 5 of the variable are 2, 20, 40 and 50.

Calculate the moments about the mean and comment upon the skewness and kurtosis of the
distribution.

(G.B.T.U. 2011)
6. (i) Calculate the value of B, for the following distribution:
Class 2.5-7.5 | 7.5-12.5 | 12.5-17.5 | 17.5-22.5 | 22.5-27.5 | 27.5-32.5 |32.5-37.5
Frequency 8 15 20 32 23 17 5
(iz) Compute the value of B, for the following distribution. Is the distribution platykurtic?
Class 10-20 20-30 30-40 40-50 50-60 60-70 70-80
Frequency 1 20 69 108 78 22 2
7. (i) Calculate p, u,, g, 1, for the frequency distribution of heights of 100 students given in the
following table and hence find coefficient of skewness and kurtosis.
Height (cm.) 1445 - | 1495 | 154.5— 159.5 — 164.5 - | 169.5 - 174.5 —
Class interval | 149.5 154.5 159.5 164.5 169.5 174.5 179.5
Frequency 2 4 13 31 32 15 3

(G.B.T.U. 2011)

(i) Find all four central moments and discuss skewness and kurtosis for the frequency distribution
given in the following table:

Range of Expenditure 2-4 4-6 6-8 8-10 10-12
(in T 100 per month)
No. of families 38 292 389 212 69
[G.B.T.U. 2013; M.T.U. 2012]
8. (i) Find the measures of skewness and kurtosis on the basis of moments for the following
distribution:
x 1 3 5 7 9
f 1 4 6 4 1 [G.B.T.U. (C.0.) 2011]

(i) Find the measure of skewness and kurtosis on the basis of moments for the following

distribution:
Marks 5-15 15-25 25-35 35-45 45-55
No. of Students 1 3 5 7 4
(M.T.U. (MBA) 2011)
9. Calculate B, and B, from the following data:
Profit (in lakhs of %) 10-20 20-30 30-40 40-50 50-60
No. of companies 18 20 30 22 10

Indicate the nature of frequency curve.
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10.

11.

12,

13.
14.

11.

12.

Prove that the frequency distribution curve of the following frequency distribution is leptokurtic.

Class 10-15 | 15-20 | 20-25 | 25-30 | 30-35 | 35-40 | 40-45 | 45-50 | 50-55
Frequency 1 4 8 19 35 20 7 5 1
Calculate the first four moments about the mean of the following distribution:
x 2 2.5 3 3.5 4 4.5 5
f 5 38 65 92 70 40 10
Also find the measures of skewness and kurtosis. (M.T.U. 2012)

Calculate the first four moments about the mean for the following frequency distribution and
hence find the coefficient of skewness and kurtosis and comment upon the nature of the
distribution.

Class-interval 5-10 10-15 15-20 20-25 256-30 30-35 35—-40

Frequency 6 8 17 21 15 11 2

(G.B.T.U. 2013)
Define the coefficients of kurtosis. [M.T.U. 2014; G.B.T.U. (C.0.) 2009, 2011; U.P.T.U. 20071

() What do you mean by kurtosis? Explain in brief. [U.P.T.U. (C.0.) 2008]

(i1) Define kurtosis of a distribution. (U.P.T.U. 2006)
Answers

By = 2.2278, Platykurtic 2. B, = 3, Mesokurtic

(@) By = 3, Mesokurtic (i) 0.17708, 2.9936 4., ="768

(@) B, = 0.8889, Platykurtic
@) p; =0, p, =16, uy =— 64, 1, = 162
v, =—1, B, = 0.6328 ; Negatively skewed and platykurtic
(@) B, = 2.3216, Platykurtic (i) By = 2.7240, Yes
(@) py =0, u, =36.66, u, = —85.104, u, = 4373.3832, v, = — 0.3834, B, = 3.2541
(@) uy =0, u, = 37267.04, u, = 1746530.688, p, = 3567851989
vy, = 0.24275, B, = 2.5689, positively skewed and platykurtic.
(@) v,=0,B,=25
@) py = 0, uy = 125, uy = — 600, u, = 37625, y; = — 0.4293, B, = 2.408, negatively skewed and
platykurtic.
B, =0.0001, B, = 2.047, Platykurtic.
u, =0, u, = 0.45328125, u, = 0.009890625, p, = 0.502111743, v, = 0.0324, B, = 2.44379,
positively skewed and platykurtic.

uy =0,y =56, u,=—-176.5625, u, = 7502.9375, v, = — 0.4213, B, = 2.3925 ; negatively skewed and
platykurtic.
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3.16 CURVE FITTING

Let there be two variables x and y which give us a set of n pairs of numerical values (x, y,),
(g, Yo)ervnn. (x,, y,). In order to have an approximate idea about the relationship of these two
variables, we plot these n paired points on a graph thus, we get a diagram showing the
simultaneous variation in values of both the variables called scatter or dot diagram. From
scatter diagram, we get only an approximate non-mathematical relation between two variables.
Curve fitting means an exact relationship between two variables by algebraic equations, infact
this relationship is the equation of the curve. Therefore, curve fitting means to form an equation
of the curve from the given data. Curve fitting is considered of immense importance both from
the point of view of theoretical and practical statistics.

Theoretically, it is useful in the study of correlation and regression. Practically, it ena-
bles us to represent the relationship between two variables by simple algebraic expressions
e.g., polynomials, exponential or logarithmic functions.

It is also used to estimate the values of one variable corresponding to the specified
values of the other variable.

The constants occurring in the equation of approximate curve can be found by following
methods:

(i) Graphical method (it) Method of group averages
(iti) Method of least squares (iv) Method of moments.

Out of the above four methods, we will only discuss and study here method of least
squares.

3.17 METHOD OF LEAST SQUARES
[U.P.T.U. MCA (C.0.) 2008; U.P.T.U. (C.0.) 2008 ; U.P.T.U. 2008]

Method of least squares provides a unique set of values to the constants and hence suggests a
curve of best fit to the given data.

Suppose we have m-paired ob§ervations (1, 1), Koy ¥g)s cvnne , (x,,,y,,) of two variables x
and y. It is required to fit a polynomial of degree n of the type
y=a+bx+cx?+ ... + kx (1)

of these values. We have to determine the constants a, b, c, ..., 2 such that it represents the
curve of best fit of that degree.

In case m = n, we get in general a unique set of values satisfying the given system of
equations.

But if m > n then, we get m equations by putting different values of x and y in equa-
tion (1) and we want to find only the values of n constants. Thus, there may be no such solution
to satisfy all m equations.

Therefore, we try to find out those values of a, b, ¢, ...... , k which satisfy all the equations
as nearly as possible. We apply the method of least squares in such cases.

Putting x,, x,, ..., x,, for x in (1), we get

[ 2 n
yl—a+bx1+cx12+ ...... + kx|
[ n
Vg =@+ bxy + cxy” + ... + kx
[ : . 2 n
Yo =a+bx, +cx Z+... + kx)
where y/, yg, ...... ,y,, are the expected values of y for x = x,, x,, ....... , x,, respectively. The values
V1> Vs wevee , ¥, are called observed values of y corresponding to x = x, x,, ...... , x,, respectively.
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The expected values are different from observed values, the difference y, —y,” for differ-
ent values of r are called residuals.
Introduce a new quantity U such that

U=3y, -y =2y, —a—bx, —cx?—...— kx)?
The constants a, b, c, ...... , k are chosen in such a way that the sum of the squares of
residuals is minimum.
U U oU U
Now the condition for U to be maximum or minimumis — =0=—=—=...... =—.
Joa b dc ok

On simplifying these relations, we get
Yy =ma + bXx + ..... + kX
Sxy = aXx + bXx? + ... + k Xxntl
Sx2y = a¥x® + bIx® + ... + k Zxn+2

These are known as Normal equations and can be solved as simultaneous equations to
give the values of the constants a, b, c, ....... , k. These equations are (n + 1) in number.

If we calculate the second order partial derivatives and these values are put, they give
a positive value of the function, so U is minimum.

This method does not help us to choose the degree of the curve to be fitted but helps us
in finding the values of the constants when the form of the curve has already been chosen.

3.18 FITTING A STRAIGHT LINE

Let (x,y),i=1,2, ... , n be n sets of observations of related data and
y=a+bx ...(1)
be the straight line to be fitted. The residual at x = x; is
E =y, —fx)=y,—a-bx,
Introduce a new quantity U such that

U= Zn: Ei2=zn: (yi—a—bxi)2
i=1 i=1

By the principle of Least squares, U is minimum

a—U =0 and a—U =0
Joa ob
2 Z (y, —a—bx))(= D=0 or | Xy =na + bXx ..(2)
i=1
and 9 Z (y; —a—bx)(—x;)=0 or | Xxy = aXx + bXx? ...(3)

i=1
Since x;, y; are known, equations (2) and (3) result two equations in @ and b. Solving
these, the best values for ¢ and b can be known and hence equation (1).
Note. In case of change of origin,

if n is odd then _ % — (middle term)

interval (h)
x — (mean of two middle terms)

but if n is even then, u=
1.
g (interval)
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EXAMPLES
Example 1. By the method of least squares, find the straight line that best fits the
following data:
x: 1 2 3 4 5
y: 14 27 40 55 68. (U.P.T.U. 2008)
Sol. Let the straight line of best fit be y=a+bx ...()
Normal equations are Yy = ma + bXx ...(2)
and Yxy = aXx + bXx? ...(3)

Herem =5
Table is as below:
x y xy x?
1 14 14 1
2 27 54 4
3 40 120 9
4 55 220 16
5 68 340 25
sx =15 Sy = 204 Sxy = TA8 2 = 55

Substituting in (2) and (3), we get

204 = 5a + 15b
748 = 15a + 55b

Solving, we geta = 0, b = 13.6

Hence required straight line is y = 13.6x

Example 2. Fit a straight line to the following data by least square method:

x: 0
y: 1

equations are

1

2 3

1.8 3.3 4.5

4

6.3.

(UK.T.U. 2011)
Sol. Let the straight line obtained from the given data be y = a + bx then the normal

Yy =ma+b Xx
Txy = aXx + bXx?
Here, m=25
x y xy x2
0 0 0
1 1.8 1.8 1
2 3.3 6.6 4
3 4.5 13.5 9
4 6.3 25.2 16
Tx = 10 Sy = 16.9 Sxy = 47.1 42 = 30
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From (1) and (2), 16.9 = 5a + 10b
and 47.1 = 10a + 30b
Solving, we get a=0.72,b=1.33

Required lineis y =0.72 + 1.33 x.

Example 3. Show that the best fitting linear function for the points (x,, y,), (Xy, yo), .....
(x,, v,) may be expressed in the form

x y 1
v, X n|=0 (=12 .,n)
in2 2y XX
Show that the line passes through the mean point (x,y).
Sol. Let the best fitting linear function be y = a + bx ...(D)
Then the normal equations are
Yy, = na + bXx; ...(2)
and Yxy, = aZx, + bXx.? ...(3)
Equations (1), (2), (3) may be rewritten as
bx—y+a=0
bXx, - Xy, +na =0
and b¥x? —Yxy, +a¥x; =0
Eliminating ¢ and b between these equations
x y 1
X, Xy, n|=0 ...(4)
inz 2y 2
which is the required best fitting linear function for the mean point (x, y),

_ 1 _ 1
X = — in, = —Zyi .
n n
Clearly, the line (4) passes through point (x, ¥) as two rows of determinant being equal make
it zero.

ASSIGNMENT
1. Fit a straight line to the following data regarding x as the independent variable:
@) x 1 2 3 4 5 6
y 1200 900 600 200 110 50
@) x 71 68 73 69 67 65 66 67
y 69 72 70 70 68 67 68 64
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(ti0) x 0 5 10 15 20 25
y 12 15 17 22 24 30
2. (7) Find the best values of a@ and b so that y = a + bx fits the given data:
x 0 1 2 3 4
y 1.0 2.9 4.8 6.7 8.6
(i) Fit a straight line of the form y = a,, + a,x to the data: [U.P.T.U. (C.0.) 2008]
x 1 2 3 4 6 8
y 2.4 3.1 3.5 4.2 5.0 6.0
3. Fit a straight line approximate to the data:
x 1 2 3 4
y 3 7 13 21
4. A simply supported beam carries a concentrated load P(/b) at its mid-point. Corresponding to
various values of P, the maximum deflection Y (in) is measured. The data are given below. Find
a law of the type Y = a + bP
P 100 120 140 160 180 200
Y 0.45 0.55 0.60 0.70 0.80 0.85
5. What straight line best fits the following data in the least square sense?
x 1 2 3 4
y 0 1 1 2
[G.B.T.U. (MCA) 2010]
6. The weight of a calf taken at weekly intervals are given below. Fit a straight line using method
of least squares and calculate the average rate of growth per week.
Age 1 2 3 4 5 6 7 8 9 10
Weight | 52.5 | 58.7 65 70.2 75.4 81.1 87.2 95.5 | 102.2 | 108.4
7. Find the least square line for the data points
(-1,10), (0,9, 1,7, (2,5), 3,4), (4,3), (5,0) and (6,-1).
8. Find the least square line y = a + bx for the data:
x; -2 -1 0 1 2
Y, 1 2 3 3 4
9. If Pis the pull required to lift a load W by means of a pulley block, find a linear law of the form

P =mW + ¢ connecting P and W, using the data:

P

12

15

21

25

w

50

70

100

120

where P and W are taken in kg-wt.
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10.

q kb

10.

(i) Using the method of least squares, fit a straight line to the following data:

x 1 2 3 4 5

y 2 4 6 8 10

(i) Using the method of least squares, fit a straight line from the following data:

x 0 2 4 5 6
y 5.012 10 15 21 30 (U.P.T.U. 2009)
(i7) Find the least square line that fits the following data, assuming that x-values are free from
error: [U.P.T.U. MCA (SUM) 2008]
x 1 2 3 4 5 6
y 5.04 8.12 10.64 13.18 16.20 20.04
Answers
1)y =1361.97 — 243.42 x (@) y = 39.5454 + 0.4242 x (i) y =11.285 + 0.7 x
@Oy=1+19% @) y = 2.0253 + 0.502 x 3.y=—4+6x
Y = 0.004P + 0.048 5.y=-0.5+0.6x 6.y =45.74 + 6.16x, 6.16
y=-1.6071429x + 8.6428571 8.y =2.6+ (0.7« 9. P=2.2759 + 0.1879 W
@Dy =2« (1) y = 3.07734 + 3.86031 x (Tii) y = 2.0253 + 2.908 x.

3.19 FITTING OF AN EXPONENTIAL CURVE y = ae®™

Taking logarithm on both sides, we get

i.e.,

log,,y = log,,a + bx log, e

Y=A+BX (1)

where Y =log,,y, A =1log,,a, B=blog,je and X=x

The normal equations for (1) are
XY =nA + BXX and XXY = AZX + BZX?
Solving these, we get A and B.
B

logyge

Then a = antilog A and b =

3.20 FITTING OF THE CURVE y = ax®

Taking logarithm on both sides, we get

ie.,

log,,y = log,, a + b log,, x

Y=A+BX (1)

where Y = log,,y, A =log,, a, B=5 and X = log,, x.
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The normal equations to (1) are
YY = nA + BZX
and IXY = AZX + BZX?

which results A and B on solving and a = antilog A, b = B.

3.21 FITTING OF THE CURVE y = ab*

Taking logarithm on both sides, we get
logy =loga +xlogb

= Y=A+BX ..(1)

where Y =logy, A=loga, B=logb, X=x.
This is a linear equation in Y and X.
For estimating A and B, normal equations are
XY =nA + B3X

and XY = A X + B =X?
where n is the number of pairs of values of x and y.
Ultimately, a = antilog (A) and b = antilog (B).

3.22 FITTING OF THE CURVE pv' = k

pvi=k = v=kWpW
Taking logarithm on both sides, we get

logv = llogk—1 log p
Y ¥

= Y=A+BX

where Y = log v, A=llogk, B=—l and X=logp
Y Y

v and % are determined by above equations. Normal equations are obtained as that of the
straight line.

3.23 FITTING OF THE CURVE OF TYPE xy = b + ax

xy=b+ax = y=;+a

= Y=0X+a, whereX:l.
x
Normal equations are Y = na + bXX and IXY =aXX + bZX2.
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b
3.24 FITTING OF THE CURVE y = ax? + x

Let the n points be (x;, y,), (x5, y5), -.... , (o, y,)
Error of estimate for i*® point (x,, y,) is

E, = [yi —ax” —ij
X

By principle of Least squares, the values of @ and b are such that

n 2
U= z E2 Z [ - axi2 _xiJ is minimum.
i=1 t

Normal equations are given by

aa—I(j:O = ixizyizai xi4+bi x;

i=1 i=1 i=1
Yi
and Z “Lt=q z x; +b z
ab i=1 x
or Dropping the suffix i, normal equatlons are

1
x% =a Xx* + bXx | and Z%:aix+bzx—2

3.25 FITTING OF THE CURVE y = ax + bx? (U.P.T.U. 2014)

Error of estimate for i*" point (x;, y,) is E; = (y, - ax,— bx;?)
By principle of Least squares, the values of @ and b are such that
n n
U= Z EZ= z (y; — ax; —bx;*)? is minimum.
' i=1
Normal equations are given by

=0 = Zn:xiyz:ai xi2+bi x
and E)U =0 = Zx yl—aZx +be

or Dropping the suffix i, normal equatlons are

Sxy=a Xx? +bXx® | and | Xx%y =a Zx® + bIx?.

b
3.26 FITTING OF THE CURVE y = ax + X

Error of estimate for it* point (x;, ) is

b
Ei=yi—axi——
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By principle of Least squares, the values of @ and b are such that

2
n n
b
2 S
U= ; E“ = z (yi - ax; —x—J is minimum.

i=1 t

Normal equations are given by

= Zn: Xy =a Z xiz +nb (D)

i=1 i=1
and a_Uzo
dob
2 b 1
= 2 —ax; —— || -—1|=0
2 o2
= 2 et Zl 27 (2)
i=1 l i= 2

Dropping the suffix i, normal equations are

1
xy = aXx? + nb | and z %:na+bz el

where n is the no. of pairs of values of x and y.

3.27 FITTING OF THECURVEy=a+ > + 5
X X

Normal equations are

Zy=ma+bz %’ch i2
X
1 1 1
=a), —+bY x—z“‘Z Pl
1 1 1
=a), b, e

where m is number of pairs of values of x and y.

o
>

3.28 FITTING OF THE CURVE y = Z2 + ¢, /x
X

Error of estimate for i*® point (x,, y,) is

Co
E, =y, — ——c1x
X
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By principle of Least squares, the values of @ and b are such that

Normal equations are given by

ou
deg C1
Now, 8_U =0
acy

= z x—‘:=coz %Jrclz % ..(D)

92X 0
Also, ac,

- Zyi\/x_izcoz %"_Clz X; ..(2)

Dropping suffix i, normal equations (1) and (2) become
y 1 1
< - 4+ —
2 T Frad, o
1
and x=c —+c x.
2ylr=e ) =ra)

3.29 FITTING OF THE CURVE 2*=ax?+ bx + c

Normal equations are
¥ 2%2 = aXxt+ bXx3 + cXx?
Y2 x = aXx® + bIx? + cXx
and ¥ 2% = aXx? + bIx + me

where, m is number of points (x,, ;)

3.30 FITTING OF THE CURVE y = ae>* + be?*

Normal equations are
Sye 3 = g Te 0 4+ b Te
and Sye ™ =q Te ™ + b T
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EXAMPLES

Example 1. Find the curve of best fit of the type y = aeb® to the following data by the
method of Least squares:

X 1 5 7 9 12
y: 10 15 12 15 21.
Sol. The curve to be fitted is y = aeb®
or Y=A+BX, where,Y=1log,,y, A=log a,X=x and B=>5log, e
The normal equations are XY = 5A + BXX
and ¥XY = AZX + BxX2
X=x y Y =log,,y X2 XY
1 10 1.0000 1 1
5 15 1.1761 25 5.8805
7 12 1.0792 49 7.5544
9 15 1.1761 81 10.5849
12 21 1.3222 144 15.8664
XX =34 XY =5.7536 *X2 =300 XY = 40.8862
Substituting the above values in the normal equations, we get
5.7536 = 5A + 34B
and 40.8862 = 34A + 300B
On solving, A =0.9766 ; B =0.02561
. B
a = antilog,, A =9.4754 ;b = =0.059
0g10€

Hence the required curve is  y = 9.4754¢0:059%,

Example 2. Determine the constants a and b by the method of least squares such that
y = ae® fits the following data:

X 2 4 6 8 10
y 4.077 11.084 30.128 81.897 222.62
Sol. y = aeb*

Taking log on both sides

logy =log a + bx loge

or Y =A + BX,
where, Y =logy, A=loga,
Normal equations are
YY = mA + BxZX
and IXY = AZX + BZX2.

Here, m = 5.

www.cgaspirants.com

B=>5blog,ye, X

=X.

(D)
.(2)


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

STATISTICAL TECHNIQUES 259
Table is as follows:
x y X Y XYy X2
2 4.077 2 .61034 1.22068 4
4 11.084 4 1.04469 4.17876 16
6 30.128 6 1.47897 8.87382 36
8 81.897 8 1.91326 15.30608 64
10 222.62 10 2.347564 23.47564 100
X =30 Y = 7.394824 >XY =53.05498 | X2 =220

Substituting these values in equations (1) and (2), we get
7.394824 = 5A + 30B
53.05498 = 30A + 220B.

and

Solving, we get

and

A =0.1760594 and B =0.2171509

a = antilog (A) = antilog (0.1760594) = 1.49989

Hence the required equation is

_ B _ 02171509 — 050001
logipe 04342945
y = 1.49989 ¢0-50001x,

Example 3. Obtain a relation of the form y = ab® for the following data by the method of
[G.B.T.U. MCA (SUM) 2010]

least squares:

X

2

3

4 5

y

8.3

15.4

33.1

65.2

127.4

Sol. The curve to be fitted is y = ab*
Y = A + By,

or

where, A =log,ya, B=1log,,6 and Y =log,,y.
The normal equations are XY = 5A + BXx
and Y = Axx + BXx2.
x y Y =log,)y x2 xY
2 8.3 0.9191 4 1.8382
3 15.4 1.1872 9 3.5616
4 33.1 1.5198 16 6.0792
5 65.2 1.8142 25 9.0710
6 127.4 2.1052 36 12.6312
Xx =20 XY = 7.5455 >x2 =90 2xY = 33.1812

Substituting the above values, we get

7.5455 = 5A + 20B and 33.1812 = 20A + 90B.
A=0.31land B=0.3
. a = antilog A =2.04 and b = antilog B = 1.995.
Hence the required curve is y = 2.04(1.995)~.

On solving
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Example 4. Obtain the least squares fit of the form f(t) = a e™3 + be™?t for the data:
(U.P.T.U. 2008)

t: 0.1 0.2 0.3 0.4
ft): 0.76 0.58 0.44 0.35
Sol. Normal equations to the curve fit) = @ e + be 2 are:
Sft)edt=agZeb+bXed (1)
Sfe=aTed+bTe ..(2) See art. 3.30
Table of values is
t f(t ) e—4t e—5t e—6t f(t ) e—2t f(t ) e—3t
0.1 0.76 0.6703 0.6065 0.5488 0.6222 0.5630
0.2 0.58 0.4493 0.3679 0.3012 0.3888 0.3183
0.3 0.44 0.3012 0.2231 0.1653 0.2415 0.1789
0.4 0.35 0.2019 0.1353 0.0907 0.1573 0.1054
Total T4 Ye Ye bt Sf(t) e 2t Sf(t) et
=1.6227 =1.3328 =1.106 =1.4098 =1.1656

Substituting values in (1) and (2), we get
1.106 a + 1.3328 b = 1.1656
1.3328 a@ + 1.6227 b = 1.4098
On solving, we get a =0.6778, b =0.3121.
Hence the least squares fit is f(¢) = 0.6778 e73 + 0.3121e7%,
Example 5. By the method of least squares, find the curve y = ax + bx? that best fits the

following data: (U.P.T.U. 2014)
x 1 2 3 4 5
y 1.8 5.1 8.9 14.1 19.8
Sol. Normal equations are
Yxy = aXx? + bXx® (1)
and Sx2y = a¥xd + bIxt ...(2)
Let us form a table as below:
x ¥ x? x3 xt xy 2y
1 1.8 1 1 1.8 1.8
2 5.1 4 16 10.2 20.4
3 8.9 9 27 81 26.7 80.1
4 14.1 16 64 256 56.4 225.6
5 19.8 25 125 625 99 495
Total >x% =55 x3 = 225 x* =979 Xxy =194.1 Sx%y = 822.9
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Substituting these values in equations (1) and (2), we get
194.1=55a +225b

and 822.9=225a + 979 b
8385 ., 3174 o
= a——55 = 1. an ——664 =.

Hence required parabolic curve is y = 1.52 x + 0.49 x2.
Example 6. Fit the curve pv” = k to the following data:  [U.P.T.U. MCA (C.0.) 2007]

p(kglem?® | 0.5 1 1.5 2 25 | 3

v (litres) 1620 | 1000 750 620 520 | 460

Sol. puvY¥ = k
U
R) .
= v=|— = kl/'Yp 1y
p
. 1 1
Taking log, logv=—logk—— logp
Y Y
which is of the form Y=A+BX
1 1
where Y =1logv, X=1logp, A=—1logk and B:—;
Y

P v X Y Xy X2
0.5 1620 —0.30103 3.20952 —0.96616 0.09062

1 1000 0 3 0 0
1.5 750 0.17609 2.87506 0.50627 0.03101

2 620 0.30103 2.79239 0.84059 0.09062
2.5 520 0.39794 2.716 1.08080 0.15836

3 460 0.47712 2.66276 1.27046 0.22764
Total XX =1.05115 | £Y = 17.25573 SXY = 2.73196 | ZX2 = 0.59825

Here,m =6
Normal equations are
17.25573 = 6A + 1.05115 B
and 2.73196 = 1.05115 A + 0.59825 B

Solving these, we get
A=299911 and B =-0.70298

yeo 2oL 149959
B 0.70298

Again, log & = YA = 4.26629
: k = antilog (4.26629) = 18462.48
Hence, required curve is

pul42252 = 18462.48.
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Example 7. The pressure of the gas corresponding to various volumes V is measured,
given by the following data:

V (ecm?): 50 60 70 90 100

P (kg cm™): 64.7 51.3 40.5 25.9 78
Fit the data to the equation PV Y= C.

Sol. PVY=C

= P=CVv

Taking log on both sides, we get
logP=1logC—-1vlogV
= Y=A+BX
where, Y=1logP,A=1logC,B=-7,X=1logV
Normal equations are
>Y = mA + BXX ...(1)
and XY = AZX + BzZX? ...(2)
Here m =5
The table is as below:

v P X=1logV Y =log P Xy X2
50 64.7 1.69897 1.81090 3.07666 2.88650
60 51.3 1.77815 1.71012 3.04085 3.16182
70 40.5 1.84510 1.60746 2.96592 3.40439
90 25.9 1.95424 1.41330 2.76193 3.81905
100 78 2 1.89209 3.78418 4
IX = 9.27646 SY = 8.43387 | XY =15.62954 | 3X?=17.27176

From Normal equations, we have
8.43387 = 5A + 9.27646 B
and 15.62954 = 9.27646 A + 17.27176 B
Solving these, we get
A =2.22476, B = - 0.28997
v=-B =0.28997
C = antilog (A) = antilog (2.22476) = 167.78765
Hence, the required equation of curve is
PV0-28997 = 167.78765.
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Example 8. (i) Given the following experimental values:

x: 0 1 2 3

y: 2 4 10 15

Fit by the method of Least squares a parabola of the type y = a + bx2.
(i1) Find the Least squares fit of the form y = a, + a ;x* to the following data:
x: -1 0 1 2
y: 2 5 3 0

Sol. (i) Error of estimate for i'? point (x, y,) is E; = (y, — a — bx,?)

(U.P.T.U. 2008)

By method of Least squares, the values of a, b are chosen such that

4 4
U= z EZ= Z (y; —a—bx;*)? is minimum.

i=1 i=1
Normal equation are given by
U
— =0 = Xy=ma+bXx? ...(D
oa
U
and = " 0 = ZxZy=aZx?+bix? ..(2)
x ¥ x? x%y x?
0 2 0 0 0
1 1 4 1
2 10 4 40 16
3 15 9 135 81
Total Yy =31 ¥x% =14 Sx%y = 179 x* =98
Here m=4
From (1) and (2), 3l1=4a + 146 and 179 = 14a + 98b
Solving for @ and b, we get a =2.71, b=1.44
Hence the required curve is y = 2.71 + 1.44 x2.
(i) Normal equations are
Ty = ma, + a; X2 ..(1)
and %y = ay % + ay Zxt . (2)
The table is as follows:
x y x2 x2y x*
-1 2 1 2
0 5 0 0 0
1 3 1 3
2 0 4 0 16
Yy =10 >x2=6 Yx%y =5 Tx*=18
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Here, m=4
From (1) and (2), 10 = 4a, + 6a,
5 = 6a, + 18a,
= a,=4.1667,a, = -1.1111

Hence, the required curve is y = 4.1667 — 1.1111 x2

c
Example 9. Use the method of Least squares to fit the curve: y = 70 + ¢y Vx to the following

table of values: [G.B.T.U. (MCA) 2007, 2011]
x: 0.1 0.2 0.4 0.5 1 2
y: 21 11 7 6 5 6.

Sol. As derived in art. 3.28, normal equations to the curve y = %0 =2 clx/; are
y 1 1
A — 4+ -
2 x o 2 2 a 2 Ix (1)
1
and z yx =c Z ﬁ"'cl z x (2)

Table is as below:

1 1
x y ylx yx N 2
0.1 21 210 6.64078 3.16228 100
0.2 11 55 4.91935 2.23607 25
0.4 7 17.5 4.42719 1.58114 6.25
0.5 6 12 4.24264 1.41421 4
5 5 1 1
2 6 3 8.48528 0.70711 0.25
1 1
Yx =4.2 X(y/x)=302.5 | X =33.71524 — =10.10081 — =136.5
(/) yx 27 >

From equations (1) and (2), we have
302.5 = 136.5 ¢, + 10.10081 ¢,
and 33.71524 = 10.10081 ¢, + 4.2 c,
Solving these, we get
¢, =197327 and c, =3.28182
Hence the required equation of curve is

197327
- X

+3.28182 Jx .
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ASSIGNMENT
1. (i) Using the method of least squares, fit the non-linear curve of the form y = ae®® to the following
data:
x 0 2 4
y 5.012 10 31.62

(i) The voltage V across a capacitor at time ¢ seconds is given by the following table. Use the
principle of least squares to fit a curve of the form V = ae*’ to the data:

t 0 2 4 6 8
\%4 150 63 28 12 5.6
(i17) For the data given below, find the equation to the best fitting exponential curve of the form
y = aeb®,
x 1 2 3 4 5 6
y 1.6 4.5 13.8 40.2 125 300

2. (i) State some important curve-fitting procedures.

(U.P.T.U. 2008)

b
(i1) Derive the least square equations for fitting a curve of the type y = ax + " to a set of n points

(xi’ yl) ;1=1,2, ..., n.

3. (i) Fit a curve y = ax® to the following data:

x 1 2 3 4 5 6
y 2.98 4.26 5.21 6.1 6.8 7.5
(i) Fit a least square geometric curve y = ax? to the following data:
X 1 2 3 4 5
y 0.5 2 4.5 8 12.5
(iii) Fit a curve of the form y = ax? to the data given below:
x 1 2 3 4 5
y 7.1 217.8 62.1 110 161
4. (i) Fit a curve of the form y = ab® in least square sence to the data given below:
x 2 3 4 5 6
y 144 172.8 207.4 248.8 298.5
(i1) Fit an exponential curve of the form y = ab* to the following data:
X 2 3 4 5 6 7 8
y 1.2 1.8 2.5 3.6 4.7 6.6 9.1
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5. The pressure and volume of a gas are related by the equation pv® =b where a and b are constants.
Fit this equation to the following set of data:
p (kgl/cm?) 0.5 1 1.5 2 2.5 3
v (litres) 1.62 1 0.75 0.62 0.52 0.46
6. (i) Determine the constants of the curve y = ax + bx? for the following data:
x 0 1 2 3 4
y 2.1 2.4 2.6 2.7 34
(i1) Using method of least squares, derive the normal equations to fit the curve y = ax? + bx.
Hence fit this curve to the following data: (G.B.T.U. 2011)
x 1 2 3 4 5 6 7 8
y 1 1.2 1.8 2.5 3.6 4.7 6.6 9.1
7. Fit a curve of the type xy = ax + b to the following data:
x 1 3 5 7 9 10
y 36 29 28 26 24 15
. . b . . . .
8. Fitarelationy =ax + - which satisfies the following data, using method of least squares:
x 1 2 3 4 5 6 7 8
y 5.4 6.2 8.2 10.3 12.6 14.8 17.2 19.5
(G.B.T.U. 2010)
. . . b .
9. Derive the least square equations for fitting a curve of the type y = ax® + T to a set of n points.
Hence fit a curve of this type to the data:
X 1 2 3 4
y -1.51 0.99 3.88 7.66
10. Derive the least squares approximations of the type ax? + bx + ¢ to the function 2% at the points
x,=0,1,2,3,4.
11. A person runs the same race track for 5 consecutive days and is timed as follows:

Day (x) 1 2 3 4 5
Time (y) 15.3 15.1 15 14.5 14
. . b ¢
Make a least square fit to the above data using a function a + ” .
x
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12. Use the method of least squares to fit the curvey = ¢, x + % for the following data:
x
x 0.2 0.3 0.5 1 2
y 16 14 11 6 3
13. Experiments with a periodic process gave the following data:
t° 0 50 100 150 200 250 300 350
y 0.754 1.762 2.041 1.412 0.303 —-0.484 | -0.38 0.520
Estimate the parameters a and b in the model y =b + a sin ¢ using the least squares approximation.
14. A physicist wants to approximate the following data:
x 0 0.5 1 2
fx) 0 0.57 1.46 5.05
using a function a e?* + c. He believes that b = 1. Compute the values of @ and c that give the best
least squares approximation assuming that b = 1.
15. Determine the normal equations if the cubic polynomial y = a, + a;x + azxz + a3x3 is fitted to the
data (x;,y;); 0 <i<m.
b
16. Estimatey atx =5 by fitting a least squares curve of the form y = m to the following data:
x 3.6 4.8 6 7.2 8.4 9.6 10.8
y 0.83 0.31 0.17 0.10 0.07 0.05 0.04
. . . 1 a 1 2
Hint: Rewrite the equation as —=-—x+—x
y b b
Answers
1. (I)y=4.642 046« (i1) V = 146.3 ¢ 0-4118¢ (ii1) y = 0.5580 1-0631x
3. )y =2.978 05143 (i1) y = 0.5012 19977 (i11) y = 7.173x1-952
4. ()y=99.86 (1.2) (1) y = 0.6823 (1.384) 5. pv'42 =0.99
6. ()a=197,b=-0.298 (i) y = 0.107798 x2 + 0.217125 x 7. xy = 16.18x + 40.78
2.98195 2.04
8. y=239188x + ——— 9.y =0.509x2 - —
x x
6.7512 4.4738
10. y=1.143x2-0.971x + 1.286 11.y = 13.0065 + - 5
x
. 1
12. y=-1.1836x + 7596 13. a = 1.312810, b = 0.752575
Jx
14. a =0.784976, b=-0.733298
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15. Zy=ma,+a, Ix + a, Zx% + ay Zad
Ixy = ay Ix + ap 2% + a, a3 + ag Tat
Yx2y = ay Zx? + ay Txd + a, Zxt + ay Zxb

Txdy = ay Zxd + a) Zxt + a, Zxd + ay Zxb.
3.774

16. y=—x(x—2)

;v (5)=0.2516

3.31 CORRELATION

In a bivariate distribution, if the change in one variable affects a change in the other variable,
the variables are said to be correlated.

If the two variables deviate in the same direction i.e., if the increase (or decrease) in one
results in a corresponding increase (or decrease) in the other, correlation is said to be direct or
positive.

e.g., the correlation between income and expenditure is positive.

If the two variables deviate in opposite direction i.e., if the increase (or decrease) in one
results in a corresponding decrease (or increase) in the other, correlation is said to be inverse
or negative.

e.g., the correlation between volume and the pressure of a perfect gas or the correlation
between price and demand is negative.

Correlation is said to be perfect if the deviation in one variable is followed by a corre-
sponding proportional deviation in the other.

3.32 REASONS RESPONSIBLE FOR THE EXISTENCE OF CORRELATION

1. Due to mere chance. The correlation between variables may be due to mere chance.
Consider the data regarding six students selected at random from a college.

Students: A B C D E F

% of marks obtained in: 43% 47% 60% 80% 55% 40%
previous exam.

Height (in inches): 60 62 65 70 64 59

Here the variables are moving in the same direction and a high degree of correlation is
expected between the variables. We cannot expect this degree of correlation to hold good for
any other sample drawn from the concerned population. In this case, the correlation has oc-
curred just due to chance.

2. Due to the effect of some common cause. The correlation between variables may be due
to the effect of some common cause. For example, positive correlation between the number of
girls seeking admission in colleges A and B of a city may be due to the effect of increasing
interest of girls towards higher education.

3. Due to the presence of cause-effect relationship between variables. For example, a
high degree correlation between ‘temperature’ and ‘sale of coffee’ is due to the fact that people
like taking coffee in winter season.

4. Due to the presence of interdependent relationship between the variables. For
example, the presence of correlation between amount spent on entertainment of family and
total expenditure of family is due to fact that both variables affect each other.
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3.33 SCATTER OR DOT DIAGRAMS

It is the simplest method of the diagrammatic representation of bivariate data. Let (x,, y,),
i=1,2,3,......, n be a bivariate distribution. Let the values of the variables x and y be plotted
along the x-axis and y-axis on a suitable scale. Then corresponding to every ordered pair,
there corresponds a point or dot in the xy-plane. The diagram of dots so obtained is called a dot¢
or scatter diagram.

If the dots are very close to each other and the number of observations is not very large,
a fairly good correlation is expected. If the dots are widely scattered, a poor correlation is
expected.

3.34 KARL PEARSON'’S CO-EFFICIENT OF CORRELATION (OR PRODUCT
MOMENT CORRELATION CO-EFFICIENT)
[U.P.T.U. (C.0.) 2009; U.P.T.U. 2006, 2007, 2015]

Correlation co-efficient between two variables x and y, usually denoted by r(x, y) or r,isa
numerical measure of linear relationship between them and is defined as

1 _ _ 1 _ _
- (x; — %)y, - y) _ ;E(xi - y; - y) i ;Z(xi —x)(y; - y)
T -2 2y, - ) \/1 S -5 L 2y, - )2 7<%
n 12 n 13
CZx -0y -y
e noc,c,
Alternate form of r(x, y):
nXxy — ZxXy

r(x,y) =

\/an2 —(x)? \/nZy2 —(zy)?

Here n is the no. of pairs of values of x and y.
Note. Correlation co-efficient is independent of change of origin and scale.
Let us define two new variables u and v as
x—a -b
u=——,0= =2 where a, b, h, k are constants, then Ty = Tuw

h k

nXuv — XuXv
\/nZu2 - (zu)? \/nivz - (Tv)?

Then, r(u,v) =

EXAMPLES

Example 1. Find the coefficient of correlation between the values of x and y:
[U.P.T.U. (C.0.) 2008]

x 1 3 5 7 8 10
y 8 12 15 17 18 20
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Sol. Here, n = 6. The table is as follows:

x x2 2 xy

1 8 1 64 8

3 12 9 144 36
5 15 25 225 75
7 17 49 289 119
8 18 64 324 144
10 20 100 400 200

Tx=34 Ty =90 > x? =248 > y? = 1446 T xy =582

Karl Pearson’s coefficient of correlation is given by
nXxy—-XxXy
\/n Tx? - (Zx)? \/n Ty? - (Zy)?
_ (6 x 582) — (34 x 90)
6% 248) - (30) /(6 x 1446) - (90)?
Example 2. The following data regarding the heights (y) and weights (x) of 100 college

rx,y =

=0.9879

students are given:

Sx = 15000, Ix? = 2272500, Ty = 6800, Ty? = 463025 and Ixy = 1022250.
Find the correlation coefficient between height and weight.

Sol. Here, n = 100

Correlation co-efficient r(x, y) is given by

. nZXxy — XxXy
\/anz —(Zx)? \/n2y2 —(Zy)?
B (100 x 1022250) — (15000 x 6800)
~ 200 x 2272500) — (15000)% /(100 x 463025) — (6800)°
Example 3. Find the co-efficient of correlation for the following table: (U.K.T.U.2011)

=0.6.

x: 10 14 18 22 26 30
y: 18 12 24 6 30 36
x—22 y—24
Sol. Let u = =
ol. Let u Y 5
x y u v u? v? uv
10 18 -3 -1 9 1 3
14 12 -2 -2 4 4 4
18 24 -1 0 1 0 0
22 6 0 -3 0 9 0
26 30 1 1 1 1 1
30 36 2 2 4 4 4
Total Su=-3 Sv=-3 Su?=19 Y02 =19 Suv =12
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—_ 1 1 1 _ 1 1 1
Here,n =6, u U 6( ) g V=% 6( ) 5
nXuv — Zulv
ruv =
x/n):u2 - (Zu)? x/nZv2 - (2v)?
(6x12) - (= 3)(-3) 63
= 3 > = 77— 1 =06
J6x19)-(-3)? J6x19)-(-3?2 105105
Hence, Ty =Tup = 0.6.

Example 4. Ten students got the following percentage of marks in Principles of Economics
and Statistics:

Roll Nos.: 1 2 3 4 5 6 7 8 9 10

Marks in Economics: 78 36 98 25 75 82 90 62 65 39

Marks in Statistics: 84 51 91 60 68 62 86 58 53 47

Calculate the co-efficient of correlation.

Sol. Let the marks in the two subjects be denoted by x and y respectively.

x ¥ u=x-65 v=y-66 u? v? uv
78 84 13 18 169 324 234
36 51 -29 -15 841 225 435
98 91 33 25 1089 625 825
25 60 - 40 -6 1600 36 240
75 68 10 2 100 4 20
82 62 17 -4 289 16 - 68
90 86 25 20 625 400 500
62 58 -3 -8 9 64 24
65 53 0 -13 0 169 0
39 47 - 26 -19 676 361 494
Total Su=0 Sv=0 Su? = 5398 Yv2=2224 | Zuv=2734
_ 1 _ 1
Here,n =10, © =; Zu;=0,v=—%v; =0
n
nZuv — ZuXv

ruv =
\/n u® - (zu)? \/nsz - (2v)?
(10 x 2734) — (0 x 0)

10 x5398) - (0)? /(10 x 2224) - (02
Hence, oy =Ty = 0.789.
Example 5. A computer while calculating correlation co-efficient between two variables

X and Y from 25 pairs of observations obtained the following results :

=0.789

n =25, >X = 125, X2 = 650,
YY = 100, 2Y? = 460, >XY = 508.
It was, however, later discovered at the time of checking that he had copied down two
pairs as X Y while the correct values were X Y
6 | 14 8 | 12
8 | 6 6 | 8

Obtain the correct value of correlation co-efficient.
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Sol. Corrected XX =125-6-8+8 + 6 = 125

Corrected Y =100-14-6 + 12 + 8 =100

Corrected  XX? =650 — 62— 82+ 82+ 62 =650

Corrected  XY? =460 — 142 - 62 + 122 + 82 = 436

Corrected XXY=508-6x14-8x6+8x12+6 x8=520
(Subtract the incorrect values and add the corresponding correct values)

=12X=i x125=5; ?=12Y=i x 100 = 4
n 25 n 25

o]

nXY - IX>Y
Corrected Ty =
JnIX? - (3X)2 \[nIY? - (2Y)?

(25 x 520) — (125 x 100)

_ - 0.67.
V(25 x 650) - (125)% /(25 x 436) — (100)?

Example 6. If z = ax + by and r is the correlation co-efficient between x and y, show that
o =a’c’ +b% 7 + 2abr o, o,

Sol. z=ax + by

= z =ax + by, z; = ax; + by,

z,—z=alx; —x)+b(y; - y)

1

[y

_ 1
Now, 0.2= —2(z ~2)" =— Ylalx; ~ ) + bly, - y)I?

S|~

Tla®(x;, — ) + b2y, — ¥)? + 2ab(x; — )y, - ¥)]
—a2. 1 X(x; - %)% + b2 .lZ(y,- - 2% +2ab .lZ(xi -y, - )
n n n

L 5 -y, - 7)
n

= a26 2+ b2G 2 S
=a®c,” +b°0 * + 2abr 6,0, cor=

6,0

=y

Example 7. Establish the formula: Gify =0”+07-2r_0.0,

where Ty is the correlation coefficient between x and y. Using the above formula, calculate the
correlation coefficient from the following data relating to the marks of 10 candidates in aptitude
test (x) and Achievement rating (y).

Marks
Aptitude (x): 22 53 46 67 43 35 88 11 95 13
Achievement (y): 18 39 31 42 55 64 82 10 96 14
Sol. Let z=x-y
zZ=x-Yy
z—z=(x-x)-(y-y)
or, (z-2?=-02+(y-»?-2x -2y -9
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Summing up for n terms,
Sz-z2)P2=Xx-x) +Xy—-¥)2-2X(x—-x)y—Y)
S(z-2)" -0 y-3* 25x-%Ny-5)

or,

n n n n
Sl — By —
= 6?=02+072-2r60, WhGI‘Qr:w
Y Y noc,c,
2 _~2 2
= Gy, =0,"+07°-2r6.0, (D)
Now, n=10
_ 22+53+46+67+43+35+88+11+95+13 473
x= = =47.3
10 10
_ 18+39+31+42+55+64+82+10+96+14 451 — 451
J 10 0
Now we form the table as
x y z=x—y X—x y-y z-z (x - x)? y-y)? (z—z)?
22 18 4 —-25.3 -27.1 1.8 640.09 734.41 3.24
53 39 14 5.7 -6.1 11.8 32.49 37.21 139.24
46 31 15 -1.3 -14.1 12.8 1.69 198.81 163.84
67 42 25 19.7 -3.1 22.8 38.09 9.61 519.84
43 55 - 12 -4.3 9.9 —-14.2 18.49 98.01 201.64
35 64 -29 -12.3 18.9 -31.2 151.29 357.21 973.44
88 82 6 40.7 36.9 3.8 1656.49 1361.61 14.44
11 10 1 -36.3 -35.1 -1.2 1317.69 1232.01 1.44
95 96 -1 47.7 50.9 -3.2 2275.29 2590.81 10.24
13 14 -1 —-34.3 -31.1 -3.2 1176.49 967.21 10.24
S(x — x )2 Sy—y)2 | Z(z-2)?
=7658.1 =17586.9 | =2037.6
where, E:E:g =22
n 10

_ Z(x-X) _ 76581 , Zy-?* _17586.9

2 — —
Now, S, - o = 76581, o, - o = 75869
_ 32
o2, =g, =222 20376 _ o376
n 10

Substituting the values in the formula (1),

2 _s2 2 _
Gy =0,"+06"-2rco,

= 203.76 = 765.81 + 758.69 — 2r (27.67)(27.54)

_ 1524.5-203.76

r= 1524.06 = 0.866.
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Example 8. (i) Calculate coefficient of correlation from the following results:
n=10, ¥X =100, XY =150, %(X-10)? =180, X(Y-15)? =215, (X - 10)(Y - 15) = 60.

(it) Calculate Karl Pearson’s coefficient of correlation between X and Y for the following
information:

n=12, X =120,3Y = 130, %X -8)? =150, (Y- 10)> =200 and X(X-8)(Y-10)=50
X 100

Sol. (i) Mean of first series, X="2-" =10
n 10
Mean of second series,Y = ZY = 150 _ 15
n 10
X -X)Y-Y)
Now, = — —
VEX-X)? . 5(Y - 1)?
_ (X -10)Y -15) _ 60 — 0.305
JEX 102 .5(Y-15? 180x215
(i) Sx=X(X-8)=3XX-38=120-(8 x 12) =
Sy=2(Y-10)=XY -210=130-(10 x 12) = 10
ny =X(X-8)Y -10) =50 (given)
=3XX-8)2=150
Zy2 = 3(Y — 10)2 = 200
nXxy — XxXy (12 x 50) — (24 x 10)
Now, r= = 9 2
Jnm? —(50? Jnmy? — () (12 150) - (24)% /(12 x 200) - (10)
= & =0.2146
~ V1224 Y2300 ¢ 7T

3.35 CALCULATION OF CO-EFFICIENT OF CORRELATION FOR A BIVARIATE
FREQUENCY DISTRIBUTION

Ifthe bivariate data on x and y is presented on a two way correlation table and f'is the frequency
of a particular rectangle in the correlation table, then

Sfey - L 5fe 5fy
n

Ty T 1 1
\/[foz -= (Efx)z:l {nyQ -= (ny)z}
n n

Since change of origin and scale do not affect the co-efficient of correlation.
Ty =Ty , Where the new variables u, v are properly chosen.
Example 9. The following table gives according to age the frequency of marks obtained
by 100 students in an intelligence test:
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Age (in years)
18 19 20 21 Total
Marks
10-20 4 2 2 8
20-30 5 4 6 4 19
30-40 6 8 10 11 35
40-50 4 4 6 8 22
50-60 2 4 4 10
60-70 2 3 1 6
Total 19 22 31 28 100

Calculate the co-efficient of correlation between age and intelligence.
Sol. Let age and intelligence be denoted by x and y respectively.

Mid x
value 18 19 20 21 f u fu fu? fuv
y
15 10-20 4 2 2 8 -3 —-24 72 30
25 20-30 5 4 6 4 19 -2 - 38 76 20
35 30-40 6 8 10 11 35 -1 -35 35 9
45 40-50 4 4 6 8 22 0 0 0 0
55 50-60 2 4 4 10 1 10 10 2
65 60-70 2 3 1 6 2 12 24 -2
f 19 22 31 28 100 Total -75 217 59
v -2 -1 0 1 Total
fo - 38 - 22 0 28 -32
fv? 76 22 0 28 126
fuv 56 16 0 -13 59 <
Let us define two new variables v and v as u = Y 1045, v=x-20

Sfuv — 1 Sfu Xfv
n

\/[qu2 _1 (qu)ﬂ [vaQ _1 (va)z}
n n

rxy =Ty =

1
59 - m (_ 75)(_ 32) 3 59 _ 24

1 > 1 ,]  [643 2894
217——~(-75)% || 126 — - (32 TEx 22
\/[ 100 =™ ][ 100 32 } 4" 25
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3.36 RANK CORRELATION

Sometimes we have to deal with problems in which data cannot be quantitatively measured
but qualitative assessment is possible.

Let a group of n individuals be arranged in order of merit or proficiency in possession of
two characteristics A and B. The ranks in the two characteristics are, in general, different.
For example, if A stands for intelligence and B for beauty, it is not necessary that the most
intelligent individual may be the most beautiful and vica versa. Thus an individual who is
ranked at the top for the characteristic A may be ranked at the bottom for the characteristic
B.Let(x;,y),1=1,2,...... n be the ranks of the n individuals in the group for the characteristics
A and B respectively. Pearsonian co-efficient of correlation between the ranks x;’s and y;’s is
called the rank correlation co-efficient between the characteristics A and B for that group of
individuals.

Thus rank correlation co-efficient

L -0y -y
= 0 ..(1)
VEG; - 02y, - ) 00y
Now xs and y,’s are merely the permutations of n numbers from 1 to n. Assuming that
no two individuals are bracketed or tied in either classification i.e., (x;,y;) # (xj, yj) fori#j, both
x and y take all integral values from 1 to n.

Z(xi - E)(yl - y)

1 nr+1) n+1

1
x:y=;(1+2+3+ ...... +n)

2 2
nn+1)
Sx.=1+2+3+...... +n= 9 2y,
Sx2=12 49224 ... +n2=w=zyi2
If D, denotes the difference in ranks of the ith individual, then
Di=xi_yi=(xi_f)_(yi_y) [ 37:?]
1 1 _ _
=3D;% = = 3[(x; - %)~ (y; — y)?
n n
1 _ 1 _ 1 _ _
= =X - X)Xy - 2. =2y - By - Y)
n n n
=02+0,>-2rc,0, ...(2) | using (1)
1 1
But 62=—x2-32="3y2-3%2=02
X n i n 12 y
1 2 2 2 2 1 2 _ 2
From (2), = ¥D”=20*-2rc *=2(1-r)c,*=2(1-7r) o Xt —x
n
2
_9(1—r) l'n(n+1)(2n+1)_(n+1)
n 6 4
4n+2-3n-3]_ (A-r@r*-1 63D
_(1—r)(n+1)[ 6 :|— 5 or 1_r_n(n2—1)
2
Hence, r=1- _6xD;”
nn? -1
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Note. This is called Spearman’s Formula for Rank Correlation.
Xd, = X(x, —y,) = Xx; — Xy, = 0 always.
This serves as a check on calculations.

EXAMPLES

Example 1. Compute the rank correlation coefficient for the following data:
Person: A B (o D E F G H 1 J
Rank in Maths: 9 10 6 5 7 2 4 8 1 3
Rank in Physics: 1 2 3 4 5 6 7 8 9 10
Sol. Here the ranks are given and n = 10.
Person R, R, D=R,-R, D?

A 9 1 8 64

B 10 2 8 64

C 6 3 3 9

D 5 4 1 1

E 7 5 2 4

F 2 6 -4 16

G 4 7 -3 9

H 8 8 0 0

I 1 9 -8 64

dJ 3 10 -7 49

*D? = 280
6zD? 6 x 280
r=l-4————t=1-¢——"—=1-1.697 = - 0.697.
nn® -1 10(100-1)

Example 2. The marks secured by recruits in the selection test (X) and in the proficiency
test (Y) are given below:

Serial No.: 1 2 3 4 5 6 7 8 9
X: 10 15 12 17 13 16 24 14 22
Y: 30 42 45 46 33 34 40 35 39

Calculate the rank correlation co-efficient.

Sol. Here the marks are given. Therefore, first of all, write down ranks. In each series,
the item with the largest size is ranked 1, next largest 2 and so on. Here n = 9.

X 10 15 12 17 13 16 24 14 22 Total
Y 30 42 45 46 33 34 40 35 39
Ranks in X (x) 9 5 8 3 7 4 1 6 2
Ranksin'Y (y) 9 3 2 1 8 7 4 6 5
D=x-y 0 2 6 2 -1 -3 -3 0 -3 0
D? 0 4 36 4 1 9 9 0 9 72
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2
S B A G T L
nn® -1 9x 80

Example 3. Rank correlation co-efficient of marks obtained by 10 students in Mathematics
and English was found to be 0.5. It was later discovered that the difference in ranks in two
subjects obtained by one of the students was wrongly taken as 3 instead of 7. Find the correct
rank correlation co-efficient.

Sol. Incorrectr, = 0.5, n = 10
n(n?-1(1-r,) 10x99x05

6 6
Now, correct £D2 = Incorrect XD2 — (3)2 + (7)2 =82.5 -9 + 49 = 122.5

Incorrect D2 = =82.5

nn?-1 10(100 - 1)

Example 4. Ten competitors in a beauty contest were ranked by three judges in the
following orders:

2
Correct 7, = 1 - { 62D }= —{ 6x 1225 } = 0.2575.

First Judge: 1 6 5 10 3 2 4 9 7 8
Second Judge: 3 5 8 4 7 10 2 1 6 9
Third Judge: 6 4 9 8 1 2 3 10 5 7

Use the method of rank correlation to determine which pair of judges has the nearest
approach to common taste in beauty?

Sol. Let Ry, Ry, R4 be the ranks given by three judges.
Calculation of rank correlation coefficient

Competitor| R, R, R, D, D, D,, DZ DZ DZ,
=R,-R,| =R,-R; | =R,-R;

A 1 3 6 -2 -5 -3 4 25 9
B 6 5 4 1 2 1 1 4 1
C 8 9 -3 -4 -1 9 16 1
D 10 4 8 6 2 -4 36 4 16
E 3 7 1 -4 2 6 16 4 36
F 2 10 2 -8 0 8 64 0 64
G 4 2 3 2 1 -1 4 1 1
H 9 1 10 8 -1 -9 64 1 81
I 7 6 1 2 1 1 4 1
dJ 8 9 7 -1 1 2 1 1 4

n=10 sD,? | =02 | =DZ

=200 =60 =214

Rank correlation coefficient between first and second judges,

62D ,,> 6 x 200
Phy =1 — {2t =1 - = - 0.212
2 {n(n2 - 1)} { 10 (99)}
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Rank correlation coefficient between first and third judges,

62D, .2
rk13=1—{—13 }=1—{6X60}=0.636

n(n® - 1) 10 x 99
Rank correlation coefficient between second and third judges,
62D,,> 6 x 214
The =1—y—5——¢ =1- =-0.297
= {n(n2 Y 10 x99

Correlation between first and second judges is negative i.e., their opinions regarding
beauty test are opposite to each other. Similarly, opinions of second and third judges are
opposite to each other, but the opinions of first and third judges are of similar type as their
correlation is positive. It means that their likings and dislikings are very much common.

3.37 TIED RANKS

If any two or more individuals have same rank or the same value in the series of marks, then
the above formula fails and requires an adjustment. In such cases, each individual is given an
average rank. This common average rank is the average of the ranks which these individuals
would have assumed if they were slightly different from each other. Thus, if two individual
are ranked equal at the sixth place, they would have assumed the 6th and 7th ranks if they

6+7
were ranked slightly different. Their common rank = % = 6.5. If three individuals are
ranked equal at fourth place, they would have assumed the 4th, 5th and 6th ranks if they
4+5+6
were ranked slightly different. Their common rank = s = 5

1
Adjustment. Add 12 m(m? — 1) to D2 where m stands for the number of times an item is
repeated.

This adjustment factor is to be added for each repeated item.

6{2D2 Jrli2 m(m? -1 +1—12m(m2 -1 +}
Thus r=1-

n(n® -1
Example 5. Obtain the rank correlation co-efficient for the following data:
X: 68 64 75 50 64 80 75 40 55 64
Y: 62 58 68 45 81 60 68 48 50 70.
Sol. Here, marks are given, so write down the ranks.
X 68 64 75 50 64 80 75 40 55 64 Total
Y 62 58 68 45 81 60 68 48 50 70
Ranks in X (x) 4 6 2.5 9 6 1 2.5 10 8 6
Ranks in Y (y) 5 7 3.5 10 1 6 3.5 9 8 2
D=x-y -1 -1 -1 -1 5 -5 -1 1 0 4 0
D? 1 1 1 1 25 25 1 1 0 16 72
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In the X-series, the value 75 occurs twice. Had these values been slightly different, they
+3
2

= 2.5. The value 64 occurs thrice. Had these values been slightly different, they would have

5+6+7
been given the ranks 5, 6, and 7. Therefore the common rank given to them is Ty = 6

Similarly, in the Y-series, the value 68 occurs twice. Had these values been slightly different,
they would have been given the ranks 3 and 4? Therefore, the common rank given to them is

3+4

would have been given the ranks 2 and 3. Therefore, the common rank given to them is

5 = 3.5.
Thus, m has the values 2, 3, 2.
1 1 1
6 {ZD2 t1g my(m - 1) + 15 my(my? — 1) + Em3(m32 - 1)}
r=1- 5
n(n” -1
1 2 1 2 1 2
6[72+—.22°-D+—.3@3" -D+-—.22°-1)
_1 12 12 12
- 10(10% - 1)
1 {6 X 75} 6 4
=1-1990 [= 11 = 0.545.
ASSIGNMENT
1. Calculate the coefficient of correlation for the following data: (U.P.T.U. 2006)

Husband’s age (in yrs.) x | 23 27 28 28 29 30 31 33 35| 36
Wife’s age (in yrs.) y 18 20 | 22 27 | 21 29 27 | 29 | 28| 29

2. Calculate the coefficient of correlation for the following data:

Height of father 65 66 67 67 68 69 70 72
(in inches)

Height of son 67 68 65 68 72 72 69 71
(in inches)

3. Define Karl Pearson’s coefficient of correlation. How would you interpret the sign and magnitude
of a correlation coefficient?

4, Calculate the coefficient of correlation between the marks obtained by 8 students in Mathematics
and Statistics:

Students A B C D E F G H
Mathematics 25 30 32 35 37 40 42 45
Statistics 08 10 15 17 20 23 24 25

[U.P.T.U. (C.0.) 2009]
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5.

10.

10.

Find the correlation coefficient between x and y for the following data:

60 34 40 50 45 41 22 43

y 75 32 34 40 45 33 12 30

[UKT.U. 2010]

The marks of the same 15 students in two subjects A and B are analysed. The two numbers
within the brackets denote the ranks of the same student in A and B respectively:

(1,10) (2,7) (3,2) (4,6) (5,4) (6,8) (7,3) (8,1) (9, 11) (10, 15) (11, 9) (12, 5) (13, 14) (14, 12)
(15, 13)

Use Spearman’s formula to find the rank correlation coefficient.

Ten students got the following percentage of marks in Chemistry and Physics:

Students: 1 2 3 4 5 6 7 8 9 10
Marks in Chemistry: 78 36 98 25 75 82 90 62 65 39
Marks in Physics: 84 51 91 60 68 62 86 58 63 47
Calculate the rank correlation co-efficient.

A firm not sure of the response to its product in ten different colour shades decides to produce
them in those colour shades, if the ranking of these colour shades by two typical consumer judges
is highly correlated.

The two judges rank the ten colours in the following order:

Colour : | Red | Green | Blue | Yellow | White | Black | Pink | Purple | Orange | Ivory

Ranking
by I : 6 4 3 1 2 7 9 8 10 5
Judge

Ranking
by IT : 4 1 6 7 5 8 10 9 3 2

Judge

Is there any agreement between the two judges, to allow the introduction of the product by the
firm in the market?

Two judges in a music competition rank the 12 entries as follows:

x 1 2 3 4 5 6 7 8 9 10 11 12
y 12 9 6 10 3 5 4 7 8 2 11 1

What degree of agreement is there between the judgement of the two judges?

Calculate the coefficient of correlation between the following ages of husband (x) and wife (y) by
taking 30 and 28 as assumed mean incase of x and y respectively:

X 24 27 28 28 29 30 32 33 35 35 40
Yy 18 20 22 25 22 28 28 30 27 30 32

Answers

0.82 2. 0.603 4. 0.9804 5.0.9158
0.51 7.0.84 8. 0.22, no 9. -0.454
0.8926.

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

282 A TEXTBOOK OF ENGINEERING MATHEMATICS

3.38 REGRESSION ANALYSIS (U.P.T.U. 2015)

The term ‘regression’ was first used by Sir Francis Galton (1822-1911), a British Biometrician
in connection with the height of parents and their offsprings. He found that the offspring of
tall or short parents tend to regress to the average height. In other words, though tall fathers
do tend to have tall sons yet the average height of tall fathers is more than the average height
of their sons and the average height of short fathers is less than the average height of their
sons.

The term ‘regression’ stands for some sort of functional relationship between two or
more related variables. The only fundamental difference, if any, between problems of curve-
fitting and regression is that in regression, any of the variables may be considered as inde-
pendent or dependent while in curve-fitting, one variable cannot be dependent.

Regression measures the nature and extent of correlation. Regression is the estimation
or prediction of unknown values of one variable from known values of another variable.

3.39 CURVE OF REGRESSION AND REGRESSION EQUATION

If two variates x and y are correlated i.e., there exists an association or relationship between
them, then the scatter diagram will be more or less concentrated round a curve. This curve is
called the curve of regression and the relationship is said to be expressed by means of curvilinear
regression.

The mathematical equation of the regression curve is called regression equation.

3.40 LINEAR REGRESSION

When the points of the scatter diagram concentrate round a straight line, the regression is
called linear and this straight line is known as the line of regression.

Regression will be called non-linear if there exists a relationship other than a straight
line between the variables under consideration.

3.41 LINES OF REGRESSION (U.P.T.U. 2006, 2007)

A line of regression is the straight line which gives the best fit in the least square sense to the
given frequency.

In case of n pairs (x,, y,) ;i = 1, 2, ..., n from a bivariate data, we have no reason or
justification to assume y as dependent variable and x as independent variable. Either of the
two may be estimated for the given values of the other. Thus if we wish to estimate y for given
values of x, we shall have the regression equation of the form y = a + bx, called the regression
line of y on x. If we wish to estimate x for given values of y, we shall have the regression line of
the form x = A + By, called the regression line of x on y.

Thus it implies, in general, we always have two lines of regression.

If the line of regression is so chosen that the sum of squares of deviation parallel to the
axis of y is minimised [See Fig. (a)], it is called the line of regression of y on x and it gives the
best estimate of y for any given value of x.

If the line of regression is so chosen that the sum of squares of deviations parallel to the
axis of x is minimised [See Fig. (b)], it is called the line of regression of x on y and it gives the
best estimate of x for any given value of y.
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YA YA
Pi(x;, yi)
B
H(x;, v)
A
0 X
Fig. (a) Fig. (b)

The independent variable is called predictor or regresser or explanator and the dependent
variable is called the predictant or regressed or explained variable.

3.42 DERIVATION OF LINES OF REGRESSION

3.42.1. Line of Regression of y on x

To obtain the line of regression of y on x, we shall assume y as dependent variable and x
as independent variable. Let y = a + bx be the equation of regression line of y on x.

The residual for i*" point is E, =y, — a — bx;.

Introduce a new quantity U such that

n n
U= Z E? = Z (y; —a—bx;)? (D
i=1 i=1
According to the principle of Least squares, the constants a and b are chosen in such a
way that the sum of the squares of residuals is minimum.

Now, the condition for U to be maximum or minimum is

Y =0 and U =0
oa ob
ou =
FI’OIn (1), 522; ()/l—a—bxl)(— 1)
aa—g:Ogives 2 ;(yi—a—bxi)(—l)=0
= Sy=na+bXx ..(2)
U S
Also, o =2 ; (y; —a —bx;) (- x;)
aa—lbj =0 gives 2 i:zl(yi—a—bxi)(—xi)=0
= Yxy =a Xx + b Tx? ..(3)
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Equations (2) and (3) are called normal equations.
Solving (2) and (3) for ‘@’ and ‘b’, we get
1
xy — — 2x X
b= Y L yzany—Zny ..(4)
ZJCQ _ l (Zx)z n Z?C2 - (ZX)Z
n
)y X o _
and a="2-bT=5-bx ..(5)
n n

Eqn. (5) gives y = a + bx
Hence y = a + bx line passes through point (%, ).
Putting a = ¥ — bx in equation of line y = a + bx, we get

y—y=blx-X) ...(6)

Equation (6) is called regression line of y on x. b’ is called the regression coefficient of y

on x and is usually denoted by b, .

Hence eqn. (6) can be rewritten as

y - y:byx(x_f)

where x and y are mean values while

B n Xxy — Xx Xy
yx T anQ_(ZJC)Z

In equation (3), shifting the origin to (%, y), we get
x-x)y-y)=aZlx—%)+bIx—x)? v Xx-X)=0,
= nr 6,6, =a(0) + bnc,? 1 —\2 2
G —X(x—-Xx)" =0,
= b=r—2 n — —
] O and - Dy=y _ r
Hence, regression coefficient byx can also be defined as nG,o,
c
- Y
byx =r 5.

where r is the coefficient of correlation, 6, and o, are the standard deviations of x and y series
respectively.

3.42.2. Line of Regression of x on y

Proceeding in the same way as 3.42.1, we can derive the regression line of x on y as

x—x=b (y-y)

where b, is the regression coefficient of x on y and is given by

or

_ n2xy—3xXy

xy n zyz _ (zy)Q
—_ Gx
bxy = a

where the terms have their usual meanings.
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Note. If 7 = 0, the two lines of regression become y = y and x = x which are two straight lines parallel to

x and y axes respectively and passing through their means y and x . They are mutually perpendicular.
If r = £ 1, the two lines of regression will coincide.

3.43 USE OF REGRESSION ANALYSIS (U.P.T.U. 2008)

(i) In the field of Business, this tool of statistical analysis is widely used. Businessmen are
interested in predicting future production, consumption, investment, prices, profits and sales
etc.
(i1) In the field of economic planning and sociological studies, projections of population,
birth rates, death rates and other similar variables are of great use.

3.44 COMPARISON OF CORRELATION AND REGRESSION ANALYSIS
[G.B.T.U. M.B.A. (C.0.) 2011]

Both the correlation and regression analysis helps us in studying the relationship between
two variables yet they differ in their approach and objectives.

(i) Correlation studies are meant for studying the covariation of the two variables. They
tell us whether the variables under study move in the same direction or in reverse directions.
The degree of their covariation is also reflected in the correlation co-efficient but the correla-
tion study does not provide the nature of relationship. It does not tell us about the relative
movement in the variables and we cannot predict the value of one variable corresponding to
the value of other variable. This is possible through regression analysis.

(i1) Regression presumes one variable as a cause and the other as its effect. The
independent variable is supposed to be affecting the dependent variable and as such we can
estimate the values of the dependent variable by projecting the relationship between them.
However, correlation between two series is not necessarily a cause-effect relationship.

(zir) Coefficient of correlation cannot exceed unity but one of the regression coefficients
can have a value higher than unity but the product of two regression coefficients can never
exceed unity.

3.45 PROPERTIES OF REGRESSION CO-EFFICIENTS

Property 1. Correlation co-efficient is the geometric mean between the regression co-efficients.

: . ro ro
Proof. The co-efficients of regression are —2 and —%.
o o

x y
ro ro o
G.M. between them = G—y X G—x =r? =r = co-efficient of correlation.
x y
Property I1. If one of the regression co-efficients is greater than unity, the other must be less
than unity.
. . ro, ro,
Proof. The two regression co-efficients are b, = and b,, =—=
x y
1
Let b _>1,then —<1 (1)
yx b
yx
Since b, b, = r’<1 (v —=1<r<1)
1 .
bxyS—< 1. | Using (1)
yx

Similarly, if bxy > 1, then byx <1.
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Property II1. Arithmetic mean of regression co-efficients is greater than the correlation
co-efficient.
Proof. We have to prove that

by, +b,y .
2
c
or r=2 485 9
C, c,
or c,>+6,?>20,0,
or (o, - (Sy)2 >0, which is true.
Property IV. Regression co-efficients are independent of the origin but not of scale.
x—-a y—>b
Proof. Let u= 5 U= o where a, b, h and % are constants
_"oy . ko, k(ro,) k&
» 6, ho, hlo,) B ™
.. h
Similarly, bxy = 7 b,

Thus, byx and bxy are both independent of @ and b but not of 2 and k.
Property V. The correlation co-efficient and the two regression co-efficients have same sign.

. . o
Proof. Regression co-efficient of y on x = byx =r =2~
Gx
. . Gx
Regression co-efficient of x ony =b, =r —*
c
y

Since 6, and o, are both positive; byx, bxy and r have same sign.

3.46 ANGLE BETWEEN TWO LINES OF REGRESSION

If 0 is the acute angle between the two regression lines in the case of two variables x and y, show
that

2
1-r 0,0,

tan 0 = 5, Wherer, o, o, have their usual meanings.

r o +o,
Explain the significance of the formula whenr=0and r = + 1.
[U.P.T.U. 2007, 2015; G.B.T.U. (C.0O.) 2011]
Proof. Equations to the lines of regression of y on x and x on y are

_ 1o _ _ 10 _
y-y=—2(x-%) and x-x=—2(y-%)
Gx Gy
) re, c,
Their slopes are  m; = — and mg,=—"—.
c, ro,
6, ro,
my —m ro c
tan 0 = + —2 e 5
1+ m2m1 o
y
1+—5
c

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

STATISTICAL TECHNIQUES 287

2 2 2
1-r° o, c 1-r 0,0,

r o, ¢, +0,” r o, +0,”

=%

Since r?< 1 and 6, o, are positive.

+ve sign gives the acute angle between the lines.

2
1-r 0,0,

Hence tan 0 = — 5
r o, +o,

T
whenr=0, 0= 3 The two lines of regression are perpendicular to each other.

Hence the estimated value of y is the same for all values of x and vice-versa.
Whenr=+1,tan0=0sothat0=0orm

Hence the lines of regression coincide and there is perfect correlation between the two
variates x and y.

EXAMPLES

Example 1. If the regression coefficients are 0.8 and 0.2, what would be the value of
coefficient of correlation?

Sol. We know that,
rZ= byx . bxy =0.8x0.2=0.16

Since r has the same sign as both the regression coefficients byx and bxy

Hence r=.0.16 = 0.4.

Example 2. Calculate linear regression coefficients from the following:

x - 1 2 3 4 5 6 7 8
y - 3 7 10 12 14 17 20 24
Sol. Linear regression coefficients are given by
nxy-—2xX nxy-2xX
=gy and b= Ny
onIx® - (Xx) Y n Xyt - (Zy)
Let us prepare the following table:
x ¥ x? 2 xy
1 3 1 9 3
2 7 4 49 14
3 10 9 100 30
4 12 16 144 48
5 14 25 196 70
6 17 36 289 102
7 20 49 400 140
8 24 64 576 192
Sx = 36 3y = 107 2 = 204 32 = 1763 Sxy = 599
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Here,n =8
_ (8x599)-(36x107) 940
T (8x204)-(36)2 336

_ (8x599)-(36x107) _ 940
w7~ (8x1763)-(107)> 2655

Example 3. The following table gives age (x) in years of cars and annual maintenance
cost (y) in hundred rupees:

=2.7976

and = 0.3540

X: 1 3 5 7 9
Y: 15 18 21 23 22
Estimate the maintenance cost for a 4 year old car after finding the regression equation.
Sol.
x y xy x2
1 15 15 1
3 18 54
5 21 105 25
7 23 161 49
9 22 198 81
sx = 25 Ty = 99 Sxy = 533 T2 = 165
Here, n=>5
E=E=—5 =5, §=§=% =19.8
n 5 n 5
nixy—-Xx Yy (5x533)—(25x99)
b, = = o = 5— =095
Yooon¥x® —(x) (5x165) —(25)

Regression line of y on x is given by
y—y=by, (x—x)
= y—19.8=0.95 (x - 5)
= y = 0.95x + 15.05
When x = 4 years, y=(0.95 x 4) + 15.05 = 18.85 hundred rupees =¥ 1885.

Example 4. In a partially destroyed laboratory record of an analysis of a correlation
data, the following results only are legible:

Variance of x = 9
Regression equations: 8x — 10y + 66 = 0, 40x — 18y = 214.

What were (a) the mean values of x and y (b) the standard deviation of y and the
co-efficient of correlation between x and y? [U.P.T.U. 2008, 2009; U.K.T.U. 2010]

Sol. (@) Since both the lines of regression pass through the point (x, y) therefore,
we have

8x -10y +66=0 ..(D)
40x - 18y - 214=0 ...(2)
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Multiplying (1) by 5, 40% — 507 + 330 = 0 (3
Subtracting (3) from (2), 32y -544=0 sy =17

From (1), 8x —170 +66 =0 or 8x =104 x =13
Hence, x =13, y =17
(b) Variance of x=02=9 (given)
c,=3

The equations of lines of regression can be written as
y=08x+6.6 and x=0.45y+5.35

ro

The regression co-efficient of y on x is — =0.8 ...(4)
Gx
ro,
The regression co-efficient of x on y is _— 0.45 ...(6)
y
Multiplying (4) and (5), r2 = 0.8 x 0.45 = 0.36 s r=06

(+ve sign with square root is taken because regression co-efficients are +ve).

From (4), G = 0.80, _ 0.8x3 -4
Y r 0.6
Example 5. The regression lines of y on x and x on y are respectively y = ax + b,

x =cy +d. Show that

G, a _ bc+d _ _ad+b
2L -2 x= and y= .
o, c I-ac I-ac

[U.P.T.U. (C.0.) 2009, U.P.T.U. (MCA) 2008]

Sol. The regression line of y on x is

y=ax+b ..(D
b,=a
The regression line of x on y is
x=cy+d ...(2)
xy =c
c
We know that, b =r—2 ...(3)
yx G,
and b =rx ()
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Since both the regression lines pass through the point (x, y) therefore,

y=ax +b and x=cy+d
= ax —-y=-b ...(5)
Xx—-cy=d ...(6)
Multiplying equation (6) by a and then subtracting from (5), we get
_ _ ad+b
(@c-1)y=-ad-b = y=2 i
1-ac
Similarly, we get X = betd .
l-ac

Example 6. For two random variables, x and y with the same mean, the two regression

. b I1-a .
equations arey = ax + b and x = oy + B. Show that E =——- Find also the common mean.

(G.B.T.U. 2010)
Sol. Here, byx =a, bxy =
Let the common mean be m, then regression lines are

y—-m=a(x—m)

= y=ax+m (l—a) ...(D
and x—m=oly—m)
= x=oy+m(1l-o) ...(2)
Comparing (1) and (2) with the given equations.
b=m1-a),p=m1-0)
b 1-a
E 1-a
Since regression lines pass through (¥, ¥)
x=0y+pB and y=ax+b will hold.
= m=am+b, m=om+f
= am+b=om +
= m = B-b .
a-o
Example 7. (i) Obtain the line of regression of y on x for the data given below:
x: 1.53 1.78 2.60 2.95 3.42
y: 3350 36.30 40.00 45.80 53.50.
(it) The following data regarding the heights (y) and weights (x) of 100 college students
are given:

Sx = 15000, ¥x? = 2272500, Xy = 6800, Xy? =463025 and Ixy = 1022250.
Find the equation of regression line of height on weight.
Sol. (i) The line of regression of y on x is given by

y—y=b,(x-%x) (D
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where b, _is the coefficient of regression given by

_ nXxy-—XxXy )
T Ex® — ()?

Now we form the table as,

2

x y X xy
1.53 33.50 2.3409 51.255
1.78 36.30 2.1684 64.614
2.60 40.00 6.76 104
2.95 45.80 8.7025 135.11
3.42 53.50 11.6964 182.97

Yx =12.28 Xy =209.1 >x2 = 32.6682 Xxy = 537.949

Here, n=>5

(5x537.949) — (12.28 x 209.1)
= 5 =9.726
Y (5% 32.6682) — (12.28)
_ 12.2 _ Xy 2091
Also, mean x :EZTS =2456 and y= Ty = 5 - 41.82
n

From (1), we get
y —41.82 = 9.726(x — 2.456) = 9.726x — 23.887
y =17.932 + 9.726x
e T T gy -
Regression coefficient of y on x,

nZxy —ZxXy (100 x 1022250) - (15000 x 6800) 0.1

(@) x= 68

o opzx? (302 (100 x 2272500) — (15000)2
Regression line of height (y) on weight (x) is given by

Y= y=by,(x—%x)
= y —68 =0.1(x — 150)
- y = 0.1x + 53.

Example 8. For 10 observations on price (x) and supply (y), the following data were
obtained (in appropriate units):

>x = 130, Yy =220, Yn? = 2288, Xy? = 5506 and Zxy = 3467
Obtain the two lines of regression and estimate the supply when the price is 16 units.
Sol. Here, n = 10, E=& =13 and §=§ =22
n n

Regression coefficient of y on x is

_n¥xy-3xc ¥y (10x3467) - (130 x 220)
gy ()% (10 x 2288) — (130)2

=1.015

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

292 A TEXTBOOK OF ENGINEERING MATHEMATICS

Regression line of y on x is
y—y=by,(x-x)
y—22=1.015(x — 13)
= y =1.015x + 8.805 (D
Regression coefficient of x on y is
n¥xy—-xYy (10x3467)— (130 x 220)
v sy (%2 | (10X 5506) — (220)°

Regression line of x on y is

=0.9114

X —= E:bxy(y_y)
x—13=0.9114(y — 22)
x =0.9114y — 7.0508 ...(2)

Since we are to estimate supply (y) when price (x) is given therefore we are to use
regression line of y on x here.

When x = 16 units,
y = 1.015(16) + 8.805 = 25.045 units.

Example 9. The following results were obtained from records of age (x) and systolic
blood pressure (y) of a group of 10 men:

x Yy
Mean 53 142
Variance 130

and Z(x — x)(y - y) = 1220
Find the appropriate regression equation and use it to estimate the blood pressure of a
man whose age is 45.

Sol. Given
Mean x =53 and y =142; Variance 0,2 =130
n=10 and XZ(x-x)y-y)=1220

Since we are to estimate blood pressure (y) of a 45 years old man, we will find regression
line of y on x.

Regression coefficient

Oy _ Z(x—a?)(y—y)[c_yJ

»x o, no,o, c,

 T@E-®Dy-y 1220
- no? (10) (130)
Regression line of y on x is given by

y—y =b, (x-%)

= 0.93846

= y — 142 = 0.93846 (x — 53)
= y =0.93846 x + 92.26162
When «x =45, y = 134.49

Hence the required blood pressure = 134.49.
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Example 10. The following results were obtained from marks in Applied Mechanics
and Engineering Mathematics in an examination:

Applied Mechanics (x) Engineering Mathematics (y)
Mean 47.5 39.5
Standard Deviation 16.8 10.8
r=0.95.
Find both the regression equations. Also estimate the value of y for x = 30.
Sol. x =47.5, y =39.5
o, = 16.8, o, = 10.8 and r=0.95.
Regression coefficients are
byx =r z—i =0.95 x % =0.6107
x 16.8
and bxy =ro = 0.95 x 108 = 1.477.

y
Regression line of y on x is
y—y=b,(x-x)
= y—39.5=0.6107 (x — 47.5) = 0.6107x — 29.008
y =0.6107x + 10.49 (1)
Regression line of x on y is
X=x=by (y-Y)
= x—475=1.477 (y — 39.5)
x=1.477y — 10.8415 -.(2)
Putting x = 30 in equation (1), we get
y =(0.6107)(30) + 10.49 = 28.81.

Example 11. The equations of two regression lines, obtained in a correlation analysis of

60 observations are:
5x = 6y + 24 and 1000y = 768x — 3608.
What is the correlation coefficient? Show that the ratio of coefficient of variability of x to

5
that of y is — . What is the ratio of variances of x and y?

24
Sol. Regression line of x on y is
5x = 6y + 24
_6,. %
- "5
6
b, = 5 (D

Regression line of y on x is
1000y = 768x — 3608
= y =0.768x — 3.608
b, =0.768 .(2)
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o, 6
From (1), r—=— ...(3)
6, 5
Oy
From (2), r— =0.768 ..(4)
GJC
Multiplying equations (3) and (4), we get
r2=09216 = r=20.96 ...(B)
Dividing (4) by (3), we get
2
O __ 8 __15625.
c, 5x0.768
Taking square root, we get
Ox_195-2 6)
o, 4
Since the regression lines pass through the point (x, y), we have
5x =6y + 24

1000y =768x — 3608.

Solving the above equations for x and y, weget x=6,y = 1.

Co-efficient of variability of «x =

5
24

| ot

y
. . O,y O, 1 .
Required ratio = — x—— = — ==X | Using (6)
x o, o, 6

Example 12. A panel of two judges, A and B, graded seven TV serial performances by

awarding marks independently as shown in the following table:

Performance 1 2 3 4 5 6 7
Marks by A 46 42 44 40 43 41 45
Marks by B 40 38 36 35 39 37 41

The eighth TV performance which judge B could not attend, was awarded 37 marks by

Jjudge A. If the judge B had also been present, how many marks would be expected to have been
awarded by him to the eighth TV performance?

Use regression analysis to answer this question.
Sol. Let the marks awarded by judge A be denoted by x and the marks awarded by

judge B be denoted by y.

_ Xx 46+42+44+40+43+41+45
Here,n =7, x=—= =43
n 7
y=&z40+38+36+375+39+37+41 _ 33
n
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Let us form the table as

2

x y xy x
46 40 1840 2116
42 38 1596 1764
44 36 1584 1936
40 35 1400 1600
43 39 1677 1849
41 37 1517 1681
45 41 1845 2025
x = 301 Ty = 266 Txy = 11459 % = 12971

Regression coefficient,
_ nXxy-—ZxXy (7x11459)-(301x266) 075
@ opme? —()? T (Tx1297D-(@30D*

Regression line of y on x is given by

y—y=b,(x-x)
y—38=0.75(x — 43)
= y =0.75x + 5.75
when x = 37, y =0.75(37) + 5.75 = 33.5 marks

Hence, if judge B had also been present, 33.5 marks would be expected to have been
awarded to the eighth TV performance.

Example 13. Two variables x and y have zero means, the same variance 62 and zero
correlation, show that:

u=xcoso+ysino and Uv=xSin o -7y coso
have the same variance 62 and zero correlation. (U.P.T.U. 2007)
Sol. We are given that
rix,y)=0 = Cov(x,y)=0, csx2=cy2=c2

We have, 6,2=V (x cos o+ y sin )
=cos? o V (x) + sin? o V(y) + 2 sin o cos o. Cov (x, y)
= (cos? o + sin2 o) 62 | Covi(x,y)=0
= 02

Similarly, 02=02

v

Cov(u,v)=E[(u—-u)@w—-10)]
=E [(xcoso+ysino—x coso— y sin o)

(xsino—ycosa—x sin o+ y cos o)l

= E[(x cos o0 + y sin o) (x sin o —y cos o] |~ x=0=Y%
= [E(x?) — E(y?)] sin o cos o, + E(xy) (sin? o. — cos? o)
=0 |~ o¢2=0=0c”and E(xy)=0
C
Lo Loy
Gu GU
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ASSIGNMENT
1. (i) Discuss regression and its importance. Given the following data:
X 1 5 3 2 1 1 7 3
y: 6 1 0 0 1 2 1 5
Find a regression line of x on y. (U.P.T.U. 2008)

(@i) In a study between the amount of rainfall and the quantity of air pollution removed the
following data were collected:

Daily rainfall: 4.3 4.5 5.9 5.6 6.1 5.2 3.8 2.1
(in .01 cm)
Pollution removed: 12.6 12.1 11.6 11.8 11.4 11.8 13.2 14.1
(mg/m?)

Find the regression line of y on x.
(zi1) Find the two lines of regression and coefficient of correlation for the data given below:
n=18,2x=12,%y=18,Xx?=60,Zy? =96, Zxy = 48 [U.P.T.U. (MCA) 2009]

(iv) From the data given, find the equation of lines of regression of x on y and y on x. Also calculate
the correlation co-efficient.

X 2 4 6 8 10

y: 5 7 9 8 11 (U.P.T.U. 2011)
2. (@) CanY=5+2.8Xand X=3-0.5Y be the estimated regression equations of Y on X and X on
Y respectively? Explain your answer with suitable theoretical arguments.
(i) Find the co-efficient of correlation when the two regression equations are
X=-02Y+42, Y=-08X+384

3. (@) If F is the pull required to lift a load W by means of a pulley block, fit a linear law of the
form F = mW + ¢ connecting F and W, using the data

Ww: 50 70 100 120
F: 12 15 21 25
where F and W are in kg wt. Compute F when W = 150 kg wt. (U.P.T.U. 2007)

(i1) A simply supported beam carries a concentrated load P (kg) at its mid-point. The following
table gives maximum deflection y (cm) corresponding to various values of P:

P: 100 120 140 160 180 200
y: 0.45 0.55 0.60 0.70 0.80 0.85

Find a law of the form y = a + bP. Also find the value of maximum deflection when P = 150 kg.
4. (7) Find both the lines of regression of following data:

x: 5.60 5.65 5.70 5.81 5.85
y: 5.80 5.70 5.80 5.79 6.01
(i) Obtain regression line of x on y for the given data:
x: 1 2 3 4 5 6
y: 5.0 8.1 10.6 13.1 16.2 20.0 [UP.T.U. (MCA) 2007]
(Zi7) Given that:
x: 1 3 5 7 8 10
y: 8 12 15 17 18 20
Find the equations of both lines of regression. [U.P.T.U. (C.0.) 2008]
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5. (i) The two regression equations of the variables x and y are x = 19.13 - 0.87 y and y = 11.64 — 0.50x.
Find (@) mean of x’s (b) mean of y’s and (¢) correlation coefficient between x and y.

(it) Two random variables have the regression lines with equations 3x + 2y = 26 and 6x +y = 31.
Find the mean values and the correlation coefficient between x and y.

[G.B.T.U. (MBA) 2011]

(ii7) In a partially destroyed laboratory data, only the equations giving the two lines of regression
of y on x and x on y are available and are respectively

Tx—16y+9=0, 5y—-4x—-3=0.
Calculate the coefficient of correlation, ¥ and y.

(iv) The regression equations calculated from a given set of observations for two random vari-
ables are

x=-04y +64 and y=-0.6x+4.6
Calculate @ x @)y @i)r.
(v) Two lines of regression are given by
x+2y-5=0 and 2x+3y-8=0 and o72=12,
Calculate:
(a) the mean values of x and y (b) variance of y

(c) the coefficient of correlation between x and y. [U.P.T.U. (MCA) 2008, G.B.T.U. (C.0.) 2011]

6. An analyst for a company was studying travelling expenses (y) in ¥ and duration (x) of these trips
for 102 sales trip. He has found relation between x and y linear and data as follows:

Sx =510, Xy =7140, Xx?=4150, Zxy=54900, Xy2= 740200
Calculate (i) Two regression lines
(i) A given trip has to take 7 days. How much money should be allowed so that they
will not run short of money?

7. Assuming that we conduct an experiment with 8 fields planted with corn, four fields having no
nitrogen fertiliser and four fields having 80 kgs of nitrogen fertilizer. The resulting corn yields
are shown in table in bushels per acre :

Field: 1 2 3 4 5 6 7 8
Nitrogen (kgs) x: 0 0 0 0 80 80 80 80
Corn yield y: 120 360 60 180 1280 1120 1120 760
(acre)

(a) Compute a linear regression equation of y on x.
(b) Predict corn yield for a field treated with 60 kgs of fertilizer.

8. Ifthe coefficient of correlation between two variables x and y is 0.5 and the acute angle between

(U.P.T.U. 2009)

1
their lines of regression is tan~! (g) , show that ¢ = E G,.

9. Given N =50, Mean of y = 44, Variance of x is % of the variance of y.

Regression equation of x on y is 3y — 5x = — 180
Find (i) Mean of x (i) Coeff. of correlation between x and y.

10. The means of a bivariate frequency distribution are at (3, 4) and r = 0.4. The line of regression of
y on x is parallel to the line y = x. Find the two lines of regression and estimate value of x when
y=1.
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11. The following results were obtained in the analysis of data on yield of dry bark in ounces (y) and
age in years (x) of 200 cinchona plants:

x y
Average: 9.2 16.5
Standard deviation: 2.1 4.2

Correlation coefficient = 0.84
Construct the two lines of regression and estimate the yield of dry bark of a plant of age 8 years.

12. A panel of judges A and B graded 7 debators and independently awarded the following marks:

Debator: 1 2 3 4 5 6 7
Marks by A: 40 34 28 30 44 38 31
Marks by B: 32 39 26 30 38 34 28

An eighth debator was awarded 36 marks by judge A while judge B was not present. If judge B
were also present, how many marks would you expect him to award to the eighth debator assum-
ing that the same degree of relationship exists in their judgement?

Answers
1. ()72x=-20y + 247 (@) y =—0.6842x + 15.5324
(1ii) y = 0.6923 x + 0.53846 ; x = 0.4615 y + 0.2051
(fv)x=13y—-4.4,y=.65x +4.1; r =.9192
2. @@ No @) r=-04
3. () F=0.18793W + 2.27595; F =30.4654 kg wt.
(1) y = 0.04765 + 0.004071 P; y = 0.6583 cm
4. (i)Regression line of y on x: y = 0.74306 x + 1.56821
Regression line of x ony: x =0.63602 y + 2.0204

(i) x = 0.34195 y — 0.660355 (tii) y = 1.3012 x + 7.6265 ; x = 0.75y — 5.5833.
5. () (a)15.935 (b) 3.67 (c) —0.659

) x =4,y =7r=-05 (i11) r =0.7395, x =-0.1034, y =0.5172

(lv)x =6,y =1,r=-0.48989

W@x=1y=2 b) 4 (c)—g

@)y =12x + 10, x = 0.07986y — 0.59068 @) 94

() y =11.125x + 180 (b) 847.5 acre

() 62.4 (i) 0.8

10 y=x+1;x=0.16y + 2.36 ; x = 2.52
11. y=1.68x+1.044,x =0.42y + 2.27 ;y = 14.484
12. 33 marks.

3.47 POLYNOMIAL FIT: NON-LINEAR REGRESSION

Let y =a + bx + cx? (1)

be a second degree parabolic curve of regression of y onx to be fitted for the data (x,, y,),
1=1,2, ... , I
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Residual at x = x; is

E =y, —flx,)=y,—a—bx,—cx?

Now, let U= z E?= z v, —a —bx; — cx,*)?
i-1 i-1

By principle of Least squares, U should be minimum for the best values of @, b and c.

ou U OandaU=

—:O,—z

— =0
oa b de

For this,

aa_U=0 = 2> (,—a-bx,—cx? (-1)=0
a i=1

= | Zy =na + bIx + cIx?

%:0 = 2; y,—a—-bx;—cx?) (—x)=0

= | Zxy = aXx + bXx2 + cXx3

aa_U=o = 2 (-—a-bx,—cx?) (—x2=0
c i=1

= | Zx?y = aXx? + bXx3 + cXx?t

(D)

.(2)

..(3)

Equations (1), (2) and (3) are the normal equations for fitting a second degree parabolic

curve of regression of y on x. Here n is the no. of pairs of values of x and y.

EXAMPLES

Example 1. (a) Fit a second degree parabola to the following data:

x 0.0 1.0 2.0
y 1.0 6.0 17.0
(b) Fit a second degree curve of regression of y on x to the following data:
x 1.0 2.0 3.0 4.0
y 6.0 11.0 18.0 27
(c) Fit a second degree parabola in the following data:
x 0.0 1.0 2.0 3.0 4.0
y 1.0 4.0 10.0 17.0 30.0
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Sol. The equation of second degree parabola is given by
y =a +bx + cx? ..
Normal equations are
Yy = ma + bXx + cXx? . (2)
Sxy = aXx + bXx? + cXx® ...(3)
and Xx%y = aXx? + bXx® + cZx? .(4)
(a) Here, m = 3. Table is as follows:
x y x2 x3 x* Xy x%y
0 0 0 0 0 0
1 1 1 1 6 6
2 17 4 8 16 34 68
Total 3 24 5 9 17 40 74
Substituting in eqns. (2), (3) and (4), we get
24 = 3a + 3b + 5¢ ...(5)
40 = 3a + 5b + 9c ...(6)
74 =5a + 9b + 17¢ (T
Solving eqns. (5), (6) and (7), weget a=1,6=2,c=3
Hence the required second degree parabolais y =1+ 2x + 3x2
(b) Here, m = 4. Table is as follows:
x % x? x5 x? xy x%y
1 6 1 1 1 6 6
2 11 4 8 16 22 44
3 18 9 27 81 54 162
4 27 16 64 256 108 432
s = 10 Sy=62 | x2=30 332100 | Tx*=354 | Zay=190 | x?y =644
Substituting values in eqns. (2), (3) and (4), we get
62 = 4a + 106 + 30c ...(8)
190 = 10a + 306 + 100c ...(9)
644 = 30a + 1006 + 354c¢ ...(10)
Solving equations (8), (9) and (10), we get a=3,b=2,c=1
Hence the required second degree parabolais y =3 + 2x + x2
(c) Here, m = 5. Table is as follows:
x ¥ x2 x3 x* xy x%y
0.0 1.0 0 0 0 0 0
1.0 4.0 1 1 1 4 4
2.0 10.0 4 8 16 20 40
3.0 17.0 9 27 81 51 153
4.0 30.0 16 64 256 120 480
sx = 10 Sy = 62 32 = 30 3% = 100 x4 = 354 Sxy = 195 Sxy = 677
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Substituting values in eqns. (2), (3) and (4), we get

62 = 5a + 10b + 30c ..(11)
195 = 10a + 306 + 100c ...(12)
677 = 30a + 1000 + 354c ...(13)

Solving eqns. (11), (12) and (13), we get ¢ =1.2,b=1.1andc=1.5
Hence the required second degree parabolais y=1.2 + 1.1x + 1.5x2.

Example 2. Fit a second degree parabola to the following data taking y as dependent
vartable:

x 1 2 3 4 5 6 7 8 9
y 2 6 7 8 10 11 11 10 9
Sol. Normal equations to fit a second degree parabola of the form y = a + bx + cx2 are
Yy = ma + b3x + cXx? (D

Yxy = a¥x + b3x? + c3x®

and
2y = aSx? + bx® + et

Here,m =9

x y x? x5 x4 xy x%y
1 2 1 1 1 2 2
2 6 4 8 16 12 24
3 7 9 27 81 21 63
4 8 16 64 256 32 128
5 10 25 125 625 50 250
6 11 36 216 1296 66 396
7 11 49 343 2401 77 539
8 10 64 512 4096 80 640
9 9 81 729 6561 81 729

Yx =45 Yy="T4 Yx2 =285 >x3 = 2025 >x*=15333 Sxy =421 | Txy = 2771

Putting in (1), we get
74 = 9a + 45b + 285¢

421 = 45a + 285b + 2025¢
2771 = 285a + 2025b + 15333¢
Solving the above equations, we get a=-1, b=3.55, c¢=-0.27
Hence the required equation of second degree parabolais y =—1+ 3.55x — 0.27x2.

Example 3. Employ the method of least squares to fit a parabola 'y = a + bx + cx? in the
data: (x, y): (= 1, 2), (0, 0), (0, 1), (1, 2)

Sol. Normal equations to the parabola y =a + bx + cx? are
Yy = ma + bXx + cXx? (1)
Sxy = aXx + bXx? + cZx® .(2)
and Yx2y = a¥x? + bIx® + Xt ..(3)
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Here, m = 4. The table is as follows:
x y x? %3 x? xy x%y
-1 2 1 -1 1 -2 2
0 0 0 0 0 0 0
0 1 0 0 0 0 0
1 2 1 1 1 2 2
Sx =0 Sy =5 >x? =2 Sx3 =0 Yxt =2 Sxy =0 Sx%y =4
Substituting these values in equations (1), (2) and (3); we get
5 =4a + 2c ..(4)
0=2b ...(B)
and 4 =2a + 2c ...(6)
Solving (4), (5) and (6), we get a =0.5,b=0andc=1.5
Hence the required second degree parabolais y = 0.5 + 1.5x2
Example 4. Fit a second degree parabola to the following data by Least Squares method.:
x 1 2 3 4 5
y 1090 1220 1390 1625 1915
[U.P.T.U. (MCA) 2009, U.P.T.U. 2007; U.K.T.U. 2010]
Sol. Here m=5 (odd)
Let u=x-3, v=y-1220
x y u v u? v uv u’ u?t
1 1090 -2 - 130 4 -520 260 -8 16
2 1220 -1 0 1 0 0 -1 1
3 1390 0 170 0 0 0 0 0
4 1625 1 405 1 405 405 1 1
5 1915 2 695 4 2780 1390 8 16
Total Su=0 | Zv=1140 | Zu2= 10| Zuv = 2665 | Zuv =2055 | Zu®=0| Zu*=34

Putting these values in normal equations, we get
1140 = 5a’” + 10c¢’, 2055 = 10b’, 2655 = 10a” + 34¢’

= a’ =173, b'=205.5, ¢'=275
. v =173 + 205.5u + 27.5u? ...(D)
Put u=x-3 and v=y-1220

From (1), y — 1220 = 173 + 205.5 (x — 3) + 27.5 (x — 3)2

= y = 27.5x2 + 40.5x + 1024.

3.48 MULTIPLE LINEAR REGRESSION

Now we proceed to discuss the case where the dependent variable is a function of two or more
linear or non-linear independent variables. Consider such a linear function as

(1)

y=a+bx+cz
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The sum of the squares of residual is

U= Z (yi—a—bxi—czi)2
i=1

Differentiating U partially w.r.t. a, b, ¢ ; we get

and

Yoo = 2) i-a-brxi-cz) D=0
Jda =

Yoo = 2) (i-a-bxi—cz) Cx)=0
ob ] ’
aa—U=0 = 2 (-a-bx—cz) (-2)=0
C

i=1

which on simplification and omitting the suffix i, yields.

dy=ma+bYx +cXz
Yxy = aXx + bYx? + cXxz
Yyz =aYz + bdxz + cYz?

..(2)

Solving the above three equations, we get values of a, b and c. Consequently, we get the
linear function y = a@ + bx + cz called regression plane.

EXAMPLES

Example 1. Obtain a regression plane by using multiple linear regression to fit the data

given below:

X 2
z 0
y 12 18 24 30

[U.P.T.U. MCA (C.O.) 2008]

Sol. Let y = a + bx + cz be the required regression plane where a, b, ¢ are the constants
to be determined by following equations:

Yy =ma + bXx + cXz
Syx = aXx + bXx? + cXzx

and Syz = aXz + bYzx + cXz?

Here, m=4

x z y x2 22 yx zx yz
1 0 12 1 0 12 0 0
2 1 18 4 1 36 2 18
3 2 24 9 4 72 6 48
4 3 30 16 9 120 12 90

Yx =10 3z2=6 Yy =84 ¥x2 =30 Y22=14 | Zyx =240 Yzx = 20 Yyz = 156
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Substitution yields, 84 = 4a + 10b + 6¢
240 = 10a + 306 + 20c
and 156 = 6a + 20b + 14c

Solving, we get a=10,b=2,c=4
Hence the required regression plane is y = 10 + 2x + 4z

Example 2. Find the multiple linear regression of X, on X, and X, from the data relating
to three variables:

X, 4 6 7 9 13 15
X, 15 12 8 6 4 3
X, 30 24 20 14 10 4

Sol. Let X, = a + bX, + cX; be the required regression plane where a, b, c are the
constants, determined by following normal equations

X, = ma + bXX, + cZX,
XX X, =aZX, + bZX22 + XXX,
IX X, = aXX, + bEX X, + cZX32

X, X, X XXy X’ XX XX X7
4 15 30 60 225 450 120 900
6 12 24 72 144 288 144 576
7 8 20 56 64 160 140 400
9 6 14 54 36 84 126 196
13 4 10 52 16 40 130 100
15 3 4 45 9 12 60 16
Total 54 48 102 339 494 1034 720 2188
Substituting the values, we get
54 = 6a + 48b + 102¢
339 = 48a + 1026 + 1034c¢
720 = 102a + 1034b + 2188¢
On solving, we get, a =16.413, b =-0.00536, c¢=-0.4335
Hence X, =16.413 - 0.00536X,, — 0.4335X,
ASSIGNMENT
1. Fit a parabola of the form y = a + bx + cx? to the data:
X 1 2 3 4
y 1.7 1.8 2.3 3.2

by the method of least squares. (U.P.T.U. 2009)
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2. Find the best values of a,, a,, a, so that the parabola y = a, + a,x + ayx? fits the data:
x 1 1.5 2 2.5 3 3.5 4
y 1.1 1.2 1.5 2.6 2.8 3.3 4.1

3. (i) Fit a second degree parabola to the following data:

[U.P.T.U. (C.0.) 2008]

x 1 2 3 4 5
y 25 28 33 39 46
[U.P.T.U. (C.0.) 2011]
(i1) Fit a second degree parabola to the following data:
x 1 2 3 4 5 6 7 8 9 10
y 124 129 140 159 228 289 315 302 263 210

(U.P.T.U. 2009)
4. Fit a second degree parabola to the following data taking x as the independent variable:

@) x 0 1 2 3 4
y 1 5 10 22 38
(i1) x 1 2 3 4 5 6 7 8 9

y 3 7 8 11 12 13 14 15

(U.P.T.U. 2007)
5. The profit of a certain company in Xt year of its life are given by:

x 1 2 3 4 5

y 1250 1400 1650 1950 2300

Taking © =x — 3 and

y — 1650

, show that the parabola of second degree of v on u is

v+ 0.086 = 5.3 u + 0.643u2 and deduce that the parabola of second degree of y on x is
y = 1144 + 7T2x + 32.15x2
6. (i) The corresponding values of x and y are given below:

X

87

84

79

64

47

37

y

292

283

270

235

197

181

Fit a parabola of the form y = ax? + bx + c. Also find the value of y for x = 80 correct upto third

place of decimal. (U.P.T.U. 2006)

(i1) Determine the constants a, b and ¢ by the method of least squares such that y = ax? + bx + ¢
fits the following data:

X

2

10

y

4.01

11.08

30.12

81.89

222.62
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7. Thevelocity V of a liquid is known to vary with temperature T, according to a quadraticlaw V=«
+ bT + c¢T2. Find the best values of a, b and ¢ for the following table:
1 2 3 4 5 6 7
A% 2.31 2.01 1.80 1.66 1.55 1.47 141
[G.B.T.U. (MCA) 2010]
8. The following table gives the results of the measurements of train resistances, V is the velocity in
miles per hour, R is the resistance in pounds per ton:
\% 20 40 60 80 100 120
R 5.5 9.1 14.9 22.8 33.3 46
If R is related to V by the relation R = a + bV + ¢V?; find a, b and ¢ by using the method of least
squares.
9. Find the multiple linear regression of X, on X, and X, from the data relating to three variables:
X, 7 12 17 20
X, 4 7 9 12
X, 1 2 5 8 (U.P.T.U. 2009)
10. Fit a second degree parabola to the following data:
1 2 3 4 5 6 7 8 9
2 6 7 8 10 11 8 13 5
(U.P.T.U. 2015)
Answers
1. y=2-05x+0.2x2 2.y =0.45714 + 0.39286 x + 0.12857 x2
3. (I)y=22.8+ 1.44x + 0.64x? (ii) y = 18.866 + 66.1576 x — 4.3333 x>
4. )y =143+ 0.24x + 2.21x? (i1) y = 1.5238 + 2.38398 x — 0.10173 x?
6. (i)y=0.010626822 x2 + 0.908257322 x + 132.2040143 ; 272.876
(i) @ = 5.358035714, b = — 38.89492857, ¢ = 67.56
7. V =25928—0.3258 T + 0.02274 T? 8. R=4.35 +0.00241 V + 0.0028705 V?
9. X;=0.6441+1.661X, + 0.0169 X, 10.y =—1.619 + 4.031 x — 0.339 x2.

3.49 THEORETICAL PROBABILITY DISTRIBUTIONS

Generally, frequency distribution are formed from the observed or experimental data. However,
frequency distribution of certain populations can be deduced mathematically by fitting
theoretical probability distribution under certain assumptions.

Frequency distributions can be classified under two heads:
(i) Observed Frequency Distributions.

(i1) Theoretical or Expected Frequency Distributions.

Observed frequency distributions are based on actual observation and experimentation.

If certain hypothesis is assumed, it is sometimes possible to derive mathematically what
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the frequency distribution of certain universe should be. Such distributions are called
Theoretical Distributions.

Theoretical probability distributions are of two types:

(i) Discrete probability distribution. Binomial, poisson, geometric, negative binomial,
hypergeometric, multinomial, multivariate hypergeometric distributions.

(ii) Continuous probability distributions.
Uniform, normal Gamma, exponential, %2, Beta, bivariate normal, ¢, F-distributions.
Here, we will study three important theoretical probability distributions:
1. Binomial Distribution (or Bernoulli’s Distribution)
2. Poisson’s Distribution
3. Normal Distribution.

3.50 BINOMIAL PROBABILITY DISTRIBUTION [G.B.T.U. 2010, 2013]

It was discovered by a Swiss Mathematician Jacob James Bernoulli in the year 1700.

This distribution is concerned with trials of a repretitive nature in which only the occur-
rence or non-occurrence, success or failure, acceptance or rejection, yes or no of a particular
event is of interest.

For convenience, we shall call the occurrence of the event ‘a success’ and its non-occur-
rence ‘a failure’.

Let there be n independent trials in an experiment. Let a random variable X denote the
number of successes in these n trials. Let p be the probability of a success and ¢ that of a
failure in a single trial so that p + ¢ = 1. Let the trials be independent and p be constant for
every trial.

Let us find the probability of r successes in n trials.

r successes can be obtained in 7 trials in "C_ ways.

P(X=r)="C,P(SSS......S FFF...F
r times (n —r) times

="C,P(S)P®S)...... PS) PE)PE)..... P(F)

r factors (n — r) factors
="C,ppp...... p qqq...... q
r factors (n —r) factors
="Cp'q"”" (1)

Hence PX=r)="C p"'q"™ | wherep+q=1andr=0,1,2,..,n.

The distribution (1) is called the binomial probability distribution and X is called the
binomial variate.
Note 1. P(X = r) is usually written as P(r).
Note 2. The successive probabilities P(r) in (1) forr =0, 1, 2, ...... , n are
ncoqn, ”Clqn_lp, ”C2q”‘2p2, ...... , ”Cnp"
which are the successive terms of the binomial expansion of (¢ + p)*. That is why this distribution is
called “binomial” distribution.
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Note 3. n and p occurring in the binomial distribution are called the parameters of the distribution.
Note 4. In a binomial distribution:
() n, the number of trials is finite.
(i7) each trial has only two possible outcomes usually called success and failure.
(tii) all the trials are independent.
(tv) p (and hence q) is constant for all the trials.

3.51 RECURRENCE OR RECURSION FORMULA FOR THE BINOMIAL DISTRIBUTION

In a binomial distribution,
n!

P(r)="C, q""p 4P
n!
_n n-r-=1 ,,r+l1 _ n-r—1 ,,r+1l
P(r+1)= Cr+1q p _(n—r—l)!(r+1)!q p
Pr+D)_ @m-n! r!  p
P() (n-r-D! +D! q
n-rxmn-r-1! r! p n-r|p
= X X_X= -
(n—r-1! (r+Dxr! gq r+l) q
= r T r+lgq g

which is the required recurrence formula. Applying this formula successively, we can find
P(1), P(2), P(3), ...... , if P(0) is known.

3.52 MEAN AND VARIANCE OF THE BINOMIAL DISTRIBUTION
[U.P.T.U. 2008, G.B.T.U. 2012]

For the binomial distribution, P(r)="C q"" p”

n

Mean p = i rP(r) = Z r.nC g p’

r=0 r=0
=0+1.7Cyq" ' p+2.7C,q"2p?+3.7Cyq"3p3 +...... +n."C p"

(n-1) n(n —1)(n - 2)
—ngrip+o BT gngpe g DVTIARTE) ng sy +n.p"
neep 2.1 TP 321 ¢ P P
-Dn-2

=nqg" p+nn-1)q¢g"2p? + nn-Dn-2) 5 )(1n ) Q3P+ + np"

=np [n—lCan—l + n—lClqn—Zp + n—lczqn—3p2 + o+ n—lcnilpn—l]

=np(@+p)l=np (v p+q=1)
Hence the mean of the binomial distribution in np.
Variance 62 = z r?P(r) —p? = z [r+r(r— 1] P(r)—p?

r=0 r=0

= z rP(r) + Z rr—=1D)Pr) —pu2=p+ Z r(r—1)"C g""p - u?
r=0 r=0 r=2

(since the contribution due to r = 0 and r = 1 is zero)
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=u+[2.1.7Cyq"%p? +3.2.7Cyq"3p3 + ... + n(n - 1) "C p"] — u?

n(n-1) "2p2+3.2. nn—1Dn -2)
2.1 3.2.1
=u+[nn-1)q"2p?+nn—-1)(n-2)q"3p+ ... + n(n — 1)p"] — u2
=u+nn-1p%g" 2+ (n-2)qg"3p +... + p"?] —u?
=u+n (n _ 1)p2 [n—ZCoqn—Z + n—2Clqn—3p + .+ n—2Cn72pn—2] _ l.L2
=u+nn-1pXqg+p)2-—u2=p+nn-1)p?-p? [ g+p=1]
=np +nn—-1p?—n?p?2=npll-pl =npq. [© w=np]
Hence the variance of the binomial distribution is npq.

Standard deviation of the binomial distribution is 4/npq .

=u+|2.1. q"_3p3+...+n(n—1)p"}—u2

3.53 MOMENT GENERATING FUNCTION OF BINOMIAL DISTRIBUTION

1. About origin
n n
Mx(t) = E(et) = Z etx an px qn—x _ Z an (pet)x qn—x =(q +pet)n
x=0 x=0
2. About mean [G.B.T.U. 2012, U.P.T.U. 2008, 2015]
M, ,, (&)= Elefe=n)
- e—npt E(etx) - e—npt Mx(t) - e—npt (q +pet)n

- (qe—pt +pet—pt)n — (qe—pt +peqt)n | 1 -p=q

3.54 NMOMENTS ABOUT MEAN OF BINOMIAL DISTRIBUTION

M, () = (ge " + pety:

i 2,92 3,3 2,2 3,3 n
_ L pt _pt q°t q°t
q[l pt+ Y 31 +...]+p[1+qt+—2! +—3! +H

I t2 3 2 2 t* 3 3 "
= (q+p)+;pq(q+p)+§pq(q -p )+qu(q +p°) +...

n
_ t? £3 t4
=11+ E.pq+§pq(q—p)+qu(1—3pq)+...

2! 3!

a2 £3 ¢
=11+"Cy —-pq+—pq(q—p)+zpq(1—3pq)+---

2 3 2

t ¢

+"Cy—.pg+—pqa(@—p) +..; +..
2121 31

Now,

2
. t
U, = coefficient of 21 =npq
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3
1, = coefficient of % =npq (g —p)

4
u, = coefficient of% =npq (1-3pq) +3n(n —1) p2¢?

= 3n?p%q”® + npq (1-6pq)

Hence,
g _u3 _(@-p®_(a-2p?
w3 npg npq
v, = 1-2p
=
Vnpq
1-
and B,= 4 g, 1-0Pd
na npq
1-6pq
L

Note 1.y, = 1\/_&) gives a measure of skewness of the binomial distribution. If p < %, skewness is
npq
positive, if p > %, skewness is negative and if p = %, it is zero.
1-6p
npq
Note 2. If n independent trials constitute one experiment and this experiment is repeated N times then
the frequency of r successes is N . "C, p" ¢

4 gives a measure of the kurtosis of the binomial distribution.

By=3+

3.55 APPLICATIONS OF BINOMIAL DISTRIBUTION

1. In problems concerning no. of defectives in a sample production line.
2. In estimation of reliability of systems.

3. No. of rounds fired from a gun hitting a target.

4. In Radar detection.

EXAMPLES

Example 1. (i) Comment on the following statement:
For a Binomial distribution, mean is 6 and variance is 9.
(1) A die is tossed thrice. A success is getting 1 or 6 on a toss. Find the mean and variance
of the number of success.
Sol. (i) u=np=6 ..(D)
o2=npqg=9 ..(2)
Dividing (2) by (1), we get

9
-2 15
=%

which is impossible as 0 < g <1
The above statement is False.
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. . 2 1
(1) Prob. of getting success (1 or 6) on a toss = s = 3 =p
_1_1_2
3 3
No. of tosses of a die, n =3
. 1 .. . 1)\(2 2
(7)) Mean =np = 3(—) =1. (@) Variance=npg=3) | = || = |==.
P=°3 Pa 3)\3)73

Example 2. If 10% of the bolts produced by a machine are defective, determine the
probability that out of 10 bolts choosen at random

(1) 1 (it) None (iti) at most 2 bolts will be defective.

10 1 .
Sol. Here, p(defective) = 10010 (given)
g(non-defective) =1 — 1 = 9
10 10
Also, n =10, (n is no. of bolts chosen). (given)
The probability of r defective bolts out of n bolts chosen at random is given by
P(r)="C,p"q"" (1)
(2) Herer =1,
0 1 9 10-1 )
P(1)=1°C ( Oj (E) | Using (1)
1)(9)
= 10(-) (—) =(.9)9=0.3874 .(2)
10 /110
(zt) Herer=0
IRTION  Y(R I 0 PP (3)| Using (1)
P(0) (10) (E) = (E) =0. ...(3)| Using
(zi1) Prob. that at most 2 bolts will be defective = P(r < 2) = P(0) + P(1) + P(2) ...(4)
0 1 2 9 10-2 '
Now, P(2) =1°C (10) (E) | Using (1)

=45 (1(1) ) (0.43046) = 0.1937

From (4), Required Probability =P(0)+ P(1) + P(2)
=0.3486 + 0.3874 + 0.1937 = 0.9297.

Example 3. A binomial variable X satisfies the relation 9P (X =4) = P(X =2) when n = 6.
Find the value of the parameter p and P(X = 1).

Sol. We know that
PX=r)="C p"q"™" ..(1)
o P(X =4)=5C, p*q* = 15p*g?
and P(X=2)=5C,p%q*=15p?q¢* | Since n = 6

The given relation is
I9PX=4)=PX=2) = 9(15p*q?) = 15p%¢*
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= 9p*=¢*=(1-p)? |~ p+g=1
= 9p2=1+p2-2p
= 8p%+20-1=0 = (dp-1)(2p+1)=0

1 .
p= 1 | .~ p cannot be negative
1 5
1 3 3
Now, PX=1)=6C,|=| |[Z| =.3559. voq=1l-p=—
: (4) (4) R
Example 4. Fit a binomial distribution to the following frequency data:
x: 0 1 2 3 4
f: 30 62 46 10 2
Sol. The table is as follows:
x f fx
0 30 0
1 62 62
2 46 92
3 10 30
4 2 8
3f =150 Sfc = 192
Mean of observations = Ih ~ 929 .28
>f 150
= np = 1.28
= 4p =1.28 (n is no. of trials)
= p=0.32
q=1-p=1-0.32=0.68
Also, N =150 | N=Xf

Hence the binomial distribution is = N(g¢ + p)* = 150 (0.68 + 0.32)%.

Example 5. A student is given a true-false examination with 8 questions. If he corrects at
least 7 questions, he passes the examination. Find the probability that he will pass given that he
guesses all questions.

Sol. Here, n = no. of questions asked = 8

p= %, q =% | Since the question can either be true or false
Probability that he will pass

=P(r=7)=P(7) + P(8)

o) @) el G- B 6

8
_ (lj 8+1)=—> = 03516,
2 256
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Example 6. During war, 1 ship out of 9 was sunk on an average in making a certain
voyage. What was the probability that exactly 3 out of a convoy of 6 ships would arrive safely?

1
Sol. p, the probability of a ship arriving safely = 1 — é:g ; g=gon= 6
3 3
The probability that exactly 3 ships arrive safely = P(r = 3) = C, (%) (%) = 102640 .
9

Example 7. A policeman fires 6 bullets on a dacoit. The probability that the dacoit will be
killed by a bullet is 0.6. What is the probability that dacoit is still alive?

Sol. Here n = no. of bullets fired =6,p =06, ¢g=1-p=0.4
Probability that dacoit is still alive (not killed)
=P(r=0)="C,p°q"°="5C,(.6)°(.4)5 = (.4) =.004096.
Example 8. If the probability of hitting a target is 10% and 10 shots are fired indepen-
dently. What is the probability that the target will be hit at least once?

10 1 1 9
Sol. Here,p= —=—,g=1-p=1-—="_n=10
P=700 1009777 10 10"

Probability that the target will be hit at least once
=Pr>21)=1-P@r=0)

0 10
=1-["C,p°¢" =1-|10¢, (ij (3) =0.6513.
0 10) (10

Example 9. Out of 800 families with 4 children each, how many families would be expected

to have (i) 2 boys and 2 girls (ii) at least one boy (iii) no girl (iv) atmost two girls? Assume equal
probabilities for boys and girls. (U.P.T.U. 2014)

Sol. Since probabilities for boys and girls are equal,
p = probability of having a boy = %; g = probability of having a girl = é

n=4 N =800
(©) The expected number of families having 2 boys and 2 girls

2 2

=800 C, (lj (l) =800 x 6 x 1 300.
2 2 16
(i) The expected number of families having at least one boy
3 2 2 3 4

=800 401 l l +4C2 l l +4C3 l l +4C4 l

2 2 2 2 2 )\ 2 2
=800x% [4+6+4+1] =750

(¢i1) The expected number of families having no girl i.e., having 4 boys

1 4
=800 4C, (E) = 50.

(zv) The expected number of families having atmost two girls i.e., having at least 2 boy

2 2 3 4
=800[402 @) @) +4c, @)G) + 40, @) }:800x%[6+4+1]=550.
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Example 10. Six dice are thrown 729 times. How many times do you expect at least
three dice to show a five or six?

Sol. p = the chance of getting 5 or 6 with one die = %:%

q:l—lzz,n=6,N=729
3 3
since dice are in sets of 6 and there are 729 sets.
The expected number of times at least three dice showing five or six
=N.P@r=3)
=729 [P(3) + P(4) + P(5) + P(6)]

3 3 2 4 5 6
ol 3] (3 e 3 (3 T o
3 3 3 3 3/)\3 3
=@[160+60+12+1]:233.
3

Example 11. The probability of a man hitting a target is é How many times must he

fire so that the probability of his hitting the target at least once is more than 90%?

1
Sol. ==
o D 3

The probability of not hitting the target in n trials is g™.

Therefore, to find the smallest n for which the probability of hitting at least once is more
than 90%, we have

1-¢">0.9
n
= 1—(2) >0.9
3
n
= (E) <0.1
3

The smallest n for which the above inequality holds true is 6 hence he must fire 6 times.

Example 12. In a bombing action, there is 50% chance that any bomb will strike the
target. Two direct hits are needed to destroy the target completely. How many bombs are re-
quired to be dropped to give a 99% chance or better of completely destroying the target?

50 1
100 2
Since the probability must be greater than 0.99, if n bombs are dropped, we have

n n n n
"C, (l) +"C, (l) +"C, (l) + o +"C (l) >0.99
2 2 2 "2

Sol. We have, p =

n
= (—) ["Cy+"Cy+"Cy+ ...... +"C 1>0.99
n —_— —
2 -n=1 009
27L
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= 1-1*7 5099
2n
= L2 <001
= 97>100n + 100

By trial, n = 11 satisfies the inequality.
Hence 11 bombs are required to be dropped.

ASSIGNMENT

1. (i) Ten coins are tossed simultaneously. Find the probability of getting at least seven heads.

(i) A die is thrown five times. If getting an odd number is a success, find the probability of getting
at least four successes. (M.T.U. 2012)

2.  (a) The probability of any ship of a company being destroyed on a certain voyage is 0.02. The
company owns 6 ships for the voyage. What is the probability of :
(7) losing one ship (it) losing atmost two ships (i17) losing none?
(b) Assume that on the average one telephone number out of fifteen called between 2 P.M. and

3 P.M. on week-days is busy. What is the probability that if 6 randomly selected telephone
numbers are called (i) not more than 3 (ii) at least 3 of them will be busy?

3. (i) The incidence of occupational disease in an industry is such that the workers have a 20%
chance of suffering from it. What is the probability that out of six workers chosen at random,
four or more will suffer from the disease?

(it) The probability that a man aged 60 will live to be 70 is 0.65. What is the probability that out
of 10 men, now 60, at least 7 will live to be 70?

4. (i) If the mean of a binomial distribution is 3 and the variance is %, find the probability of

obtaining at least 4 successes.
(Zi) In a binomial distribution, for n = 5 if P(x = 1) = 0.4096 and P(x = 2) = 0.2048, then find the
value of p.

(#Ziz) The sum and product of the mean and variance of a binomial distribution are % and 50

3
respectively. Find the distribution. (U.P.T.U. 2007)

(iv) If the probability of a defective bolt is 0.1, find (a) The mean (b) The standard deviation for the
distribution in a total of 400 bolts.

5
(v) If the moment generating function of a random variable X is (% + § et) , find PX = 2).

1
5. (a) The probability that a bomb dropped from a plane will strike the target is 5 If six bombs are

dropped, find the probability that (i) exactly two will strike the target, (it) at least two will strike
the target.

(b) Four persons in a group of 20 are graduates. If 4 persons are selected at random from 20, find
the probability that

(i) all are graduates (it) at least one is a graduate.
6. A bag contains 5 white, 7 red and 8 black balls. If four balls are drawn, one by one, with replace-
ment, what is the probability that
(i) none is white (1) all are white
(i) at least one is white (iv) only 2 are white?
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10.

11.

12.

13.

14.

15.

16.

(1) In a hurdle race, a player has to cross 10 hurdles. The probability that he will clear each hurdle
is %. What is the probability that he will knock down fewer than 2 hurdles ?

(i) If on an average one ship in every ten is wrecked, find the probability that out of 5 ships
expected to arrive, 4 at least will arrive safely.

The prob. that a bulb produced by a factory will fuse after a use of 150 days is 0.05. Find the prob.
that out of 5 such bulbs [M.T.U. (B. Pharma) 2011]

(i) None (ii) Atmost one
(ii1) More than one (iv) At least one will fuse after 150 days of use.

Five cards are drawn successively with replacement from a well-shuffled deck of 52 cards. What
is the probability that

(@) all the five cards are spades (ii) only three are spades (i) none is spade?

Manish takes a step forward with probability 0.4 and backward with probability 0.6. Find the
probability that at the end of 11 steps, he is one step away from the starting point.

[Hint. Manish will take either 6 steps forward and 5 backward or 5 steps forward and 6 backward].

(a) In 800 families with 5 children each, how many families would be expected to have (i) 3 boys
and 2 girls, (ii) 2 boys and 3 girls, (iii) no girl (v) at the most two girls. (Assume probabilities
for boys and girls to be equal.)

(b) Out of 800 families with 5 children each, how many would you expect to have (i) 3 boys
(i) 5 girls (it7) either 2 or 3 boys? Assume equal probabilities for boys and girls.

(M. T.U. 2012)

(c) Out of 320 families with 5 children each, what percentage would be expected to have (i) 2 boys
and 3 girls (ii) at least one boy? Assume equal probability for boys and girls.

(G.B.T.U.2011)
In 100 sets of ten tosses of an unbiased coin, in how many cases do you expect to get
(i) 7 heads and 3 tails (it) at least 7 heads?

The following data are the number of seeds germinating out of 10 on damp filter for 80 sets of
seeds. Fit a binomial distribution to this data:

x: 0 1 2 3 4 5 6 7 8 9 10 Total
f: 6 20 28 12 8 6 0 0 0 0 0 80

>
[Hint. Here n = 10, N = 80, Mean = Zi]f =2.175 . np=2.175 etc.]

Fit a binomial distribution for the following data and compare the theoretical frequencies with
the actual ones :

x: 0 1 2 3 4
f: 2 14 20 34 22 8
Fit a binomial distribution to the data given in the following table:
@) x: 0 1 2 4
f: 24 41 28 2 (M. T.U. 2012)
@) x: 0 1 3
f: 28 62 10 4 (U.K.T.U. 2011)

(i) Assuming half'the population of a town consumes chocolates so that the chance of an individual

s Ot W

being consumer is % and that 100 investigators each take 10 individuals to see whether they

are consumers, how many investigators would you expect to report that 3 people or less were
consumers? (U.P.T.U. 2006)
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17.

18.

19.

20.

11.

12.
14.

(i) Assuming that 20% of the population of a city are literate, so that the chance of an individual
being literate is % and assuming that 100 investigators each take 10 individuals to see

whether they are literate, how many investigators would you expect to report 3 or less were
literate?

Following results were obtained when 100 batches of seeds were allowed to germinate on damp

%, Bo = % Determine the Binomial distribution. Calculate the
expected frequency for x = 8 assuming p > q.

filter paper in a laboratory : B, =

A coffee connoisseur claims that he can distinguish between a cup of instant coffee and a cup of
percolator coffee 75% of the time. It is agreed that his claim will be accepted if he correctly
identifies at least 5 of the 6 cups. Find his chances of having the claim (i) accepted (ii) rejected
when he does have the ability he claims.

A multiple-choice test consists of 8 questions with 3 answers to each question of which only one is
correct. A student answers each question by rolling a balanced die and checking the first answer
if he gets 1 or 2, the second answer if he gets 3 or 4 and the third answer if he gets 5 or 6. To get a
distinction, the student must secure at least 75% correct answers. If there is no negative marking,
what is the probability that the student secures a distinction?

An irregular six-faced die is thrown and the expectation that in 10 throws, it will give five even
numbers is twice the expectation that it will give four even numbers. How many times in 10,000
sets of 10 throws each, would you expect it to give no even number?

Answers
L 11 .3
@) 64 (1) 10
(a) (i) 0.1085, (ii) 0.9997, (iii) 0.8858 (b) (i) 0.9997 (ii) 0.005
. 53 . i
@) 3125 (1) 0.5137
15
L 11 1 (2 1
@) 32 (1) = (Tir) (g + 5)
(iv) (a) 40 (b) 6 (v) 0.1646
() (i) 0.246 (ii) 0.345 (b) (i) 0.0016 (i) 0.5904
81 .1 .. 175 .21 _5(5Y 3
@) 256" @) %6 (ii1) 256" (iv) 198 7. @) P (6) , (i) 0.91854
5 4 4 5
@) (Ej @i & [E) Gip1-8 [E) (i) 1— (E]
20 5\ 20 5\ 20 20
5 5 5
@) (1J (ii) 90 (lj (iid) (i) 10. 0.36787
4 4 4
(a) (1) 250 (I1) 250 (iir) 25 (iv) 400
®) (i) 250 (ii) 25 (iii) 500

(c) (@) 31.25%
(i) 12 nearly

100 (0.432 + 0.568)°

(i) 96.875%

(i) 17 nearly
15. (i) 100 (0.7 + 0.3)4,

13. 80 (0.7825 + 0.2175)10
(i7) 104 (0.7404 + 0.2596)*
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1 3 20
16. ()17 (i) 88 17. 100 (Z + Z] , 0.075168752
18. (i) 0.534 (17) 0.466
19. 0.0197 20. 1.
POISSON DISTRIBUTION

3.56 POISSON DISTRIBUTION AS A LIMITING CASE OF BINOMIAL DISTRIBUTION
[U.P.T.U. 2007 ; G.B.T.U. 2010, 2013 ; M.T.U. 2013, 2014]

Poisson distribution was discovered by S.D. Poisson in the year 1837.

Ifthe parameters n and p of a binomial distribution are known, we can find the distribution.
But in situations where n is very large and p is very small, application of binomial distribution
is very labourious. However, if we assume that as n — « and p — 0 such that np always remains
finite, say A, we get the Poisson approximation to the binomial distribution.

Now, for a binomial distribution

PX=r)="Cq"'p"

_ nn-Dn-2)..(n-r+1 X (1) x pr

r!
_ _ _ n-r r A
_pn-Dn-3..(n r+1)><(1—&) x(&j |Sincenp=A .. p=—
r! n n n
3]
_7»_YXn(n—1)(n—2)r...(n—r+1)>< n i
r!
i -2
n
3]
1-2
Xr(n)(n—lj(n—2j (n—r+1)>< n
=_‘ TN T || T | eesees r
rl\n n n n (1_xj
n
n 1M
=)
, n
=7‘—‘(1—1)(1—3) ...... (1—r_1j>< _
r! n n n (1_7Lj
n
As n — o, each of the (r — 1) factors
(1_1)(1_3)’ ,,,,, ,(1_r—1) tends to 1. Also (l—x) tends to 1.
n n n n
Y
. 1) . A) n
Since LE 1+—=| =e, the Naperian base. .. 1—; —etasn oo
X —>too X
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Hence in the limiting case when n — -, we have

-\ Ar
PX=r)=¢ 'Y7“ r=0,1,2,3,..) (D
r!

where A is a finite number = np.
(1) represents a probability distribution which is called the Poisson probability distribution.
Note 1. A is called the parameter of the distribution.
Note 2. The sum of the probabilities P(r) forr =0, 1, 2, 3, ...... is 1, since
et pZeh A3et

P(0) + P(1) + P(2) + P(3) + ...... =et+ T + Y + 37 T

3.57 RECURRENCE FORMULA FOR THE POISSON DISTRIBUTION
[U.P.T.U. (B. Pharma.) 2009]

A 31 e—)» ?\’r+1
For Poisson distribution, P(r) = and Pr+1)=—F——
r! (r+1!
Pr+1)  Ar! A
P(r) (r+1)' r+1
A
or Pr+1)= i1 P(r),r=0,1,23, ...
This is called the recurrence or recursion formula for the Poisson distribution.
3.58 MEAN AND VARIANCE OF THE POISSON DISTRIBUTION [U.P.T.U. 2006]
e M
For the Poisson distribution, P(r) = '
r!
= b 6—7\. )\’7‘
Meanp= » rP(r)= Y r. .
r=0 r=0
S
et A+ —+—+.....
Z (r - 1)' [ 1! 2! J

2 2
=7‘3_x[1+ﬁ+_+ ...... J:M—x.d‘:?u

Thus, the mean of the Poisson distribution is equal to the parameter A.

oo oo

Variance 62 = ZrzP(r)—u2:2r2 Ne ™ 22 = *kz 22
r
r=0 r=0
2 2 22 o2 43 42 A4
=e—7‘{1 A 228 0 et }_ﬂ
1! 21 3! 4!

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

320 ATEXTBOOK OF ENGINEERING MATHEMATICS

=he |14+ —+ —
1! 21 3!

L }—xz

9 3
LA+Dr  A+2%° A+39A }_79

=he I 21 31
[ 2 3 2 3
Iy (1+A+>~_+>~_ ...... ](A W e Hx
11 21" 3! 11 20 31
e A2
=)e*|e +k(1+1—!+2—!+ ...... )2

=de M [er+heM —A2=De . (1 +N)-A2=M1+A)-AZ=A.
Hence, the variance of the Poisson distribution is also A.

Thus, the mean and the variance of the Poisson distribution are each equal to
the parameter A.

Note 1. The mean and the variance of the Poisson distribution can also be derived from those of the
binomial distribution in the limiting case whenn — «, p — 0 and np = A.

Mean of Binomial distribution is np.

Mean of Poisson distribution= Lt np= Lt A=2

n — oo n—oo
Variance of Binomial distribution is npqg = np (1 —p)
Variance of Poisson distribution= Lt np (1-p)= Lt A (1 - &J =\
n— oo n— oo n
Note 2. For Poisson distribution, u, =A and pu, = 3A% + A.
Coefficients of skewness and kurtosis are given by
€
A

Hence Poisson distribution is always a skewed distribution.

B1=%andyl= .Also,B2=3+%andy2=%

Remark. While fitting the Poisson distribution to a given data, we round the figures to the nearest
integer but it should be kept in mind that the total of the observed and the expected frequencies should
be same.

3.59 MODE OF POISSON DISTRIBUTION

r

Let P(x=r)=e’7‘x—',r=0,12 ...... oo
r!

The value of r which has a greater probability than any other value is the mode of the
Poisson distribution. Thus r is mode if

PX=r)>2PX=r+1l)andPX=r)>2PX=r-1)

A a1 A qr+l1 A a1 A qr-1
N e M N 2e A and e A 2e A
r! (r+1)! r! (r-1!
= 1> A and &21
r+1 r
= r2hk—1 and r<A ie, A-1<r<a
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Case I. If A is a positive integer, there are two modes A — 1 and A.

Case II. If A is not a positive integer, there is one mode and is the integral value be-
tween A — 1 and A.

3.60 APPLICATIONS OF POISSON DISTRIBUTION

This distribution is applied to problems concerning :
() Arrival pattern of defective vehicles in a workshop.
(i7) Patients in a hospitals.
(zi1) Telephone calls.
(zv) Demand pattern for certain spare parts.
(v) Number of fragments from a shell hitting a target.
(vi) Emission of radioactive (o) particles.

EXAMPLES

Example 1. If the variance of the Poisson distribution is 2, find the probabilities for
r=1,2, 3, 4 from the recurrence relation of the Poisson distribution. Also find P(r > 4).

(M.T.U. 2013)
Sol. A, the parameter of Poisson distribution = Variance = 2
Recurrence relation for the Poisson distribution is
A 2
Pr+1)= 1 P@r) = 1 P@) (D)
Now P(r)=% Y = P(0)= ‘32()—(‘2)0 =e2=0.1353

Puttingr=0,1, 2,3 in (1), we get

2
P(1) =2P(0) =2 x 0.1353 = 0.2706 ; P(2) = B P(1) =0.2706

2 2 2 1
P(3) = 3 P(2) = 3 X 0.2706 =0.1804; P4) = 2 P@3) = 3 X 0.1804 = 0.0902.

Now, P(r >4) =1 - [P(0) + P(1) + P(2) + P(3)]
=1-1[0.1353 + 0.2706 + 0.2706 + 0.1804] = 0.1431.

Example 2. Using Poisson distribution, find the probability that the ace of spades will be
drawn from a pack of well-shuffled cards at least once in 104 consecutive trials. (U.P.T.U. 2015)

1
Sol. o
P=%5

1
7\, = = 104 — =2
np X =
Prob. (at least once) =P(r >1) =1 - P(0)

et 0
0!

=1- =1-e2=1-0.135335 = 0.8647.
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Example 3. (i) Fit a Poisson distribution to the following data and calculate theoretical
frequencies.

Deaths: 0 1 2 3 4
Frequencies: 122 260 15 2 1

[U.P.T.U. 2014 ; U.K.T.U. 2010]
(&) The frequency of accidents per shift in a factory is shown in the following table:

Accident per shift Frequency
0 192
1 100
2 24
3 3
4 1
Total 320

Calculate the mean number of accidents per shift. Fit a Poisson distribution and calcu-
late theoretical frequencies.

Sol. (i) Mean of given distribution = z_fx

60+30+6+4
= A=———— =05
200
—A ar -5 r r
Required Poisson distribution = N . € "7” =200 .ﬂ =(121.306) (0'5')
r! r! r!
r N. P(r) Theoretical frequency
0
0 121.306 x (0(')5) =121.306 121
1
1 121.306 x % = 60.653 61
2
2 121.306 x (0‘5') = 15.163 15
3
3 121.306 x 9" _ 9 597 3
4
4 121.306 x (Of) =0.3159 0
Total = 200

(i1) Mean number of accidents per shift

2= Zfx 100+48+9+4
zf 320

=0.5031
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Required Poisson distribution

A ar -5031 r r
“N . e M N -390 e (,5031) _ (193.48)(.,5031)
r! r! r!
r N. P(r) Theoretical frequency
0 193.48 194
1 97.34 97
2 24.38 24
3 4.10
4 0.51 1
Total = 320

Example 4. (i) Suppose that a book of 600 pages contains 40 printing mistakes. Assume
that these errors are randomly distributed throughout the book and r, the number of errors per
page has a Poisson distribution. What is the probability that 10 pages selected at random will be
free from errors?

(i) Wireless sets are manufactured with 25 solders joints each, on the average 1 joint in
500 is defective. How many sets can be expected to be free from defective joints in a consignment
of 10000 sets?

40 1

Sol. () =—=—, n=10
P= %00 15
1 2
A=np=10| — |==
P (15) 3
—A AT -2/3 r
P(r) = e " A _e (2/3)
r! r!
-2/3 0
POy = & @B _ s _gp1.
@) 1 o5
" P="500"""
A=np=25x 500 20 0.05
No. of sets in a consignment, N= 10000
- : L e % (0.05)°
Probability of having no defective joint = P(r = 0) = ————— = 0.9512.

0!
The expected no. of sets free from defective joints = 0.9512 x 10000 = 9512.

Example 5. A manufacturer knows that the condensors he makes contain on an average
1% of defectives. He packes them in boxes of 100. What is the probability that a box picked at
random will contain 4 or more faulty condensors?

Sol. p=0.01,n =100
: A=np=1

A A1 -1

Py M _e

r! r!
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P(4 or more faulty condensors) = P(4) + P(5) + ... + P(100)
=1-[P(0) + P(1) + P(2) + P(3)]

{el el et el:l
=l-|—+—+—+—
0! 1! 21 3!

=1-¢! [1+1+1+l}=1—i =1-0.981=0.019.
2 3e

Example 6. (i) If the probabilities of a bad reaction from a certain injection is 0.0002,
determine the chance that out of 1000 individuals more than two will get a bad reaction.

(i1) The probability that a man aged 50 years will die within a yearis 0.01125. What is the
probability that of 12 such men, at least 11 will reach their 51st birthday?

(Given: e~1%% = 0.87366)

Sol. () Here, p =0.0002, n =1000

A=np=1000 x 0.0002 = 0.2.

Since the prob. of bad reaction is very small and no. of trials is very high, we use Poisson
distribution here.

The prob. that out of 100 individuals, more than 2 will get a bad reaction is

—PGr>2)=1-Pr<2)=1-[P0) +P(1)+ P©2) (D
-0.2 0

Now, P(0) = % =0.8187 (Here r = 0)
-0.2 1

P(1) = % = 0.1637 (Here r = 1)
-0.2 2

and P(2) = % = 0.0164. (Here r = 2)

From (1), Reqd. probability = 1 — [0.8187 + 0.1637 + 0.0164] = 0.0012.

(i) p=0.01125,n = 12
A=np=12x0.01125=0.135
P (atleast 11 survive) = P(atmost 1 dies)

e A0 et

=P0) + P(1) = ol + T

=e~135(1+0.135) = 1.135 x 0.87366 = 0.9916.

Example 7. A car-hire firm has two cars, which it hires out day by day. The number of
demands for a car on each day is distributed as a Poisson distribution with mean 1.5. Calculate
the proportion of days on which neither car is used and the proportion of days on which some
demand is refused (e”1% = 0.2231).

Sol. Since the number of demands for a car is distributed as a Poisson distribution with
mean A = 1.5.

Proportion of days on which neither car is used
= Probability of there being no demand for the car

: A0e
0!

=e1%=0.2231
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Proportion of days on which some demand is refused
= probability for the number of demands to be more than two

-\ 2 A
=1—P(x£2)=1—(e>‘+7\e LM j
1! 21
(1.5)2
=1—e15 (1+1-5+ 2 J =0.1912625.

Example 8. Suppose the number of telephone calls on an operator received from 9 : 00 to
9 : 05 follow a Poisson distribution with a mean 3. Find the probability that

(i) The operator will receive no calls in that time interval tomorrow.

(it) In the next three days, the operator will receive a total of 1 call in that time interval.
(Given: e = 0.04978)
Sol. Here, L. =3

e a0

@ P(0) = e=3=0.04978

(@) Reqd. probability = P(0) P(0) P(1) + P(0) P(1) P(0) + P(1) P(0) P(0)

A 012 4 a1
=3{e '7‘} €A 953 =0.00111.

0! 1!

Example 9. The no. of arrivals of customers during any day follows Poisson distribution
with a mean of 5. What is the probability that the total no. of customers on two days selected at
random is less than 22 (Given: e10 = 4.54 x 107°)

Sol. A=5
Arrival of Customers

Iday II day Total

0 0 0

0 1 !

1 0 !

Reqd. probability =P(0) P(0) + P(0) P(1) + P(1) P(0)
e_5 50 e_5 50 e_5 50 e—5 51 e—5 51 e—5 50

T ot o o 1 1 o
=e 1042 5. e10=11¢10=11x4.54x 105
=4.994 x 104

Example 10. An insurance company finds that 0.005% of the population dies from a
certain kind of accident each year. What is the probability that the company must pay off no
more than 3 of 10,000 insured risks against such incident in a given year?

_0.005

Sol. =0.00005, n =10000

A =np =10000 x 0.00005 = 0.5
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Reqd. Probability =1 - P(r <3) =1 - [P(0) + P(1) + P(2) + P(3)]
1. 6_0'5(0.5)0 6_0'5(0.5)1 N 8_0'5(0.5)2 8_0'5(0.5)3
- 21 3!

0! 1!

=1-¢%[1+0.5+0.125 + 0.021] = 0.0016.

Example 11. In a certain factory turning out razor blades, there is a small chance of
0.002 for any blade to be defective. The blades are supplied in packets of 10. Calculate the
approximate number of packets containing no defective, one defective and two defective blades
in a consignment of 10,000 packets. (Given: e %92 = 0.9802) [U.P.T.U. 2009]

Sol. p(defective) = 0.002

n=10 (no. of blades in a packet)
A=np =10 x 0.002 = 0.02
No. of packets in the consignment, N = 10,000.
: o : : e %% (0.02)°
(i) Probability of having no defective = P(0) = — AT 0.9802 | Herer =0

Approximate no. of packets having zero defective in the consignment = 0.9802 x 10000
=9802

e—0.02 (002)1
(i) Probability of having one defective = P(1) = — 1 - 0.9802 x 0.02 = 0.019604

Approximate no. of packets having one defective in the consignment
=0.019604 x 10000 ~ 196.

(ii1) Probability of having two defective blades
-0.02 2
P(2) = e 2((‘).02) _ (0.980198)2>< (0.0004) — 0.000196.

Approximate no. of packet having two defectives in the consignment
=0.000196 x 10000 = 1.96 = 2.
Example 12. (i) Six coins are tossed 6400 times. Using the Poisson distribution, deter-
mine the approximate probability of getting six heads x times. [U.P.T.U.(C.0.) 2008]
(i) A Poisson distribution has a double mode at x = 3 and x = 4. What is the probability
that x will have one or the other of these two values? [U.P.T.U.(C.0.)2008]

N | =

Sol. () Probability of getting one head with one coin =
1

6
The probability of getting six heads with six coins = (E) o1

Average number of six heads with six coins in 6400 throws = np = 6400 x - 100
». The mean of the Poisson distribution = 100.
Approximate probability of getting six heads x times when the distribution is Poisson
_AFe™  (100)* L7100
Cox! x! ’
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(1) Since 2 modes are given when A is an integer, modes are A — 1 and A.
: A-1=3 = A=4

_4 3
Probability (when r = 3) = %

-4 4
Probability (when r = 4) = %
Required Probability = P(r =3 or 4) = P(r = 3) + P(r = 4)
-4 3 —4 4
S W e W64 039073,
3! 41 3

Example 13. For a Poisson distribution with mean m, show that

W.,=mru +mdur where, | = i(x—m)rw (U.P.T.U. 2007)
r+1 r—1 dm > P ) x! oM

b —-m X
Sol. - —myr "
My xzo (x—m) oy

du —e ™ x r e ™ x—1 r r-1 x
_r:z .m” (x—m) +——{xm (x-m) —r(x-m)"— .m"}
dm =0 x! x!

d“r . e_m x r+1 . -
= m—L = Z —m*x-m)t—rm Z
dm x! =0

e
x _ r—1 _ _
- m*(x—m)y“=p .  —mryu

N dp,

Hr+1 =m

+mry_ .
Example 14. Show that in a Poisson distribution with unit mean, mean deviation about

mean is (Ej times the standard deviation. (G.B.T.U. 2012)
e

Sol. Here, L =1

-1 x -1
P(X=x)=¢=e—
x! x!

Mean deviation about mean 1 is

;x=0,1,2, ..

= Z |x-1| plx)=e™" z lx_,1|=e_1 [1+l+ 2 +i+...}
x=0 x=0 ’ ’ '

x 21 31 4! D
n n+l1-1 1 1
we have, = = __ -
n+D! (m+D! n! m+D!
.. 1 1 1 1
From (1), Mean deviation about mean =e=! |1+ 1—; + 21731 +...
4 2 2 . .
=e ' (1+1)= §><1:— x 8.D. | Since Variance = mean =1
e
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ASSIGNMENT

1. IfXis a Poisson variate such that P(X = 2) = 9P(X = 4) + 90P(X = 6), find the standard deviation.
2. If arandom variable has a Poisson distribution such that P(1) = P(2), find
(i) mean of the distribution (@) P(4).

3. Suppose that X has a Poisson distribution. If P(X = 2) = % PX=1) find, ) PX =0) (ii) PX = 3).

4. A certain screw making machine produces on average 2 defective screws out of 100, and packs

them in boxes of 500. Find the probability that a box contains 15 defective screws.

5. (i) The incidence of occupational disease in an industry is such that the workmen have a 10%
chance of suffering from it. What is the probability that in a group of 7, five or more will suffer
from it?

(i) The experience shows that 4 industrial accidents occur in a plant on an average per month.
Calculate the probabilities of less than 3 accidents in a certain month. Use Poisson distribution.
(Given:e™*=0.01832). [M.T.U. (MBA) 2011]

6. (i) Suppose a book of 585 pages contains 43 typographical errors. If these errors are randomly
distributed throughout the book, what is the probability that 10 pages, selected at random,
will be free from errors ?

(i) Assume that the probability of an individual coalminer being killed in a mine accident during

ayearis . Use Poisson’s distribution to calculate the probability that in a mine employing

200 miners there will be at least one fatal accident in a year.

7. (1) Amanufacturer of cotter pins knows that 5% of his product is defective. If he sells cotter pins
in boxes of 100 and guarantee that not more than 10 pins will be defective, what is the
approximate prob. that a box will fail to meet the guaranteed quality?

(77) An insurance company insures 4000 people against loss of both eyes in a car accident. Based
on previous data it was assumed 10 persons out of 1,00,000 will have such type of injury in car
accident. What is probability that more than 2 of the insured will collect on their policy in a
given year? (M.T.U. 2013)

8. Records show that the probability is 0.00002 that a car will have a flat tyre while driving over a

certain bridge. Use Poisson distribution to find the probability that among 20,000 cars driven

over the bridge, not more than one will have a flat tyre.

9. Between the hours of 2 and 4 P.M., the average no. of phone calls per minute coming into the

switch board of a company is 2.5. Find the probability that during a particular minute, there will

be no phone call at all. [Given : e2 = 0.13534 and e %% = 0.60650.]

10. (@) Fit a Poisson distribution to the following data given the number of yeast cells per square for
400 squares :
No. of cells per sq. : 0 1 2 3 4 5 6 7 8 9 10
No. of squares ;103 143 98 42 8 4 2 0 0 0 0
Itis given that e~1-3225 = 0.2665.

(i) Data was collected over a period of 10 years, showing number of deaths from horse kicks in
each of the 200 army corps. The distribution of deaths was as follows:

No. of deaths : 0 1 2 3 4 Total
Frequency : 109 65 22 3 1 200
Fit a Poisson distribution to the data and calculate the theoretical frequencies.
[M.T.U. (B. Pharma) 2011 ; M.T.U. (MBA) 2011]
(ii7) The following table gives the no. of days in a 50 day period during which automobile accidents
occured in a city.

No. of accidents : 0 1 2 3 4
No. of days : 21 18 7 3 1
Fit a Poisson distribution to the data. (G.B.T.U. 2011)
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11.

12.

13.

14.

15.

=

10.

11.
12.
13.
14.

3.61

The number of accidents in a year involving taxi drivers in a city follows a Poisson distribution
with mean equal to 3. Out of 1000 taxi drivers, find approximately the number of drivers with

(i) no accidents (it) more than 3 accidents in a year.

The distribution of the number of road accidents per day in a city is Poisson with mean 4. Find the
number of days out of 100 days when there will be

() no accident (ii) at least 2 accidents
(ii1) atmost 3 accidents (iv) between 2 and 5 accidents.

It is given that 2% of the electric bulbs manufactured by a company are defective. Using Poisson
distribution, find the probability that a sample of 200 bulbs will contain (i) no defective bulb
(it) two defective bulbs (iii) at the most three defective bulbs. (G.B.T.U. 2011)
A manager accepts the work submitted by his typist only when there is no mistake in the work.
The typist has to type on an average 20 letters per day of about 200 words each. Find the chance
of her making a mistake if

(@) less than 1% of the letters submitted by her are rejected

(i1) on 90% days all the letters submitted by her are accepted.

As the probability of making a mistake is small, you may use Poisson distribution. (Take e = 2.72)
[Hint: (i) e2%2>0.99 (i) e40%0r =(.90]

In a certain factory manufacturing razor blades, there is a small chance of 0.002 for any blade to
be defective. The blades are supplied in packets of 10. Use suitable distribution to calculate the
approximate number of packets containing no defective, one defective and two defective blades

respectively in a consignment of 20,000 packets. (M.T.U. 2014)
Answers
1 2. (i) 2 (i1) 24 3. () e ™3 (@) ge‘(‘m) 4. 0.035
392 81

(7) 0.0008 (i7) 0.23816 6. (z) 0.4795 (ii) 0.08 7. (1) 0.0136875 (zi) 0.007926
0.938 9. 0.08208
(i) Theoretical frequencies are 107, 141, 93, 41, 13,4, 1,0, 0, 0, O.

r -0.9 r
(i) 108.67 x (0'6‘1) ; 109, 66, 20,4 and 1 (ii7) (50) e I 0.9) ; 20,18, 8,3 and 1.
r! r!
() 50 (i) 353
@2 (@) 91 (tii) 43 (2v) 39
(i) 0.018315 (i) 0.146525 (i17) 0.43347
(i) p £0.0000506 (1) p = 0.0000263 15. 19604, 392, 4
NORMAL DISTRIBUTION [U.P.T.U. 2007]

The normal distribution is a continuous distribution. It can be derived from the binomial distri-
bution in the limiting case when n, the number of trials is very large and p, the probability of a

success, is close to % The general equation of the normal distribution is given by

flx) = Gj% e_%(x;u]
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where the variable x can assume all values from — o to + . it and o, called the parameters of
the distribution, are respectively the mean and the standard deviation of the distribution and
—oo < L <o, 6> 0.x1is called the normal variate and flx) is called probability density function of
the normal distribution.

If a variable x has the normal distribution with mean p and standard deviation o, we
briefly write x : N(u, 62).

The graph of the normal distribution is called the normal curve. It is bell-shapped and
symmetrical about the mean L. The two tails of the curve extend to + « and — « towards the
positive and negative directions of the x-axis respectively and gradually approach the x-axis
without ever metting it. The curve is unimodal and
the mode of the normal distribution coincides with its
mean W. The line x = u divides the area under the
normal curve above x-axis into two equal parts. Thus,
the median of the distribution also coincides with its
mean and mode. The area under the normal curve
between any two given ordinates x = x, and x = x,
represents the probability of values falling into the given
interval. The total area under the normal curve above o H
the x-axis is 1.

f(x) 4

bl 4

3.62 BASIC PROPERTIES OF THE NORMAL DISTRIBUTION

The probability density function of the normal distribution is given by
1(x-p 2
1555
=———c¢
fle) ov2n
(@) flx) >0 (i) r ) de=1,

i.e., the total area under the normal curve above the x-axis is 1.

(zi1) The normal distribution is symmetrical about its mean.
(tv) It is a unimodal distribution. The mean, mode and median of this distribution coincide.

3.63 STANDARD FORM OF THE NORMAL DISTRIBUTION

If X is a normal random variable with mean p and 41@2)
standard deviation o, then the random variable Z =

X-pu

has the normal distribution with mean 0 and

standard deviation 1. The random variable Z is called
the standardized (or standard) normal random vari-
able.

The probability density function for the nor- >
C . . . (0] z
mal distribution in standard form is given by o<z o)
1,
1 -—2z
f(z) = e 2

N
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It is free from any parameter. This helps us to compute areas under the normal probability
curve by making use of standard tables.
Note 1. If fz) is the probability density function for the normal distribution, then

Pz, <Z<z,) = L ’ flz) dz =F(z,) - F(z;), where F(z)= J_m f(2)dz=P(Z<2z)

The function F(z) defined above is called the distribution function for the normal distribution.
Note 2. The probabilities P(z; <Z <z,), P(z; <Z<z,), P(z; <Z < z,) and P(z; <Z < z,) are all regarded to be
the same.
Note 3. F(-z) =1-F(z).

3.64 NORMAL DISTRIBUTION AS A LIMITING FORM OF BINOMIAL DISTRIBUTION
(when p = q) (U.P.T.U. 2007)

Let N (g + p)* be the binomial distribution. If p = ¢ then p = g = % (since p + ¢ = 1) and

consequently the binomial distribution is symmetrical. Let n be an even integer say 2%, k being
an integer. Since n — oo, the frequencies of r and r + 1 successes can be written in following
forms:

1 2k
F(r)=N.2%C, (5)

2k
fr+1)=N.%cC,,, (%j

f(r+1)= chr+1 =2k—r
f(r) ke r+1

The frequency of r successes will be greater than the frequency of (» + 1) successes if

fr)>fr+1)
fr+1
<1
f(r)
= 2k—r<r+1
1
= > k—— .1
r 2 (D
In a similar way, the frequency of r successes will be greater than the frequencies of
1
(r—1) successes ifr <k + 2 ...(2)

In view of (1) and (2), we observe that if £ — % <r<k+ % the frequency corresponding to

r successes will be the greatest. Clearly, r = % is the value of the success corresponding to which
the frequency is maximum. Suppose it is y,. Then, we have

e (V28! (1Y
Yo=N. Ck(E] =Nz
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Let y_ be the frequency of & + x successes then, we have

12k 12k ok
= N 2kc (—) = N.(_) '—'
yx k+x 2 2 (k+x)!(k_x)'
Now Ve _ k1R _k(k-D(k-2)...(k-x+1)

yo (k+0)!(k-x! (+x)(k+x-1D..(k+1
(1—1j(1—2)...{1—’“1}
_ k k k
(1+1j(1+2)...(1+x)
k k k
Taking log on both sides,
log§—2=[log(l—%)+log(l—%j+...+log(1—xT_1ﬂ
1 2 X
_{log(1+%)+log(1+z)+...+log(1+%ﬂ ..(3)

Now, writing expression for each term and neglecting higher powers of % (very small

quantity), we get from (3),

logy—x=—l{1+2+3+...+(x—1)} —l{1+2+3+...+(x—1)+x}
Yo k k

2 X
=—-——{1+2+3+... -1D}-—=
k{ +2+3+...+(x-1} p

Y. = ¥ e—x2/k
— —x2/202 .o 2 _ _n_ k
= = . 0= =—==
Ye= ¥ e npq 4 9
which is normal distribution.
3.65 MEAN AND VARIANCE OF NORMAL DISTRIBUTION (UP.T.U. 2015)
1. The A.M. of a continuous distribution f{x) is given by
Jm x f(x) dx
AM. (x)=—F—"" | By definition
f, £(x) dax
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Consider the normal distribution with 1, ¢ as the parameters then

(x - uf o Since j:f (x) dx

= area under normal curve =1

Put X~ — s sothatx=p+o0z - dr=odz
c
S0 X = Jm (LW+o02) 1 e ? (o dz)
’ —eo o271

=uJ.j° 1 e 2 dz 1

el
J‘ _22/2 d[ ] ‘ J:ﬁe_zw dz=1

II
/—\

&l
1l
=

2. By definition,

Variance = r (x - %)? f(x) dx
= r x2f(x) dx + &2 r £(x) dx — 2% r xf (%) dx

r f(x) dx = 1and

- rxz f(x)dx+ 5% - 2% % .
o J. xfx)dx=Xx

= [ #*f de- =" ()
s (L A
Now, LetI=| x*f(x)dx = | «® e 2\ 9/ dx
Lo Lo cv2n
Put _x=zsothatx=a?+cz . dx=odz
H I= w(a?+c52)2—e"22/2 odz
ence, L oVZn

1 oo 2 _ o 9 e 2
= sz z2e2/2dz+xzj e2/2d2+26xj ze? 2 dz

Van .
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-0 J.oc -2%/2 =2 =
= zd(e )+x“.1+20x.0
V2T
2
- )

V2 Jﬁj

=0+0%2.1+x2=02+x2

e 212 dz + %2

From (1), | Variance = 62 +x2 - X2 = o2

The standard deviation of the normal distribution is o.

3.66 AREA UNDER THE NORMAL CURVE

Af(2)

By taking z = B , standard normal curve is formed.
The total area under this curve is 1.

The area under the curve is divided into two
equal parts by z = 0. The area between the ordinate Area = 0.5 Area = 0.5
z = 0 and any other ordinate can be noted from the
supplied table. It should be noted that mean for the

normal distribution is 0.

v

3.67 APPLICATIONS OF NORMAL DISTRIBUTION

De Moivre made the discovery of this distribution in 1733.

This distribution has an important application in the theory of errors made by chance in
experimental measurements. Its more applications are in computation of hit probability of a
shot and in statistical inference in almost every branch of science.

EXAMPLES

Example 1. A sample of 100 dry battery cells tested to find the length of life produced the
following results:

x =12 hours, 6 = 3 hours.
Assuming the data to be normally distributed, what percentage of battery cells are expected
to have life

(1) more than 15 hours (it) less than 6 hours (t11) between 10 and 14 hours?
Sol. Here x denotes the length of life of dry battery cells.
x—x x-12

c 3

Also z=
(1) Whenx =15,z=1
Plx>15)=P(z>1)
=P0<z<w)-P0<z<1)
=.5-0.3413=0.1587 = 15.87%. 0
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(@) Whenx =6, z=-2
Px<6)=Pz<-2)
=P>2)=P(0<z<o)-P0<z<?2)

=0.5-0.4772=0.0228 = 2.28%. g
2 X 1 1

(@11) When x =10,z = — 3" 0.67 -2 0 2

When x =14, z = % =0.67
P(10<x < 14)
=P(-0.67<2z<0.67)
= 2P(0 <2 < 0.67) = 2 x 0.2485 RN

OO
o
AN
G
RN
SR
O
e

=0.4970=49.70%. -67 0 .67

Example 2. In a sample of 1000 cases, the mean of a certain test is 14 and S.D. is 2.5.
Assuming the distribution to be normal, find

(1) how many students score between 12 and 15¢
(1) how many score above 18?
(iii) how many score below 8?
(tv) how many score 167

—p 12-14

Sol. (i) zl=x16u= o5 =08
L xy-p 15-14

Y =04

Area lying between — 0.8 and 0.4
= Area between 0 to 0.8 + Area between 0 to 0.4
=0.2881 + 0.1554 = 0.4435
Reqd. no. of students  =1000 x 0.4435 =444 (app.)
18-14
95 - 1.6
Area right to 1.6 = 0.5 — (Area between 0 and 1.6) = 0.5 — 0.4452 = 0.0548
Reqd. no. of students = 1000 x 0.0548 = 54.8 = 55 (app.)

8§-14
(Tir) z= 25

Area left to — 2.4 = 0.5 — (Area between 0 and 2.4) = 0.5 -0.4918 = 0.0082
.. Reqd. no. of students = 1000 x 0.0082 = 8.2 = 8 (app.).

(@) z=

=-24

155-14
; =—=0.6
w Y
16.5-14

Area between 0.6 and 1 =0.3413-0.2257=0.1156
.. Reqd. no. of students = 1000 x 0.1156 = 115.6 = 116 (app.).
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Example 3. Assume mean height of soldiers to be 68.22 inches with a variance of 10.8
inches square. How many soldiers in a regiment of 1,000 would you expect to be over 6 feet tall,
given that the area under the standard normal curve between z = 0 and z = 0.35 is 0.1368 and
between z=0and z=1.15is 0.3746. [G.B.T.U.(C.0.)2011]

Sol. x = 6 feets = 72 inches

x—u  72-68.22
2= = 7108 -
Plx>172)=P(z>1.15)=05-P(0<z<1.15)
=0.5-0.3746 =0.1254
Expected no. of soldiers = 1000 x 0.1254 = 125.4 = 125 (app.).

Example 4. A large number of measurement is normally distributed with a mean 65.5”
and S.D. of 6.2”. Find the percentage of measurements that fall between 54.8” and 68.8”.

Sol. Mean u = 65.5 inches, S.D. 6 = 6.2 inches f(2)

x, = 54.8 inches, x, = 68.8 inches

_xm-u_548-655
21 - G 6'2 o ’ 19.99.99999909999¢
X2 - M — 68-8 - 65-5 1999999999 99999

and ZQ — — 0-53 vvvvvvvvv

1.15

»
L
V4

(9 6.2 -173 0 .53
Now, P(-1.73<2<0.53)=P(-1.73<2<0) + P(0<z <0.53)
=P(0<2<1.73)+ P(0<2<0.53)
=0.4582 +0.2019 = 0.6601 | By table

Reqd. percentage of measurements = 66.01%.
Example 5. A manufacturer knows from experience that the resistance of resistors he
produces is normal with mean | = 100 ohms and standard deviation 6 =2 ohms. What percentage
of resistors will have resistance between 98 ohms and 102 ohms?

Sol. W=100Q, ©=2Q, x,=98Q, x,=1020
x; i 98-100
T e T2 T 2
- 22=x2;“=102;100=1

Now, P(98 <x <102)=P(-1<z<1)
=P-1<z<0)+P(0<z<1)
=P0<z<1)+P(0<z<1)
=0.3413 + 0.3413 = 0.6826.

Percentage of resistors having resistance be-
tween 98 Q and 102 Q = 68.26%.

Example 6. In a normal distribution, 31% of the items are under 45 and 8% are over 64.

»
»
z

1 t -—x
Find the mean and standard deviation of the distribution. It is given that if f{t) = FJ.O e 2 dx
i

then f(0.5) = 0.19 and f(1.4) = 0.42. (M.T.U. 2013)
Sol. Let 1 and 6 be the mean and S.D. respectively.
31% of the items are under 45.
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= Area to the left of the ordinate x = 45 is 0.31
When x = 45, let z =2,
P(z;<2<0)=05-0.31=0.19

From the tables, the value of z corresponding to this
area is 0.5

z,=-0.5[z, <0] 8%

When x = 64, letz =z,

P(0<z<z,)=0.5-0.08=0.42 X=1 X = 64
z=2 = z=12,
From the tables, the value of z corresponding to this =0
area is 1.4.
z,=1.4
Since z= *—H
c
45 - 64 —
-0.5= K and 14-= L
= 45 -u=-0.50 (D)
and 64—pu=140 .(2)
Subtracting -19=-190c .. o=10
From (1), 45-u=-05x10=-5 .. u=50.

Example 7. The life of army shoes is normally distributed with mean 8 months and
standard deviation 2 months. If 5000 pairs are insured, how many pairs would be expected to

need replacement after 12 months? [Given that P(z>2)=0.0228 and z = X H}_

c
Sol. Mean (n) =8, Standard Deviation (c) = 2
Number of pairs of shoes = 5000, Total months (x) = 12
_ 19 —
when x=12, »=-H_128
c 2

Area (z 2 2) = 0.0228
Number of pairs whose life is more than 12 months = 5000 x 0.0228 = 114
Pair of shoes needing replacement after 12 months = 5000 — 114 = 4886.

Example 8. The mean inside diameter of a sample of 200 washers produced by a machine
is 0.502 cm and the standard deviation is 0.005 cm. The purpose for which these washers are
intended allows a minimum tolerance in the diameter of 0.496 to 0.508 cm, otherwise the washers
are considered defective. Determine the percentage of defective washers produced by the machine.
Assume the diameters are normally distributed.

Sol. Given: Mean p = 0.502 cm, S.D.o=0.005cm, x,=0.496cm, x,=0.508 cm.
x,—p _0496-0.502

Now, z,= 0.005 -1.2
- Xy~ W _ 0.508 — 0.502 _19
2 c 0.005 '
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Area for non-defective washers

=P-12<2<1.2) f(2)
=P(-12<2z<0)+P(0<2<1.2)
=P(0<z<1.2)+P(0<2<1.2)
=0.3849 + 0.3849 = 0.7698
=76.98%.

Percentage of defective washers = 100 — 76.98

=23.02%.

Example 9. Assuming that the diameters of 1000 brass plugs taken consecutively from a
machine, form a normal distribution with mean 0.7515 cm and standard deviation 0.002 cm,
how many of the plugs are likely to be rejected if the approved diameter is 0.752 + 0.004 cm.

»
»
z

-1.2 O 1.2

Sol. Tolerance limits of the diameter of non-defective plugs are
0.752-0.004 =0.748 cm. and 0.752 +0.004 = 0.756 cm.

Standard normal variable, z= *—H
© x —o7as . L 0748-07515
TERIES ST T 0002 T
0.756 — 0.7515
If  2,=0.756, zy=—— o =225

Area from (z; = — 1.75) to (z, = 2.25)
=P(-1.75<2<225)=P(-1.756<2<0) + P(0 <z <2.25)
=P(0<2<1.75) + P(0 <z <£2.25) = 0.4599 + 0.4878 = 0.9477
Number of plugs which are likely to be rejected = 1000 x (1 —0.9477) = 1000 x .0523 = 52.3
Hence approximately 52 plugs are likely to be rejected.

Example 10. Ifthe heights of 300 students are normally distributed with mean 64.5 inches
and standard deviation 3.3 inches, find the height below which 99% of the students lie.

Sol. Mean | = 64.5 inches, S.D. o = 3.3 inches

x—64.5
Area between 0 and T35 - 0.99-0.5=0.49
From the table, for the area 0.49, z = 2.327

The corresponding value of x is given by
x—64.5

=2.327
3.3
= x—64.5="7.68
= x =7.68 + 64.5 = 72.18 inches.

Hence 99% students are of height less than 6 ft. 0.18 inches.

Example 11. The income of a group of 10,000 persons was found to be normally distributed
with mean ¥ 750 p.m. and standard deviation of T 50. Show that, of this group, about 95% had
income exceeding ¥ 668 and only 5% had income exceeding ¥ 832. Also find the lowest income
among the richest 100.

Sol. Given: u="1750,c =50
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x —
Standard normal variable, z = Tu

x;— 1L _ 668 - 750

@) Ifx, = 668, z, = 50 =-1.64
P(x, > 668) = P(z, > — 1.64)
=0.5+P(-1.64<2<0) f2)
=0.5+P(0<z<1.64)
=0.5 +0.4495
=0.9495
Required percentage of persons having income
exceeding ¥ 668 = 94.95% =~ 95% (approx.) Z 164 0 7‘":
- 832 -750
@) Ifx, = 832, z, = 2 b 50 =1.64 f(2)
P(x, > 832) = P(z, > 1.64)
=05-P(0<z<1.64)
=0.5-0.4495 = 0.0505
Required percentage of persons having in- 2222219
come exceeding X 832 = 5.05% = 5% (approx.) o z;=164 z

(ti1) Let x be the lowest income among the richest 100 personsi.e., 1% of 10,000.
Thus, area between O and z = 0.49 (see figure) by Normal distribution table,

2=2.33 f(2)
Thus, *H _933
(¢}
=750 . 301
= =2.
= x =866.5 o} z z

Hence ¥ 866.5 is the minimum income among the richest 100 persons.

Example 12. 255 metal rods were cut roughly 6 inches over size. Finally the lengths of
the over size amount, were measured exactly and grouped with 1 inch intervals, there being in
1” 1” 1” 1” 1” 1//
all 12 groups — - 1= ,1= - 2— ... , 11— - 12= .
groups 5 ity T3 2

The frequency distribution for the 255 lengths was as follows:

Length (inches) 1 2 3 4 5 6 7 8 9 10 11 |12
Central value

Frequency 2 10 19 | 25 | 40 | 44 41 28 25 15 5 | 1

Fit a normal curve to this data.
Sol. The equation of the normal curve for N observations is
RIESRY
y=ie 2( ° j (D
ov2rn
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x f u=x-6 fu fu?
1 2 -5 -10 50
2 10 -4 - 40 160
3 19 -3 - 57 171
4 25 -2 - 50 100
5 40 -1 - 40 40
6 44 0 0 0
7 41 1 41 41
8 28 2 56 112
9 25 3 75 225
10 15 4 60 240
11 5 25 125
12 1 6 6 36
Total 255 66 1300

by 66

Mean, u= a+ﬂ=6 —— =6.259
5f 255
9 2 2
. 1
Variance, o= MW _(Eu) 1300 (—66 ) =5.031
st 3f 225 | 255
c=2.243

Thus we have N =255, Mean, u1=6.259", S.D. o=2.243"
Hence the fitted curve is

255 o356

" 224321
- 113.68 e70.099(x—6.259)2

NP

Example 13. Show that the area under the normal curve is unity.

| From (1)

Sol. Area under the normal curve is given by

(& -w?
2
e 20 dx

o]
- 04/2T

A=

Put K =zsodx=0dz

A=

e ? 2/2 -22/2
e J_ (odz) = \/7 j dz

Now, A A=A%= (\fj' x’QdJ[\fj y’zdy]

X" +y
——
= _I J; e ' ? /dxdy | wherexandy are dummy variables
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Put x =r cos 6, y = r sin 0 so that J = r changing to polar coordinates,

AZ = %j:lzj.:e_ 12 dr de = J:e_rzlz d [g) =1

A = Area under the normal curve = 1
Example 14. Prove that for normal distribution, the mean deviation from the mean

equals to % of the standard deviation approximately. (U.P.T.U. 2009)

Sol. Let u and ¢ be the mean and standard deviation of the normal distribution. Then by
definition,

Mean deviation from the mean

[le-nl @ ax

1 - C(x-p?
—— | |x-ule 2°° dx
o [ Jx-ul

1 22
olzle 2" 5dz
oV2rm -[—

\/7J‘ze2/2dz
=0\P[ e-m] —\/Ec 0.7979 6 = 0.86 = * &
T 0 5

ASSIGNMENT

whenx_uzz

c
= dx=o0dz

1. In a test on 2000 electric bulbs, it was found that the life of a particular make, was normally
distributed with an average life of 2040 hours and S.D. of 60 hours, estimate the number of bulbs

likely to burn for
(1) more than 2150 hours (it) less than 1950 hours
(i17) more than 1920 hours but less than 2160 hours. (U.P.T.U. 2008)

2. An aptitude test for selecting officers in a bank is conducted on 1000 candidates. The average
score is 42 and the standard deviation of score is 24. Assuming normal distribution for the scores,
find

(i) the number of candidates whose scores exceed 60
(it) the number of candidates whose scores lie between 30 and 60.

3. () In a normal distribution exactly normal, 7% of the items are under 35 and 89% are under 63.
What are the mean and standard deviation of the distribution? (G.B.T.U. 2010)

(i1) In a normal distribution, 0.0107 of the items lie below 42 and 0.0446 of the items lie above 82.
What is the mean and standard deviation of the normal distribution?

[U.P.T.U. (MBA) 2009]
4. IfZis a standard normal variable, find the following probabilities: [G.B.T.U. (MBA) 2010]
@) P(Z<1.2) @) P(Z>-1.2) @) P(-1.2<Z < 1.3).
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An aptitude test was conducted on 900 employees of the Metro Tyres Limited in which the mean
score was found to be 50 units and standard deviation was 20. On the basis of this information,
you are required to answer the following questions:

(1) What was the number of employees whose mean score was less than 30?
(ii) What was the number of employees whose mean score exceeded 70?
(zit) What was the number of employees whose mean score were between 30 and 70?

x—u

0.25 0.50 0.70 1.00 1.25 1.50

Area  0.0987 0.1915 0.2734 0.3413 0.3944 0.4332 [U.P.T.U. (MBA) 2009]

(a) Students of a class were given a mechanical aptitude test. Their marks were found to be
normally distributed with mean 60 and standard deviation 5. What percent of students
scored?

() more than 60 marks? (1) less than 56 marks? (iii) between 45 and 65 marks?

(b) 2000 students appeared in an examination. Distribution of marks is assumed to be normal
with mean p = 30 and 6 = 6.25. How many students are expected to get marks?

(i) between 20 and 40 (i) less than 35 and (iti) above 50.
[UP.T.U. (MBA) 2012]

(c) Suppose the weight W of 600 male students are normally distributed with mean p =70 kg and
standard deviation ¢ = 5 kg. Find number of students with weight

() between 69 and 74 kg (ii) more than 76 kg. (G.B.T.U. 2013)

(a) In an intelligence test administered to 1000 students, the average score was 42 and standard
deviation 24. Find:

() the expected number of students scoring more than 50.
(ii) the number of students scoring between 30 and 54.
(ii7) the value of score exceeded by top 100 students. [G.B.T.U. (MBA) 2010]

(b) The average monthly sales of 5000 firms are normally distributed. Its mean and standard
deviation are ¥ 36000 and % 10000 respectively. Find:

() the no. of firms having sales over ¥ 40000.
(i) the no. of firms having sales between ¥ 30000 and ¥ 40000.
[Given area under normal curve from 0 to z for Z (0.4) = 0.1554 and Z (0.6) = 0.2257]
[G.B.T.U. (MBA) 2010]

(c) The daily wages of 1000 workers are distributed around a mean of ¥ 140 and with a standard
deviation of ¥ 10. Estimate the number of workers whose daily wages will be

(i) between ¥ 140 and T 144 (i1) less than ¥ 126
(i7) more than T 160. (G.B.T.U. 2012)

(a) Records kept by the goods inwards department of a large factory show that the average no. of
lorries arriving each week is 248. It is known that the distribution approximates to be normal
with a standard deviation of 26.

If this pattern of arrival continues, what percentage of weeks can be expected to have number
of arrivals of"

(@) less than 229 per week? (1) more than 280 per week?

(b) Pipes for tobacco are being packed in fancy plastic boxes. The length of the pipe is normally
distributed with p = 5” and ¢ = 0.1”. The internal length of the boxes is 5.2”. What is the
probability that the box would be small for the pipe?

[Given that : $(1.8) = 0.9641, ¢(2) = 0.9772, 6(2.5) = 0.9938]

() A manufacturer of envelopes knows that the weight of the envelopes is normally distributed
with mean 1.9 gm and variance 0.01 square gm. Find how many envelopes weighing

(i) 2 gm or more
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10.

11.

12.

13.

14.

15.

16.

(Zi) 2.1 gm or more, can be expected in a given packet of 1000 envelopes? (U.P.T.U. 2015)
[Given: if ¢ is the normal variable, then ¢(0 <¢#<1)=0.3413 and ¢ (0<¢<2) =0.4772]

(a) East-East Airlines has the policy of employing only Indian woman whose height is between
62 inches and 69 inches. If the height of Indian women is approximately normally distributed
with a mean of 64 inches and a standard deviation of 3 inches, Out of the 1000 applications
received find the number of applicants that would be

(@) too tall (ii) too short (ii1) of acceptable height.

(b) The mean height of 500 students is 151 cm and the standard deviation is 15 cm. Assuming
that the heights are normally distributed, find how many students have heights between 120
and 155 cm?

(c) The monthly mess bill of a student who is staying in the hostel follows a normal distribution
with a mean of ¥ 2000 and a standard deviation of ¥ 185. What is the probability that in the
next month, his bill will go above T 24007 [U.P.T.U. (MBA) 2009]

In an examination taken by 500 candidates, the average and the standard deviation of marks

obtained (normally distributed) are 40% and 10%. Find approximately

(i) how many will pass, if 50% is fixed as a minimum?
(ii) what should be the minimum if 350 candidates are to pass?
(ii1) how many have scored marks above 60%?

The income distribution of workers in a certain factory was found to be normal with mean
¥ 500 and standard deviation equal to ¥ 50. There were 228 persons getting above ¥ 600. How
many workers were there in all?

(Area under the standard normal curve between height at 0 and 2 is 0.4772).

In a certain examination, the percentage of passes and distinction were 46 and 9 respectively.
Estimate the average marks obtained by the candidates, the minimum pass and distinction
marks being 40 and 75 respectively. Assume the distribution of marks to be normal.

40_u=0.1 and B

{Hint. = 134}

The marks obtained by a no. of students for a certain subject are assumed to be approximately
normally distributed with mean value 65 and S.D. of 5. If 3 students are taken at random from
this set, what is the probability that exactly 2 of them will have marks over 70?

In an examination, it is laid down that a student passes if he secures 30% or more marks. He is
placed in the first, second or third division according as he secures 60% or more marks, between
45% and 60% marks and marks between 30% and 45% respectively. He gets distinction incase he
secures 80% or more marks. It is noticed from the result that 10% of the students failed in the
examination, whereas 5% of them obtained distinction.

Calculate the percentage of students placed in the second division. (Assume normal distribution
of marks).

[Hint. P(X < 30) =0.10, P(X > 80) = 0.05]

Determine the minimum marks a student must get in order to receive an A grade if the top 10%
of the students are awarded A grades in an examination where the mean mark is 72 and standard
deviation is 9.

(1) When the mean of marks was 50% and S.D. 5% then 60% of the students failed in an
examination. Determine the ‘grace’ marks to be awarded in order to show that 70% of the
students passed. Assume that the marks are normally distributed.

[Hint. 210595 2-05__ 0.52}
0.05 0.05
(i) In a university examination of a particular year, 60% of the students failed when mean of the
marks was 50% and S.D. 5%. University decided to relax the conditions of passing by lowering
the pass marks to show its result 70%. Find the minimum marks for a student to pass
supposing the marks to be normally distributed and no change in the performance of students
takes place.
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17. How does a normal distribution differ from a binomial distribution? What are the important
properties of normal distribution? [M.T.U. (MBA) 2012]
18. If the skulls are classified as A, B and C according as the length-breadth index is under 75,
between 75 and 80 or over 80, find approximately (assuming that the distribution is normal) the
mean and standard deviation of a series in which A are 58%, B are 38% and C are 4%, being given
that if A1) = — 1 j ‘¢~ &) gy then 10.20) = 0.08 and A(1.75) = 0.46.
Var Jo
[Hint: P(X < 75) = 0.58, P(X > 80) = 0.04]
19. The following table gives frequencies of occurrence of a variable X between certain limits:
Variable X Frequency
Less than 40 30
40 or more but less than 50 33
50 and more 37
The distribution is exactly normal. Find the distribution and also obtain the fequency between
X =50and X =60.
20. The marks X obtained in Mathematics by 1000 students are normally distributed with mean
78% and standard deviation 11%.
Determine:
(i) how many students got marks above 90%?
(71) What was the highest marks obtained by the lowest 10% of students?
(Zi1) Within what limits did the middle 90% of the students lie?
Answers
1. (@) 67 (i7) 134 (ii) 1909 2. (1) 227 (i1) 465
3. () x =50.3,6=10.33 (i) u=65,0=10
4. (1) 0.8849 (i) 0.8849 (zir) 0.7881
5. (i) 143 (i) 143 (1ii) 614
6. (a) (@) 50%, (ii) 21.2%, (iii) 84% (b) (i) 1781, (ii) 1576, (iti) 1 (c) (@) 220, (ii) 69
7. (o) (@) 371, (z1) 383, (ii1) 72.72 (b) (@) 1723 (i1) 1906 (e) (@) 155, (i7) 81, (iii) 23
8. (a)@)23% (ii) 11% (b) 0.0228 (c) (1) 159 (ii) 23
9. (a) (@) 48 (i) 251 (iii) 701 (b) 294 (c) 0.0154
10. ()79 (@) 35% (i) 11 11. 10,000 12. 37.2
13. 0.06357 14. 34% 15. 84 marks
16. (i) 3.85 (it) 47.4. 18. u=74.35,06=3.23 19. 1 =46.12,6 =11.76, 25
20. () 138 (ii) 63.92% (iii) between 60 and 96.

3.68 POPULATION OR UNIVERSE

An aggregate of objects (animate or inanimate) under study is called population or universe.
It is thus a collection of individuals or of their attributes (qualities) or of results of operations
which can be numerically specified.

A universe containing a finite number of individuals or members is called a finite inverse.

For example, the universe of the weights of students in a particular class.

A universe with infinite number of members is known as an infinite universe. For

example, the universe of pressures at various points in the atmosphere.

In some cases, we may be even ignorant whether or not a particular universe is infinite,

e.g., the universe of stars.
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The universe of concrete objects is an existent universe. The collection of all possible
ways in which a specified event can happen is called a hypothetical universe. The universe
of heads and tails obtained by tossing a coin an infinite number of times (provided that it does
not wear out) is a hypothetical one.

3.69 SAMPLING

The statistician is often confronted with the problem of discussing universe of which he cannot
examine every member i.e., of which complete enumeration is impracticable. For example, if
we want to have an idea of the average per capita income of the people of India, enumeration of
every earning individual in the country is a very difficult task. Naturally, the question arises :
What can be said about a universe of which we can examine only a limited number of members
? This question is the origin of the Theory of Sampling.

A finite subset of a universe is called a sample. A sample is thus a small portion of the
universe. The number of individuals in a sample is called the sample size. The process of
selecting a sample from a universe is called sampling.

The theory of sampling is a study of relationship existing between a population and
samples drawn from the population. The fundamental object of sampling is to get as much
information as possible of the whole universe by examining only a part of it. An attempt is thus
made through sampling to give the maximum information about the parent universe with the
minimum effort.

Sampling is quite often used in our day-to-day practical life. For example, in a shop we
assess the quality of sugar, rice or any other commodity by taking only a handful of it from the
bag and then decide whether to purchase it or not. A housewife normally tests the cooked
products to find if they are properly cooked and contain the proper quantity of salt or sugar, by
taking a spoonful of it.

3.70 SAMPLING METHODOLOGIES

Sampling methodologies are classified under two general categories:
1. Probability sampling and 2. Non-probability sampling

In the former, the researcher knows the exact possibility of selecting each member of
the population while in the latter, the chance of being included in the sample is not known. A
probability sample tends to be more difficult and costly to conduct. However, probability samples
are the only type of samples where the results can be generalized from the sample to the
population. In addition, probability samples allow the researcher to calculate the precision of
the estimates obtained from the sample and to specify the sampling error.

Non-probability samples, incontrast, donot allow the study’s findings to be generalized
from the sample to the population. When discussing the results of a non-probability sample,
the researchers must limit his/her findings to the persons or elements sampled.

This procedure also does not allow the researcher to calculate sampling statistics that
provide information about the precision of the results. The advantage of non-probability sam-
pling is the case in which it can be administered.

Non-probability samples tend to be less complicated and less time consuming than prob-
ability samples. If the researcher has no intention of generalizing beyond the sample, one of
the non-probability sampling methodologies will provide the desired information.
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3.71 NON-PROBABILITY SAMPLING

The three common types of non-probability samples are:

(i) Convenience Sampling. As the name implies, convenience sampling involves choosing
respondents at the convenience of the researcher. Examples of convenience sampling include
people-in-the street interviews—the sampling of people to which the researcher has easy access,
such as a class of students and studies that use people who have volunteered to be questioned
as a result of an advertisement or another type of promotion. A drawback to this methodology
is the lack of sampling accuracy. Because the probability of inclusion in the sample is unknown
for each respondent, none of the reliability or sampling precision statistics can be calculated.
Convenience samples, however, are employed by researchers because the time and cost of
collecting information can be reduced.

(ii) Quota Sampling [G.B.T.U. (B. Pharm.) 2010]

Quota sampling is often confused with stratified and cluster sampling—two probability
sampling methodologies. All of these methodologies sample a population that has been
subdivided into classes or categories.

The primary differences between the methodologies is that with stratified and cluster
sampling, the classes are mutually exclusive and are isolated prior to sampling. Thus, the
probability of being selected is known and members of the population selected to be sampled
are not arbitrarily disqualified from being included in the results. In quota sampling, the
classes cannot be isolated prior to sampling and respondents are categorized into the classes
as the survey proceeds. As each class fills or reaches its quota, additional respondents that
would have fallen into these classes are rejected or excluded from the results.

An example of a quota sample would be a survey in which the researcher desires to
obtain a certain number of respondents from various income categories. Generally, researchers
donot know the income of the persons they are sampling until they ask about income. Therefore,
the researcher is unable to subdivide the population from which the sample is drawn into
mutually exclusive income categories prior to drawing the sample.

(iii) Judgemental Sampling. In judgemental or purposive sampling, the researcher em-
ploys his or her own expert judgement about who to include in the sample frame. Prior knowl-
edge and research skill are used in selecting the respondents or elements to be sampled.

An example of this type of sample would be a study of potential users of a new recreational
facility that is limited to those persons who live within two miles of the new facility. Expert
judgement based on past experience indicates that most of the use of this type of facility comes
from persons living within two miles. However, by limiting the sample to only this group,
usage projections may not be reliable if the usage characteristics of the new facility vary from
those previously experienced. As with all non-probability sampling methods, the degree and
direction of error introduced by the researcher cannot be measured and statistics that measure
the precision of the estimates cannot be calculated.

3.72 PROBABILITY SAMPLING

Five methodologies are most commonly used for conducting probability sampling.
(i) Simple Random Sampling. Simple random sampling provides the base from which the
other more complex sampling methodologies are derived.

To conduct a simple random sampling, the researcher must first prepare an exhaustive
list (sampling frame) of all members of the population of interest. From this list, the sample is
drawn so that each person or item has an equal chance of being drawn during each selection

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

STATISTICAL TECHNIQUES 347

round. Samples may be drawn with or without replacement. In practice, however, most simple
random sampling for survey research is done without replacement ; that is, a person or item
selected for sampling is removed from the population for all subsequent selections. At any
draw, the process for a simple random sample without replacement must provide an equal
chance of inclusion to any member of the population not already drawn. To draw a simple
random sample without introducing researcher bias, computerized sampling programs and
random numbers tables are used to impartially select the members of the population to be
sampled.

An example of a simple random sample would be a survey of County employees. An
exhaustive list of all County employees as of a certain date could be obtained from the
Department of Human Resources. If 100 names were selected from this list using a random
number table or a computerized sampling program, then a simple random sample would be
created. Such a random sampling procedure has the advantage of reducing bias and enables
the researcher to estimate sampling errors and the precision of the estimates derived through
statistical calculations.

(ii) Stratified Random Sampling [G.B.T.U. (B. Pharm.) 2010]

Stratified random sampling involves categorizing the members of the population into mutually
exclusive and collectively exhaustive groups. An independent simple random sample is then
drawn from each group. Stratified sampling techniques can provide more precise estimates if
the population being surveyed is more heterogeneous than the categorized groups, can enable
the researcher to determine desired levels of sampling precision for each group, and can provide
administrative efficiency.

An example of a stratified sample would be a sample conducted to determine the average
income earned by families in the United States. To obtain more precise estimates of income,
the researcher may want to stratify the sample by geographic region (northeast, mid-Atlantic,
etc.) and/or stratify the sample by urban, suburban, and rural groupings. If the differences in
income among the regions or groupings are greater than the income differences within the
regions or groupings, precision of the estimates is improved. In addition, if the resarch
organization has branch offices located in these regions, the administration of the survey can
be decentralized and perhaps conducted in a more cost-efficient manner.

(iii) Cluster Sampling. Cluster sampling is similar to stratified sampling because the
population to be sampled is subdivided into mutually exclusive groups. However, in cluster
sampling, the groups are defined so as to maintain the heterogeneity of the population. It is
the researcher’s goal to establish clusters that are representative of the population as a whole,
although in practice this may be difficult to achieve. After the clusters are established, a
simple random sample of the clusters is drawn and the members of the chosen clusters are
sampled. If all of the elements (members) of the clusters selected are sampled, then the sampling
procedure is defined as one-stage cluster sampling. If a random sample of the elements of
each selected cluster is drawn, then the sampling procedure is defined as two-stage cluster
sampling.

Cluster sampling is frequently employed when the researcher is unable to compile a
comprehensive list of all the elements in the population of interest. A cluster sample might be
used by a researcher attempting to measure the age distribution of persons residing in Mumbai.
It would be much more difficult for the researcher to compile a list of every person residing in
Mumbai than to compile a list of residential addresses. In this example, each address would
represent a cluster of elements (persons) to be sampled. If the elements contained in the clusters
are as heterogeneous as the population, then estimates derived from cluster sampling are as
precise as those from simple random sampling. However, if the heterogeneity of the clusters is
less than that of the population, the estimates will be less precise.
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(iv) Systematic Sampling. Systematic sampling, a form of one-stage cluster sampling, is
often used in place of simple random sampling. In systematic sampling, the researcher selects
every n't member after randomly selecting the first through nt" element as the starting point.
For example, if the researcher decides to sample every 20" member of the population, a 5
percent sample, the starting point for the sample is randomly selected from the first 20 members.
A systematic sample is a type of cluster sample because each of the first 20 members of the
sampling frame defines a cluster that contains 5 percent of the population.

A researcher may choose to conduct a systematic sample instead of a simple random
sample for several reasons. Systematic samples tend to be easier to draw and execute. The
researcher does not have to jump backward and forward through the sampling frame to draw
the members to be sampled. A systematic sample may spread the members selected for
measurement more evenly across the entire population than simple random sampling.
Therefore, in some cases, systematic sampling may be more representative of the population
and more precise.

One of the most attractive aspects of systematic sampling is that this method can allow
the researcher to draw a probability sample without complete prior knowledge of the sampling
frame. For example, a survey of visitors to the County’s publications desk could be conducted
by sampling every 10% visitor after randomly selecting the first through 10t visitor as the
starting point. By conducting the sample in this manner, it would not be necessary for the
researcher to obtain a comprehensive list of visitors prior to drawing the sample.

As with other types of cluster sampling, systematic sampling is as precise as simple

random sampling if the members contained in the clusters are as heterogeneous as the
population. If this assumption is not valid, then systematic sampling will be less precise than
simple random sampling. In conducting systematic sampling, it is also essential that the
researcher does not introduce bias into the sample by selecting an inappropriate sampling
interval. For instance, when conducting a sample of financial records, or other items that
follow a calendar schedule, the researcher would not want to select “7” as the sampling interval
because the sample would then be comprised of observations that were all on the same day of
the week. Day-of-the-week influences may cause contamination of the sample, giving the
researcher biased results.
(v) Multi-Stage Sampling. Multi-stage sampling is like cluster sampling, but involves se-
lecting a sample within each chosen cluster, rather than including all units in the cluster.
Thus, multi-stage sampling involves selecting a sample in at least two stages. In the first
stage, large groups or clusters are selected. These clusters are designed to contain more popu-
lation units than are required for the final sample.

In the second stage, population units are chosen from selected clusters to derive a final
sample. If more than two stages are used, the process of choosing population units within
clusters continues until the final sample is achieved.

An example of multi-stage sampling is where, firstly, electoral sub-divisions (clusters)
are sampled from a city or state. Secondly, blocks of houses are selected from within the
electoral sub-divisions and, thirdly, individual houses are selected from within the selected
blocks of houses.

The advantages of multi-stage sampling are convenience, economy and efficiency. Multi-
stage sampling does not require a complete list of members in the target population, which
greatly reduces sample preparation cost. The list of members is required only for those clusters
used in the final stage. The main disadvantage of multi-stage sampling is the same as for
cluster sampling : lower accuracy due to higher sampling error.
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3.73 PARAMETERS OF STATISTICS

The statistical constants of the population such as mean, the variance etc. are known as the
parameters. The statistical concepts of the sample from the members of the sample to estimate
the parameters of the population from which the sample has been drawn is known as statistic.

Population mean and variance are denoted by u and 62, while those of the samples are

given by x, s2.

3.74 STANDARD ERROR

The standard deviation of the sampling distribution of a statistic is known as the standard
error (S.E.). It plays an important role in the theory of large samples and it forms a basis of

{) is normally distrib-

the testing of hypothesis. If ¢ is any statistic, for large sample. z = SE (( )

uted with mean 0 and variance unity.

3.75 TEST OF SIGNIFICANCE

An important aspect of the sampling theory is to study the test of significance which will
enable us to decide, on the basis of the results of the sample, whether

(i) the deviation between the observed sample statistic and the hypothetical parameter
value or

(it) the deviation between two sample statistics
is significant or might be attributed due to chance or the fluctuations of the sampling.

3.76 TESTING OF STATISTICAL HYPOTHESIS

Step 1. Null hypothesis: [U.P.T.U. (MCA) 2007]

For applying the tests of significance, we first set up a hypothesis which is a definite
statement about the population parameter called Null Hypothesis. It is denoted by H,,.

Null hypothesis is the hypothesis which is tested for possible rejection under the as-
sumption that it is true. First, we set up H; in clear terms.

Step 2. Alternative hypothesis:

Any hypothesis which is complementary to the null hypothesis (H) is called an alterna-
tive hypothesis. It is denoted by H,.

For example, if we want to test the null hypothesis that the population has a specified
mean i, then we have
Ho U=
then the alternative hypothesis will be
(@) Hy : p# p, (Two tailed alternative hypothesis)
(i) Hy : u >y, (right tailed alternative hypothesis (or) single tailed)
(ii1) H : u <y, (left tailed alternative hypothesis (or) single tailed)

Hence alternative hypothesis helps to know whether the test is two tailed or one tailed.
Therefore, we set up H, for this decision.
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Step 3. Level of significance: [UP.T.U. (MCA) 2008, 2007]

The probability of the value of the variate falling in the critical region is known as level
of significance. A region corresponding to a statistic ¢ in the sample space S which amounts to
rejection of the null hypothesis H is called as critical region or region of rejection while
which amounts to acceptance of H is called acceptance region. The probability o that a
random value of the statistic ¢ belongs to the critical region is known as the level of
significance.

P(te wHy)=a

i.e., the level of significance is the size of the type I error (refer art. 3.77) or the maximum
producer’s risk.

We select the appropriate level of significance in advance depending on the reliability of
the estimates.

Step 4. Test statistic (or test criterion): We compute the test statistic z under the

t - E@) .
1

S.E.(¢)

normally distributed with mean 0 and variance 1. The value of z given above under the null
hypothesis is known as test statistic.

null hypothesis. For larger samples corresponding to the statistic ¢, the variable z =

Step 5. Conclusion: We compare the computed value of z with the critical value z , at
level of significance (o). The critical value of z  of the test statistic at level of significance o for
a two tailed test is given by

p(|z] >z) =0 ...(D)
ie., z,,1s the value of z so that the total area of the critical region on both tails is o. Since
the normal curve is symmetrical, from equation (1), we get
pz>z)+plz<-z)=0a;ie,2p(z>z)=0a;ie,plz>z)=0/2
ie., the area of each tail is o/2.

Level of significance ‘r (Two tailed test)
4 Upper critical

value Right tailed test Left tailed test
Acceptance
region

Lower critical
value

Acceptance
region

Rejection
region

(a)

Rejection
region (a/2)

Rejection
region (a/2)

Rejection
region

(o)

v

= z=2 -
z=-2z, z=0 z=12, z=0 a z=-z, z=0

The critical value z  is that value such that the area to the right of z  is /2 and the area
to the left of —z  is 0/2.

In the case of one tailed test,

p(z >z ) = aifit is right tailed ; p(z < —z) = a if it is left tailed.

The critical value of z for a single tailed test (right or left) at level of significance o is
same as the critical value of z for two tailed test at level of significance 2.

Using the equation, also using the normal tables, the critical value of z at different
levels of significance (o) for both single tailed and two tailed test are calculated and listed
below. The equations are

pllz|>z)=0;p>z)=0;p<-2,) =0
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Level of significance
1% (0.01) 5% (0.05) 10% (0.1)
Two tailed test | z, | =2.58 | z, | =1.96 | z, | =1.645
Right tailed test z,=2.33 z,=1.645 z,=1.28
Left tailed test z,=-2.33 z,=—1.645 z,=—-1.28

If |z| >z, wereject H, and conclude that there is significant difference. If |z | <z , we
accept H; and conclude that there is no significant difference.

3.77 ERRORS IN SAMPLING

The main aim of the sampling theory is to draw a valid conclusion about the population
parameters on the basis of the sample results. In doing this we may commit the following two
types of errors:

Type 1. Error. [U.P.T.U. (MCA) 2008, 2007]

When H, is true, we may reject it.

P(Reject H, when it is true) = P(Reject Hy/H) = o

o is called the size of the type I error also referred to as producer’s risk.

Type II. Error. When H is wrong, we may accept it P(Accept H, when it is wrong) =
P(Accept Hy/H,) = B . B is called the size of the type II error, also referred to as consumer’s
risk.

Note. The values of the test statistic which separates the critical region and acceptance region are

called the critical values or significant values. This value is dependent on (i) the level of significance
used and (i7) the alternative hypothesis, whether it is one tailed or two tailed.

3.78 TEST OF SIGNIFICANCE OF SMALL SAMPLES

When the size of the sample is less than 30, then the sample is called small sample. For such
sample it will not be possible for us to assume that the random sampling distribution of a
statistic is approximately normal and the values given by the sample data are sufficiently
close to the population values and can be used in their place for the calculation of the standard
error of the estimate.

3.79 STUDENT’S t-DISTRIBUTION (t-Test)
[G.B.T.U. (MBA) 2011 ; G.B.T.U. (MCA) 2010]

This #-distribution is used when sample size is < 30 and the population standard deviation is

unknown.
X 1 where, S = —Z(x -5’
Sin 77\ n-1

t-statistic is defined as
x is the mean of sample, [ is population mean. S is the standard deviation of population
and n is sample size.

=
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If the standard deviation of the sample ‘s’ is given then ¢-statistic is defined as

Note. The relation between s and S is ns? = (n — 1)S2.

3.79.1. The t-Table

The ¢-table given at the end is the probability integral of ¢-distribution. The ¢-distribution has
different values for each degrees of freedom and when the degrees of freedom are infinitely
large, the ¢-distribution is equivalent to normal distribution and the probabilities shown in
the normal distribution tables are applicable.

3.79.2. Applications of t-Distribution [G.B.T.U. (MBA) 2011]
Some of the applications of ¢-distribution are given below:
1. To test if the sample mean (x) differs significantly from the hypothetical value | of
the population mean.
2. To test the significance between two sample means.
3. To test the significance of observed partial and multiple correlation coefficients.

3.79.3. Critical Value of t

The critical value or significant value of ¢ at level of significance o, degrees of freedom v for two
tailed test is given by

Pl ¢] >t (] =a
Pllt|<t (@l =1-a
The significant value of ¢ at level of significance «, for a single tailed test can be got from
those of two tailed test by referring to the values at 2.

3.80 TESTI: t-TEST OF SIGNIFICANCE OF THE MEAN OF A RANDOM SAMPLE

To test whether the mean of a sample drawn from a normal population deviates significantly
from a stated value when variance of the population is unknown.

H, : There is no significant difference between the sample mean x and the population
mean [l i.e., we use the statistic

X—u T(x - %)*
here §= |2
S/Nn where n—1

with degree of freedom n — 1.

t =

At given level of significance o and degrees of freedom (n — 1), we refer to t-table ¢, (two
tailed or one tailed). If calculated ¢ value is such that | ¢ | <¢, the null hypothesis is accepted.
If | t | >t, His rejected.

3.80.1. Fiducial Limits of Population Mean

If ¢, is the value of ¢ at level of significance o at (n — 1) degrees of freedom then,

x—H

Sin

<t for acceptance of H,,.
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f—taS/«/Z <u< o?+taS/«/Z
95% confidence limits (level of significance 5%) are x * to.o5S/\/Z .

99% confidence limits (level of significance 1%) are x + t0.01S/‘/; .

EXAMPLES

Example 1. A random sample of size 16 has 53 as mean. The sum of squares of the
deviation from mean is 135. Can this sample be regarded as taken from the population having
56 as mean? Obtain 95% and 99% confidence limits of the mean of the population.

Sol. Null hypothesis, H;: There is no significant difference between the sample mean
and hypothetical population mean i.e., u = 56.

Alternative hypothesis, H, : p# 56 (Two tailed test)

Test statistic. Under H, test statisticis ¢ = —E
S/J_

Given: x =53, u=56,n=16,2(x —x)2=135
S (x - x)2 _ 13,
n-1 15

2] =
d.fu. = 16 -1=15.
Conclusion. Since | ¢ | =4 > ¢, = 2.13 i.e,, the calculated value of ¢ is more than the
tabulated value, the null hypothesis is rejected. Hence, the sample mean has not come from a
population having 56 as mean.

95% confidence limits of the population mean

= X+ —=t05 =b3+—— (2.13) = 51.4025, 54.5975

E 75

99% confidence limits of the populatlon mean
_. S
=xt—=1¢ =53+ —
oo, «/_
Example 2. The lifetime of electric bulbs for a random sample of 10 from a large con-
signment gave the following data:

(2.95) = 50.7875, 55.2125.

Item 1 2 3 4 5 6 7 8 9 10
Life in 000 hrs. | 4.2 4.6 3.9 4.1 5.2 3.8 3.9 4.3 4.4 5.6

Can we accept the hypothesis that the average lifetime of bulb is 4000 hrs?

Sol. Null hypothesis: H;: There is no significant difference in the sample mean and
population mean. i.e., i = 4000 hrs.

Alternative hypothesis: 1 # 4000 hrs (Two tailed test)

Test statistic: Under H, the test statisticis ¢ = i

Sin
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x 4.2 4.6 3.9 4.1 5.2 3.8 3.9 4.3 4.4 5.6
xX—Xx -0.2 0.2 -0.5 -0.3 0.8 -0.6 -0.5 -0.1 0 1.2

(x—x)? 0.04 0.04 0.25 0.09 0.64 0.36 0.25 0.01 0 1.44

¥=—=""_-44 T(x-x)? =3.12
EEET) :
S(x — %)2
S-= 1/M — 0.589
n—-1
poXTH 44403
Sin [0.589J
V10
Fory=9,t,,, = 2.26.
Conclusion. Since the calculated value of ¢ is less than the tabulated value of ¢ at 5%
level of significance. .. The null hypothesis pt =4000 hrs is accepted i.e., the average lifetime

of bulbs could be 4000 hrs.

Example 3. A sample of 20 items has mean 42 units and S.D. 5 units. Test the hypothesis
that it is a random sample from a normal population with mean 45 units.

Sol. Null hypothesis: H : There is no significant difference between the sample mean
and the population mean. i.e., p = 45 units

Alternative hypothesis, H;: u # 45 (Two tailed test)
Given: n =20, x =42,s=5;y=19 d.f.
Test statistic: Under H, the test statistic is
;= X-p 42 - 45
s/\/ n-1 5/\/19
. | t ] =2.615
The tabulated value of ¢ at 5% level for 19 d.f. is ¢, ,, = 2.09.

Conclusion. Since the calculated value | ¢ | is greater than the tabulated value of ¢ at
5% level of significance, the null hypothesis H is rejected. i.e., there is significant difference
between the sample mean and population mean.

=-2.615

i.e., the sample could not have come from this population.
Example 4. The 9 items of a sample have the following values
45, 47, 50, 52, 48, 47, 49, 53, 51.
Does the mean of these values differ significantly from the assumed mean 47.5?

>
Sol. Here, n = 9, u = 47.5, & =7x —49.1

x 45 47 50 52 48 47 49 53 51
x—x —4.1 —2.1 0.9 2.9 -1.1 -2.1 -1 3.9 1.9
(x — x )2 16.81 4.41 81 8.41 1.21 4.41 .01 15.21 | 3.61

S(x — x )2 = 54.89,

3 v 2
g -0 Lo
n-1
S =2619
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Null hypothesis:
H,:u=475

i.e., there is no significant difference between the sample and population means.

Alternative hypothesis:
H,:n+#475
Hence we apply two-tailed test.
Test statistic: Under H, the test statistic is
Xx—u 491-475

t= =
S/n  (2.619/4/9)
=231fory=8

=1.8327

t0.05

Conclusion: Since |#| ;. uated < Lrabulated &Y % level of significance, the null hypothesis

H, is accepted i.e., there is no significant difference between their means.

ASSIGNMENT

1. Ten individuals are chosen at random from a normal population of students and their marks are
found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. In the light of these data, discuss the suggestion

that mean mark of the population of students is 66.

2. The following values gives the lengths of 12 samples of Egyptian cotton taken from a consign-
ment : 48, 46, 49, 46, 52, 45,43, 47,47, 46, 45, 50. Test if the mean length of the consignment can

be taken as 46.

3. A sample of 18 items has a mean 24 units and standard deviation 3 units. Test the hypothesis

that it is a random sample from a normal population with mean 27 units.

4. Arandom sample of 10 boys had the 1.Q.’s 70, 120, 110, 101, 88, 83, 95, 98, 107 and 100. Do these

data support the assumption of a population mean 1.Q. of 160?

3.81 TEST Il : t-TEST FOR DIFFERENCE OF MEANS OF TWO SMALL SAMPLES

(from a Normal Population)

This test is used to test whether the two samples x,, x,, ...... s X s V1o Yoy venene

s Yn, Of sizes ny, n,

have been drawn from two normal populations with mean u, and p, respectively under the

assumption that the population variance are equal. (¢, = ¢, = 0).

H, : The samples have been drawn from the normal population with means u, and y,

e, Hy:py #u,.

Let x, ¥ be their means of the two samples.

Under this H the test statistic ¢ is given by ¢ = _ &=y

Degree of freedom is n, + n, — 2.

Note 1. If the two sample’s standard deviations s,, s, are given then we have S2=

Ty — 17)% + Ty — Xy)?
n1+n2—2 ’

Note 2. If s, s, are not given then S? =

www.cgaspirants.com
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EXAMPLES

Example 1. Two samples of sodium vapour bulbs were tested for length of life and the
following results were got:

Size Sample mean Sample S.D.
Type I 8 1234 hrs 36 hrs
Type 11 7 1036 hrs 40 hrs

Is the difference in the means significant to generalise that Type I is superior to Type I1
regarding length of life?
Sol. Null hypothesis,
H, : uy =y, i.e., two types of bulbs have same lifetime.
Alternative hypothesis,
H, : y, > u, i.e., type I is superior to Type II.
Hence we use right tailed test.

n18,> +nys,>  8(36)% +7(40)°

S? = =1659.076
ny+ng—2 8+7-2
. S =40.7317
Test statistic: Under H, the test statistic ¢ is given by
t=—A 22 _ 12532036 _ 18.1480

1 1 1 1
S |[—+— Bl
\/nl g 40'7317‘}8+7
thosatdf.y=n, +n,-2=131s 1.77.

Conclusion. Since calculated | ¢ | > ¢ 4 at 5% level of significance, H,, is rejected.

tabulate
Type I is definitely superior to Type II.
Example 2. Samples of sizes 10 and 14 were taken from two normal populations with

S.D. 3.5 and 5.2. The sample means were found to be 20.3 and 18.6. Test whether the means of
the two populations are the same at 5% level.

Sol. We have, &, = 20.3, %, = 18.6, n, = 10, n, = 14, s, = 3.5, 5, = 5.2

2 2
ny+ng—2

S =4.772

=22.775

Null hypothesis:
H, : uy =y, i.e., the means of the two populations are the same.
Alternative hypothesis:

Hy:p 2,
Test statistic: Under H, the test statistic is
‘= xll— le _ 20.3 —118.6 : — 0.8604
S |—+— 4772 |— + —
ny ny 10 14

The tabulated value of ¢ at 5% level of significance for 22 d.f. is ¢, ;. = 2.0739

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

STATISTICAL TECHNIQUES 357

Conclusion:

Since ¢ = 0.8604 < ¢, ., the null hypothesis H is accepted; i.e., there is no significant
difference between their means.

Example 3. The height of 6 randomly chosen sailors in inches are 63, 65, 68, 69, 71 and
72. Those of 9 randomly chosen soldiers are 61, 62, 65, 66, 69, 70, 71, 72 and 73. Test whether
the sailors are on the average taller than soldiers.

Sol. Let X, and X, be the two samples denoting the heights of sailors and soldiers.
n,=6,n,=9
Null hypothesis, H; : u, = .
i.e., the mean of both the population are the same.
Alternative hypothesis, H, : i, > 1, (one tailed test)

Calculation of two sample means:

X, 63 65 68 69 71 72
X, - X; -5 -3 0 1 3 4
X;-X,)? 25 9 0 1 9 16
~ z“Xl Y \2
n
X, 61 62 65 66 69 70 71 72 73

X, - )?2 -6.66 | —5.66 | —2.66 1.66 1.34 2.34 3.34 4.34 5.34

()(2—}?2)2 44.36 | 32.035 | 7.0756 | 2.7556 | 1.7956 |5.4756 |11.1556 |18.8356 |28.5156

— >Xo = .
X, = — =67.66; (X, - X,)? = 152.0002
2
1 — —
§2= ——[3(X; - X)? + (X, - X,)?] = 16.3077
ny+ng —2
S =4.038

Test statistic:

X,-X, _ 68-67.666

Under H, t= T T 1 =0.1569
S |—+— 4.038\/+
n; ng 6 9
The value of t at 5% level of significance for 13 d.f. is 1.77. (df.=n,+n,-2)

Conclusion. Since ¢ 4 <tp05 = 1.77, the null hypothesis H, is accepted.

calculate 0.05
i.e., there is no significant difference between their average.

i.e., the sailors are not on the average taller than the soldiers.
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ASSIGNMENT

1. The mean life of 10 electric motors was found to be 1450 hrs with S.D. of 423 hrs. A second
sample of 17 motors chosen from a different batch showed a mean life of 1280 hrs with a S.D. of
398 hrs. Is there a significant difference between means of the two samples?

2. The marks obtained by a group of 9 regular course students and another group of 11 part time
course students in a test are given below:

Regular: 56 62 63 54 60 51 67 69 58
Part time: 62 70 71 62 60 56 75 64 72 68 66

Examine whether the marks obtained by regular students and part time students differ signifi-
cantly at 5% and 1% level of significance.

3. A group of 5 patients treated with the medicine A weigh 42, 39, 48, 60 and 41 kgs. A second group
of 7 patients from the same hospital treated with medicine B weigh 38, 42, 56, 64, 68, 69 and
62 kgs. Do you agree with the claim that medicine B increases the weight significantly? It is
given that the value of ¢ at 10% level of significance for 10 degree of freedom is 1.81.

[G.B.T.U. (B. Pharm.) 2010]
4. Two independent samples of sizes 7 and 9 have the following values:
Sample A: 10 12 10 13 14 11 10
Sample B: 10 13 15 12 10 14 11 12 11
Test whether the difference between the mean is significant.

5. The average no. of articles produced by two machines per day are 200 and 250 with standard
deviations 20 and 25 respectively on the basis of records of 25 days production. Can you regard
both the machines equally efficient at 5% level of significance?

3.82 CHI-SQUARE (x?) TEST [G.B.T.U. 2010 ; G.B.T.U. MCA (SUM) 2010]

When a coin is tossed 200 times, the theoretical considerations lead us to expect 100 heads
and 100 tails. But in practice, these results are rarely achieved. The quantity 2 (a Greek
letter, pronounced as chi-square) describes the magnitude of discrepancy between theory and
observation. If y2 = 0, the observed and expected frequencies completely coincide. The greater
the discrepancy between the observed and expected frequencies, the greater is the value of 2.
Thus %? affords a measure of the correspondence between theory and observation.

IfO,G=1,2,.... ,n)is a set of observed (experimental) frequencies and E; i =1, 2, ...... , )
is the corresponding set of expected (theoretical or hypothetical) frequencies, then, %2 is de-

fined as
) n (Ol _ Ei)Z
=2 |y

i=1 i

where X0, = XE, = N (total frequency) and degrees of freedom (d.f.) = (n — 1).
Note. (i) If x2 = 0, the observed and theoretical frequencies agree exactly.
(ii) If x2 > 0 they do not agree exactly.

3.83 DEGREES OF FREEDOM

While comparing the calculated value of %2 with the tabular value, we have to determine the
degrees of freedom.
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If we have to choose any four numbers whose sum is 50, we can exercise our independ-
ent choice for any three numbers only, the fourth being 50 minus the total of the three num-
bers selected. Thus, though we were to choose any four numbers, our choice was reduced to
three because of one condition imposed. There was only one restraint on our freedom and our
degrees of freedom were 4 — 1 = 3. If two restrictions are imposed, our freedom to choose will
be further curtailed and degrees of freedom will be 4 — 2 = 2.

In general, the number of degrees of freedom is the total number of observations less
the number of independent constraints imposed on the observations. Degrees of freedom (d.f.)
are usually denoted by v.

Thus, v = n — k, where % is the number of independent constraints in a set of data of n
observations.

Note. (i) For a p x g contingency table (p columns and g rows),v=(p —-1) (g - 1)
(i) In the case of a contingency table, the expected frequency of any class

_ Total of rows in which it occurs x Total of columns in which it occurs

Total number of observations

3.84 APPLICATIONS OF CHI-SQUARE TEST

x2 test is one of the simplest and the most general test known. It is applicable to a very large
number of problems in practice which can be summed up under the following heads:

(i) as a test of goodness of fit.

(it) as a test of independence of attributes.
(iti) as a test of homogeneity of independent estimates of the population variance.
(iv) as a test of the hypothetical value of the population variance 2.

(v) as a list to the homogeneity of independent estimates of the population correlation
coefficient.

3.85 CONDITIONS FOR APPLYING %2 TEST

x2-test is an approximate test for large values of n. For the validity of chi-square test of goodness
of fit between theory and experiment, the following conditions must be satisfied.

(a) The sample observations should be independent.

(b) The constraints on the cell frequencies, if any, should be linear e.g., Zn, = ZA,
or 2O, = ZE,.

(c) N, the total number of frequencies should be reasonably large. It is difficult to say
what constitutes largeness, but as an arbitrary figure, we may say that N should be atleast
50, however, few the cells.

(d) No theoretical cell-frequency should be small. Here again, it is difficult to say what
constitutes smallness, but 5 should be regarded as the very minimum and 10 is better. If
small theoretical frequencies occur (i.e., < 10), the difficulty is overcome by grouping two or
more classes together before calculating (O — E). It is important to remember that the
number of degrees of freedom is determined with the number of classes after
regrouping.

Note 1. If any one of the theoretical frequency is less than 5, then we apply a corrected given by F Yates,

which is usually known as ‘Yates correction for continuity’, we add 0.5 to the cell frequency which is less
than 5 and adjust the remaining cell frequency suitably so that the marginal total is not changed.
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Note 2. It may be noted that the y2-test depends only on the set of observed and expected frequencies
and on degrees of freedom (d.f.). It does not make any assumption regarding the parent population from
which the observations are taken. Since %2 does not involve any population parameters, it is termed as
a statistic and the test is known as Non-parametric test or Distribution-free test.

3.86 THE 2 DISTRIBUTION

For large sample sizes, the sampling distribution of x2 can be closely approximated by a
continuous curve known as the chi-square distribution. The probability function of y?2
distribution is given by

f(XZ) - C(XZ)(V/ZJ) e—x2/2
where e =2.71828, v = number of degrees of freedom ; ¢ = a constant depending only on v.

Symbolically, the degrees of freedom are denoted by the symbol v or by d.f. and are
obtained by the rule v = n — k, where & refers to the number of independent constraints.

In general, when we fit a binomial distribution the number of degrees of freedom is one
less than the number of classes ; when we fit a Poisson distribution the degrees of freedom are
2 less than the number of classes, because we use the total frequency and the arithmetic mean
to get the parameter of the Poisson distribution. When we fit a normal curve the number of
degrees of freedom are 3 less than the number of classes, because in this fitting we use the
total frequency, mean and standard deviation.

If the data is given in a series of “n” numbers then degrees of freedom =n — 1.

In the case of Binomial distribution d.f.=n — 1

In the case of Poisson distribution d.f. =n —2

In the case of Normal distribution d.f. =n - 3.

3.87 2> TEST AS A TEST OF GOODNESS OF FIT

x2 test enables us to ascertain how well the theoretical distributions such as Binomial, Poisson
or Normal etc. fit empirical distributions, i.e., distributions obtained from sample data. If the
calculated value of y? is less than the tabular value at a specified level (generally 5%) of
significance, the fit is considered to be good i.e., the divergence between actual and expected
frequencies is attributed to fluctuations of simple sampling. If the calculated value of %2 is
greater than the tabular value, the fit is considered to be poor.

EXAMPLES

Example 1. In experiments on pea breeding, the following frequencies of seeds were
obtained:

Round and Wrinkled and Round and Wrinkled and Total
yellow yellow green green
315 101 108 32 556

Theory predicts that the frequencies should be in proportions 9 : 3 : 3 : 1. Examine the

correspondence between theory and experiment.
Sol. Null hypothesis:

H, : The experimental result support the theory i.e., there is no significant difference

between the observed and theoretical frequency.
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Under H, The theoretical (expected) frequencies can be calculated as follows:
E =229 31975 E,=296%3 _10495
B, =226%3 10405 B,=225"1_3475
To calculate the value of y%
Observed frequency O, 315 101 108 32
Expected Frequency E; 312.75 104.25 104.25 34.75
(0, - E;)”
T 0.016187 0.101319 0.134892 0.217626

2
= {%} — 0.470024

i

Tabular value of % at 5% level of significance for n — 1 =3 d.f. is 7.815 i.e., ¥2 ;5 = 7.815.

Conclusion: Since the calculated value of %? is less than that of the tabulated value,

hence H, is accepted. Therefore, the experimental results support the theory.

Example 2. The following table gives the number of accidents that took place in an
industry during various days of the week. Test if accidents are uniformly distributed over the
week.

Day

Mon

Tue

Wed

Thu

Fri

Sat

No. of accidents

14

18

12

11

15

14

Sol. Null hypothesis H: The accidents are uniformly distributed over the week.

84
Under this H, the expected frequencies of the accidents on each of these days = — =14

E;

14

Tabular value of %2 at 5% level for (6 — 1 = 5 d.f.) is 11.09.

Conclusion: Since the calculated value of %2 is less than the tabulated value, H; is

accepted i.e., the accidents are uniformly distributed over the week.

Observed frequency O, 14 18 12 11 15 14
Expected frequency E; 14 14 14 14 14 14
(0,-E,? 0 16 4 9 1 0
(0,-E)*| =(0,-E)*> 30
2= = —— = = 2.1428.
=, l E, 8

Example 3. A die is thrown 276 times and the results of these throws are given below:

No. appeared on the die 1 2 3 4 5 6
Frequency 40 32 29 59 57 59
Test whether the die is biased or not.
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Sol. Null hypothesis H,: Die is unbiased.

Under this H, the expected frequencies for each digit is ? = 46.
To find the value of %2

0, 40 32 29 59 57 59
Ei 46 46 46 46 46 46
(0,-E,)? 36 196 289 169 121 169
(0, -E)*| =(0,-E)*> 980
2 _ 1 1 _ 1 13 _YvY
2=, { E, }_ B C g = 2180

Tabulated value of 2 at 5% level of significance for (6 — 1 = 5) d.f. is 11.09.
Conclusion. Since the calculated value of % = 21.30 > 11.07 the tabulated value, H, is
rejected. i.e., die is not unbiased or die is biased.

Example 4. Records taken of the number of male and female births in 800 families
having four children are as follows: [U.P.T.U. (MCA) 2009]

No. of male births 0 1 2 3
No. of female births 4 3 2 1
No. of families 32 178 290 236 64

Test whether the data are consistent with the hypothesis that the Binomial law holds
and the chance of male birth is equal to that of female birth, namely p = q = 1/2.

Sol. Null hypothesis H,: The data are consistent with the hypothesis of equal
probability for male and female births. i.e., p = q = 1/2.

We use Binomial distribution to calculate theoretical frequency given by:

N(r)=NxPX=r)=Nx"C_p'q"”"

where N is the total frequency, N(r) is the number of families with » male children,

p and g are probabilities of male and female births respectively, n is the number of
children.

4
N(0) = 800 x 4C0 (%) =50, N(1) =200, N(2) =300, N(3) =200 and N(4) = 50
Observed frequency O, 32 178 290 236 64
Expected frequency E, 50 200 300 200 50
(0,-E)? 324 484 100 1296 196
2
% 6.48 2.42 0.333 6.48 3.92

2=, [%} = 19.633.

13

Tabulated value of 2 at 5% level of significance for 5 — 1 = 4 d.f. is 9.49.

Conclusion. Since the calculated value of %2 is greater than the tabulated value, H,is
rejected. i.e., the data are not consistent with the hypothesis that the Binomial law holds and
that the chance of a male birth is not equal to that of a female birth.
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Example 5. The theory predicts the proportion of beans in the four groups, G,, G, G,
G, should be in the ratio 9 : 3 : 3 : 1. In an experiment with 1600 beans the numbers in the four
groups were 882, 313, 287 and 118. Does the experimental result support the theory?

Sol. Null hypothesis H: The experimental result support the theory. i.e., there is no
significant difference between the observed and theoretical frequency.

Under H, the theoretical frequency can be calculated as follows:

EG) = 2009 _ 900, B(G, = 20 X3 _ 300
v T L [
1600 x 3 1600 x 1
== _ = : = __ = 1
E(G,) 16 300; E(G) 16 00
To calculate the value of %2.
Observed frequency O, 882 313 287 118
Expected frequency E, 900 300 300 100
2
% 0.36 0.5633 0.5633 3.24

(0, -E,)?
2 _ 2 Rt By T I
X% = { B, } = 4.7266.
Tablular value of %2 at 5% level of significance for 3 d.f. is 7.815.

Conclusion: Since the calculated value of y? is less than that of the tabulated value,
hence H, is accepted. i.e., the experimental results support the theory.

Example 6. The following table shows the distribution of digits in numbers chosen at
random from a telephone directory:

Digits 0 1 2 3 4 5 6 7 8 9

Frequency | 1026 | 1107 997 966 1075 933 1107 972 964 853

Test whether the digits may be taken to occur equally frequently in the directory.

[G.B.T.U. (MCA) 2011]
Sol. Null hypothesis:

H, : The digits taken in the directory occur equally frequently i.e., there is no signifi-
cant difference between the observed and expected frequency.

Under H,, the expected frequency = 1010000 =1000
Calculation of %2
O, 1026 1107 997 966 1075 933 1107 972 964 853
E, 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
(0,-E)? | 676 11449 9 1156 5625 | 4489 11449 | 784 1296 | 21609
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E; 1000

12

. _E.)?
2oy [(OL ) }:58542 a4

The tabulated value of y2 at 5% level of significance for 9 d.f. is 16.919.

Conclusion: Since X2, .14 > X2abulated> Ho 1S rejected i.e., there is significant difference
between the observed and theoretical frequencies. Therefore, the digits taken in the directory
donot occur equally frequently.

Example 7. When the first proof of 392 pages of a book of 1200 pages were read, the
distribution of printing mistakes were found to be as follows:

No. of mistakes in a page (x): 0 1 2 3 4 5 6

No. of pages (f): 275 72 30 7 5 2 1
Fit a poisson distribution to the above data and test the goodness of fit.
Sol. Null Hypothesis, H : Poisson distribution is a good fit to the data.

X
Mean (L) = &:@ =0.4821

> f 892

The frequency of x mistakes per page is given by the poisson law as follows:

N(x) =N . P(x)

ey x 242.05(0.4821)"
_ 399 |:e (0.4821) } ( ) <x<6
x! x!
Under H, expected frequencies are,
N(0) = 242.05, N(1) = 116.69, N(2) = 28.13, N(3) = 4.52
N(4) = 0.54, N(5) = 0.052, N(6) = 0.0042
The y2-table is as follows:
Mistakes Observed frequency Expected frequency (0,-E)? 9
! (O, -E;)
per page (0, (E) —5
(x) (correct to one ‘
place of decimal)
0 275 242.1 1082.41 4.471
1 72 116.7 1998.09 17.121
2 30 28.1 3.61 0.128
3 7 4.5
4 5 15 0.5 5.1
5 2 0.1 98.01 19.217
6 1 0
Total 392 392 40.937
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0, -E))>?
Yea. = D {—( e 2 ]:40.937

1

df.=7-1-1-3=2
One d.f. is lost because of linear constraint O, = XE,. One d.f. is lost because the
parameter A has been estimated from the given data and is then used for computing the
expected frequencies. 3 d.f. are lost because of grouping the last four expected cell frequencies
which were less than 5.
Tabulated value of 2 for 2 d.f. at 5% level of significance is 5.991.

Conclusion : Since Xzal. > x%ab., the null hypothesis is rejected at 5% level of significance.
Hence, we conclude that poisson distribution is not a good fit to the given data.
Example 8. Fit a Poisson distribution to the following data and best the goodness of fit :

X 0 1 2 3 4
f: 109 65 22 3 1
Sol. Null hypothesis, H: Poisson distribution is a good fit to the data.
Mean (M) = T _122 0.61
Tf 200

e °1 (8D  (108.67) (0.61)"
x! N x!

N(x) = N . P(x) = (200)

Under H, expected frequencies are
N(0) = 108.67 = 109, N(1) =66.29 = 66, N(2)=20.22 =20
N@3)=4.11=4, NM4)=063=1

The x2-table is as follows:

df=5-1-1-1=2

_ )2
. 0 5 05 ©-E)
E;
0 109 109 0 0
1 65 66 1 0.01515
2 22 20 4 0.2
3 3 }4 4 }5 1 0.2
4 1 1
Total 200 200 0.41515
(0, -E))?
Yo = D, {E— - 0.41515
i

Tabulated value of 2 for 2 d.f. at 5% level of significance is 5.991.

Conclusion: Since Xgal. <X%ab., the null hypothesis H is accepted at 5% level of
significance. Hence we conclude that Poisson distribution is a good fit to the given data.
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A sample analysis of examination results of 500 students, it was found that 220 students have
failed, 170 have secured a third class, 90 have secured a second class and the rest, a first class.
Do these figures support the general belief that above categories are in the ratio 4 :3:2:1
respectively ? (The tabular value of %2 for d.f. 3 at 5% level of significance is 7.81).

[U.P.T.U. (MBA) 2009]
What is y2-test? [G.B.T.U. 2010 ; G.B.T.U. MCA (C.0.) 2010]
A die is thrown 90 times with the following results:
Face: 1 2 3 4 5 6 Total
Frequency: 10 12 16 14 18 20 90
Use y2-test to test whether these data are consistent with the hypothesis that die is unbiased.
Given 2,5 = 11.07 for 5 degrees of freedom. [U.P.T.U. (MCA) 2007]
A survey of 320 families with 5 children shows the following distribution:
No. of boys 5 boys 4 boys 3 boys 2 boys 1 boy 0 boy Total
& girls: & 0girl & 1girl & 2girls & 3 girls &4girls &5 girls
No. of
families: 18 56 110 88 40 8 320

Given that values of y2 for 5 degrees of freedom are 11.1 and 15.1 at 0.05 and 0.01 significance
level respectively, test the hypothesis that male and female births are equally probable.
(G.B.T.U. 2010)
A chemical extraction plant processes sea water to collect sodium chloride and magnesium. It is
known that sea water contains sodium chloride, magnesium and other elements in the ratio
62 :4:34. A sample of 200 tonnes of sea water has resulted in 130 tonnes of sodium chloride and
6 tonnes of magnesium. Are these data consistent with the known composition of sea water at 5%
level of significance? (Given that the tabular value of x? is 5.991 for 2 degree of freedom).
[U.P.T.U. MCA (C.0.) 2008]
The demand for a particular spare part in a factory was found to vary from day-to-day. In a
sample study, the following information was obtained:
Days: Mon Tue Wed Thurs Fri Sat
No. of parts demanded: 1124 1125 1110 1120 1126 1115
Test the hypothesis that the number of parts demanded does not depend on the day of the week.
[Given. The values of chi-square significance at 5, 6, 7 d.f. are respectively 11.07, 12.59, 14.07 at
5% level of significance] (G.B.T.U. 2011)
The sales in a supermarket during a week are given below. Test the hypothesis that the sales
donot depend on the day of the week using a significant level of 0.05.

Days Mon Tue Wed Thurs Fri Sat

Sales 65 54 60 56 71 84
(in 1000 %)

4 coins were tossed at a time and this operation is repeated 160 times. It is found that 4 heads
occur 6 times, 3 heads occur 43 times, 2 heads occur 69 times, one head occur 34 times. Discuss
whether the coin may be regarded as unbiased?

200 digits are chosen at random from a set of tables. The frequencies of the digits were :
Digits: 0 1 2 3 4 5 6 7 8 9
Frequency: 18 19 23 21 16 25 22 20 21 15
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10.

11.

12,

Use y2-test to assess the correctness of the hypothesis that the digits were distributed in equal
numbers in the table, given that the value of %2 are respectively 16.9, 18.3 and 19.7 for 9, 10 and
11 degrees of freedom at 5% level of significance.

A genetical law says that children having one parent of blood group M and the other parent of
blood group N will always be one of the three blood groups M, MN, N and that the average no. of
children in these groups will be in the ratio 1 : 2 : 1. The report on an experiment states as
follows:

“Of 162 children having one M parent and one N parent, 28.4% were found to be of group M, 42%
of group MN and the rest of the group N.” Do the data in the report conform to the expected
genetic ratio 1:2: 1?

Every clinical thermometer is classified into one of the four categories A, B, C and D on the basis
of inspection and test. From past experience, it is knwon that thermometers produced by a certain
manufacturer are distributed among the four categories in the following proportions:

Category: A B C D
Proportion: 0.87 0.09 0.03 0.01

A new lot of 1336 thermometers is submitted by the manufacturer for inspection and test and the
following distribution into four categories results :

Category: A B C D
No. of the rmometers reported: 1188 91 47 10

Does this new lot of thermometers differ from the previous experience with regards to proportion
of thermometers in each category?

Test for goodness of fit of a poisson distribution at 5% level of significance to the following frequency
distribution:

@ 0 1 2 3 4 5 6 7 8
f: 52 151 130 102 45 12 5 1 2

[Hint. Group the last three frequencies]

@) x: 0 1 2 3 4 5 6 7 8 9 10 11 12 13
8 15 47 76 68 74 46 39 15 9 5 2 0 1

[Hint. Group the first two and last four frequencies]

@) x: 0 1 2 3 4
fi 275 138 75 7 4 1
[Hint. Club the last three frequencies]
@iv) x: 0 1 2 3 4
i 419 352 154 56 19
() Fit a binomial distribution to the data and test for goodness of fit at 5% level of significance.
x: 0 1 2 3 4 5
y: 38 144 342 287 164 25
(i1) A random number table of 250 digits showed the following distribution of digits 0, 1, 2, ..., 9.
Digit: 0 1 2 3 4 5 6 7 8 9
Observed: 17 31 29 18 14 20 35 30 20 36
Frequency
Expected: 25 25 25 25 25 25 25 25 25 25
Frequency

Does the observed distribution differ significantly from expected distributions using a significance
level of 0.01? Given that 2 o, for 9 degrees of freedom is 21.7. [G.B.T.U. MCA (SUM) 2010]
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Answers
1. No 2. Yes
3. H, accepted at 1% level of significance and rejected at 5% level of significance
4. x%2=1.025, Yes 5. H, accepted at 5% level 6. H, accepted
7. Coin is unbiased 8. H, accepted at 5% level 9. H,, accepted at 5% level

10. H, rejected at 5% level

11. (@) Hjaccepted at 5% level, (ii) H, accepted at 5% level, (iii) H; rejected at 5% level, not a good fit.
(iv) H,, accepted at 5% level

12. (i) H, accepted at 5% level, provides a good fit (1) Yes.

3.88 > TEST AS A TEST OF INDEPENDENCE

With the help of 2 test, we can find whether or not, two attributes are associated. We take the
null hypothesis that there is no association between the attributes under study, i.e., we assume
that the two attributes are independent. If the calculated value of %2 is less than the
table value at a specified level (generally 5%) of significance, the hypothesis holds good, i.e.,
the attributes are independent and do not bear any association. On the other hand, if the
calculated value of 32 is greater than the table value at a specified level of significance, we say
that the results of the experiment do not support the hypothesis. In other words, the attributes
are associated. Thus a very useful application of y? test is to investigate the relationship
between trials or attributes which can be classified into two or more categories.

The sample data set out into two-way table, called contingency table.

Let us consider two attributes A and B divided into r classes A, A,, A, ...... ,A and B
divided into s classes B, B,, B, ...... , B, If (A)), (Bj) represents the number of persons possess-
ing the attributes A,, BA respectively, 1 =1, 2, ...... ,rj=1,2, ... ,s) and (A, BA) represent the

number of persons possessing attributes A; and B Also we have z A= z B; =N where N
i=1

is the total frequency. The contingency table for r x s is given as follows:

A A, A, A, LA, Total

B

B, (A.B) (A,B)) (AB) | (A B, B,

B, (AB,) (A,B,) (AB) | . (A B,) B,

B, (AB,) (A,B,) (A,By) | . (A By B,

B, (A,B) (A,B) AB) | (AB,) (B,

Total A) (A, Ay | A) N

H, : Both the attributes are independent. i.e., A and B are independent under the null
hypothesis, we calculate the expected frequency as follows:

P(A,) = Probability that a person possesses the attribute A, = 1=1,2, ... ,r
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B;)

J

N

P(Bj) = Probability that a person possesses the attribute B, =

(A;B)

T

P(AL.BJ.) = Probability that a person possesses both attributes A, and B, =

If (AL.BJ.)0 is the expected number of persons possessing both the attributes A, and Bj
(A;B)), = NP(A,;B)) = NP(A))(B))
(A;) (B;) (A;)B))

=N N N N (-~ A and B are independent)
TS [ [(AB) - (A;B)),]?
Hence x? = 2 !
i; Jz—l (A;B)o

which is distributed as a x2 variate with (r — 1)(s — 1) degrees of freedom.
Note 1. For a 2 x 2 contingency table where the frequencies are a/—/s, %2 can be calculated from independent
c

(a+b+c+d)ad - be)?

frequencies as 2 =

(@a+b)c+d)b+d)a+c)’
Note 2. If the contingency table is not 2 x 2, then the above formula for calculating %2 can’t be used.
) (A)B))
Hence, we have another formula for calculating the expected frequency (AiBj)O =N

Product of column total and row total
whole total ’

i.e., expected frequency in each cell is =

alb a c
Note 3. If c|_d is the 2 x 2 contingency table with two attributes, Q = ud + be is called the coefficient

of association. If the attributes are independent then %: %

Note 4. Yates’s Correction. In a 2 x 2 table, if the frequencies of a cell is small, we make Yates’s

1
correction to make %2 continuous. Decrease by 9 those cell frequencies which are greater than expected

1
frequencies, and increase by 2 those which are less than expectation. This will not affect the marginal

columns. This correction is known as Yates’s correction to continuity. After Yates’s correction
1.2
N (bc —ad — = N)
9 2
L= @+ ob+d)c+dla+b)

when ad -bc<0

1.2
N (ad —bc-—= N)
X = 2
(a+c)b+d)c+d)a+b)

and when ad —bc > 0.
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EXAMPLES

Example 1. What are the expected frequencies of 2 x 2 contingency tables given below:

a b 2 10
@) (ii)
c d 6 6
Sol. Observed frequencies Expected frequencies
(@) a b a+b (@ +c)a+b) (b +d)a+b)
a+b+c+d a+tb+c+d
¢ d c+d N
d b+d d
a+c b+d |a+b+c+d=N (a+c)e+d) ©+d)c+d)
a+b+c+d a+b+c+d
Observed frequencies Expected frequencies
(@) 2 10 12 8x12 _, 16x12 _
24 24
6 6 12 -
8x 12 16 x 12
1 24 =4 _
° 6 24 91 -8

Example 2. From the following table regarding the colour of eyes of father and son, test
if the colour of son’s eye is associated with that of the father.

Eye colour of son

Light Not light
Eye colour of father Light 471 51
Not light 148 230

Sol. Null hypothesis H: The colour of son’s eye is not associated with that of the
father. i.e., they are independent.

Under H, we calculate

Product of column total and row total

the expected frequency in each cell =
P 4 Y whole total
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Expected frequencies are:
Eye colour
of son Light Not light Total
Eye colour
of father
) 619 x 522 289 x 522
Light 900 = 359.02 ~900 - 167.62 522
619 x 378 289 x 378
Not light ——F—F =259.98 —F =121.38 378
ovis 900 900
Total 619 289 900
2 _ 2 _ 2 S 2
2 _ (471 -359.02) + (561-167.62) 4 (148 — 259.98) + (230-121.38) — 961.498.

359.02

167.62

259.98 121.38

Tabulated value of 2 at 5% level for 1 d.f. is 3.841.

Conclusion. Since the calculated value of x? > tabulated value of x2, H is rejected.
They are dependent i.e., the colour of son’s eye is associated with that of the father.

Example 3. The following table gives the number of good and bad parts produced by
each of the three shifts in a factory:

Good parts Bad parts Total
Day shift 960 40 1000
Evening shift 940 50 990
Night shift 950 45 995
Total 2850 135 2985

Test whether or not the production of bad parts is independent of the shift on which they

were produced.

Sol. Null hypothesis H. The production of bad parts is independent of the shift on
which they were produced. i.e., the two attributes, production and shifts are independent.

Under H,

[(A;B))

3

i=1 j=1

Calculation of expected frequencies

(A-B,)P}

(AB )o

Let A and B be the two attributes namely production and shifts. A is divided into two
classes A;, A, and B is divided into three classes B,, B,, B,.

(AB.), = (All)\§B1) _ (28502)9><8(51000) 05477
(AB,), = (All)\(IBz) _ (285(2); ; 5(990) 045996
(AB,), = (A11)\§B3) _ (2852; Z 5(995) _ 050
(AB), = (Azl)\§B1) :(135)2;;000) 4597
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(Ay)By) _ (135) x (990)

(A,B,), = N 2935 =44.773
(A,B,), = (Azl)\;B3) _ (1352);8(5995) _ 45,
To calculate the value of %2

Class 0, E, (0,-E)? (0,- E,?IE,

(A,B) 960 954.77 27.3529 0.02864

(A4B,) 940 945.226 27.3110 0.02889

(A,By) 950 950 0 0

(A,B) 40 45.27 27.7729 0.61349

(A,B,) 50 44.773 27.3215 0.61022

(A,B,) 45 45 0 0
1.28126

The tabulated value of x2 at 5% level of significance for 2 degrees of freedom (r — 1)
(s —1)is 5.991.

Conclusion: Since the calculated value of %2 is less than the tabulated value, we accept
H,. i.e., the production of bad parts is independent of the shift on which they were produced.

Example 4. From the following data, find whether hair colour and sex are associated.

Colour Fair Red Medium Dark Black Total

Sex
Boys 592 849 504 119 36 2100
Girls 544 677 451 97 14 1783
Total 1136 1526 955 216 50 3883

Sol. Null hypothesis H,,. The two attributes hair colour and sex are not associated.

i.e., they are independent.

Let A and B be the attributes hair colour and sex respectively. A is divides into 5 classes
(r = 5). B is divided into 2 classes (s = 2).

Degrees of freedom =(r—1)(s-1)=(5-1)(2-1)=4
(A;B)y - (AB)I?
(A;B;)o

5 2 [
Under H, we calculate x? = Z Z
i=1j=1

To calculate the expected frequency (A, BJ.)0 as follows:

(ABy="—x 3883

=614.37
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(A)(By) 1136 x 1783

(A1B2)0 = N 3383 =521.629
(Ay)(B;) 1526 x 2100
(AyB)), = N = 3883 = 852.289
(Ag)(By) 1526 x 1783
(A,By), = N = 3883 =700.71
(A3)(By) 955 x 2100
(A;B)), = N =~ 3383 =516.482
(A5)(B,) 955 x 1783
(A;By), = N = 3883 =483.517
(A,)(B,) _216x2100
(AB)), = N = 3883 =116.816
(A By) 216x1783
(ABy), = N = 3333 =99.183
(A5)(By) _50x2100
(A;B)), = N =" 3883 - 27.04
A.B.), = = = 22.
(A;B,), N 3883 959
Calculation of x>
(0, - E;)?
Class O, E, (O,-E)? &
AIB1 592 614.37 500.416 0.8145
A1B2 544 521.629 500.462 0.959
A2B1 849 852.289 10.8175 0.0127
A2B2 677 700.71 562.1641 0.8023
A3B1 504 516.482 155.800 0.3016
A3B2 451 438.517 155.825 0.3553
A4B1 119 116.816 4.7698 0.0408
A4B2 97 99.183 4.7654 0.0480
A5B1 36 27.04 80.2816 2.9689
A5B2 14 22.959 80.2636 3.495
9.79975
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X2, =9.799.
Tabular value of 2 at 5% level of significance for 4 d.f. is 9.488.

Conclusion: Since the calculated value of 2 < tabulated value, H,, is rejected. i.e., the
two attributes are not independent. i.e., the hair colour and sex are associated.

Example 5. Can vaccination be regarded as preventive measure of small pox as evi-
denced by the following data of 1482 persons exposed to small pox in a locality. 368 in all were
attacked of these 1482 persons and 343 were vaccinated and of these only 35 were attacked.

Sol. For the given data we form the contingency table. Let the two attributes be vacci-
nation and exposed to small pox. Each attributes is divided into two classes.

Vaccination A
Disease small Vaccinated Not Total
pox B
Attacked 35 333 368
Not 308 806 1114
Total 343 1139 1482

Null hypothesis H. The two attributes are independent i.e., vaccination can’t be
regarded as preventive measure of small pox.

Degrees of freedomv=(r-1)(s-1)=2-1)2-1)=1
[(A;B)o — (A;B)I?

=§Z:: (AB)0

Calculation of expected frequency
(A)(B;) 343 x368

Under H,

(AB)y = =" o = 85,1713
A B,), = = = 257.82
(ABpy = ¥ED 57.828
(Ay)(B;) 1139 x368
(A By = I = T o = 282.828
(A,)(B,) 1139x 1114
A.B,), = = = 171
(AByy = 2 152 856.17
Calculation of %2
2
Class o; E, (0,-E)* ©-E)”
E;
(AB)) 35 85.1713 2517.159 29.554
(A{B,) 308 257.828 2517.229 8.1728
(A,B) 333 282.828 2517.2295 7.5592
(A,B,) 806 856.171 2517.1292 2.9399
48.2261
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Calculated value of 32 = 48.2261.

Tabulated value of 2 at 5% level of significance for 1 d.f. is 3.841.

Conclusion. Since the calculated value of ? > tabulated value, H is rejected.

i.e., the two attributes are not independent. i.e., the vaccination can be regarded as
preventive measure of small pox.

Example 6. To test the effectiveness of inoculation against cholera, the following table
was obtained:

Attacked Not attacked Total
Inoculated 30 160 190
Not inoculated 140 460 600
Total 170 620 790

(The figures represent the number of persons.)

Use y>-test to defend or refute the statement that the inoculation prevents attack from
cholera. (U.P.T.U. 2009)

Sol. Null hypothesis H: The inoculation does not prevent attack from cholera.
Under H, we calculate the expected frequencies as:

Attacked Not attacked
I lated —190 X170 =40.886 —190 x 620 =149.11
noculate 790 = . 790 = .
Not i lated L Il 129.11 600620 470.89
ot 1noculate 790 = . 790 = .
Calculation of x2
O, 30 160 140 460
E, 40.886 149.11 129.11 470.89
(0, - E;)?
E 2.898 0.795 0.918 0.252
13

(0; -E,)”
Kol =D, — o = 4.863

Tabulated value of 2 at 5% level of significance for 1 d.f. is 3.841.

Conclusion: Since X%, > %2, at5% level of significance, null hypothesis H, is rejected.
Hence we defend the statement that inoculation prevents attack from cholera.
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ASSIGNMENT
1. In a locality 100 persons were randomly selected and asked about their educational achieve-
ments. The results are given below:
Education
Middle High school College
Sex Male 10 15 25
Female 25 10 15
Based on this information can you say that the education depends on sex.
2. The following data is collected on two characters:
Smokers Non smokers
Literate 83 57
Illiterate 45 68
Based on this information can you say that there is no relation between habit of smoking and
literacy.

3. 500 students at school were graded according to their intelligences and economic conditions of
their homes. Examine whether there is any association between economic condition and intelli-
gence, from the following data:

Economic conditions Intelligence
Good Bad
Rich 85 75
Poor 165 175

4. In an experiment on the immunisation of goats from anthrox, the following results were
obtained. Derive your inferences on the efficiency of the vaccine.

Died anthrox Survived
Inoculated with vaccine 2 10
Not inoculated 6 6
5. By using y2-test, find out whether there is any association between income level and type of
schooling:
Income Public School Gout. School
Low 200 400
High 1000 400
(Given for degree of freedom 1, X%,05 =3.84) [U.P.T.U. 2008, G.B.T.U. (MBA) 2011]
6. Examine by any suitable method, whether the nature of area is related to voting preference in

the election for which the data are tabulated below:
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Votes for Area A B Total
Rural 620 480 1100
Urban 380 520 900
Total 1000 1000 2000

10.
11.
12.
13.

(U.P.T.U. 2006)

The groups of 100 people each were taken for testing the use of a vaccine. 15 persons contracted
the disease out of the inoculated persons, while 25 contracted the disease in the other group. Test
the efficiency of the vaccine using Chi-square test. (The value of %2 for one degree of freedom at
5% level of significance is 3.84).

Answers

Yes 2. No 3. No 4. Not effective
Yes 6. Yes 7. Not associated.

TEST YOUR KNOWLEDGE

The fourth moment about the mean of a frequency distribution is 24. What must be the value of
standard deviation in order that the distribution be platykurtic? (M.T.U. 2012)

Two events A and B have probabilities 0.25 and 0.50 respectively. The probability that both
events A and B occurs in 0.14. Find the probability that neither A nor B occurs. (M.T.U. 2013)

[Hint. PANB)=P(AUB) =1-P(AUB)

(i) Define the coefficients of skewness and kurtosis. (U.P.T.U. 2014)
(i1) Define skewness, coefficient of skewness, kurtosis and coefficient of kurtosis. (M.T.U. 2013)
(i1i) Write a short note on skewness. [(M.T.U. (B.Pharma) 2011]
(iv) What is meant by skewness? How is it measured? [(M.T.U. (MBA) 2012]
What is the total probability theorem? (U.P.T.U. 2014)
The first four central moments of a distribution are 0, 2.5, 0.7 and 18.75. Comment on the kurtosis
of the distribution. (M.T.U. 2013)
Find the moment generating function of Poisson distribution. (M.T.U. 2013)

Find the parameters p and g of the binomial distribution whose mean is 9 and variance is %

(M.T.U. 2012)

If the sum of the mean and variance of a binomial distribution of 5 trials is 2, find PX >1).
5
(M.T.U. 2013)

It has been found that 2% of the tools produced by a certain machine are defective. What is the
probability that in a shipment of 400 such tools, 3 or more will be defective? (M.T.U. 2013)

If P(X=0) =P(X =1) = £ in a Poisson distribution, then what is 2?

For a Poisson variate X if P(X = 1) = P(X = 2), then find P(X = 4).

Find the total area under the curve of p.d.f. of a normal curve.

If for a Poisson distribution, P(2) = P(3), then what is its probability function?
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14. Find the parameters of a binomial distribution with mean = 8 and variance = 4.
15. IfXis a normal variate with mean 30 and S.D. 5, find the probabilities that

(i) 26 <X < 40 ())X>45and (i) |[X—-30|>5
Answers
_ . _ Mt -1 13
2. 0.39 5. B, = 3, Mesokurtic 6. M (t)=e 7.9 = P=7
1 2
8. 0.67232 9. 0.9862 10. = 11. —
e 3¢2
e 3(3)° 1
12. 1 13. 14.n=16,p = —
x! 2
15. (1) 0.7653 (i1) 0.00135 (zi1) 0.3174.
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UNIT 4

Numerical Techniques-I

4.1 SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIONS

Consider the equation of the form fix) = 0

If fix) is a quadratic, cubic or biquadratic expression then algebraic formulae are available
for expressing the roots. But when flx) is a polynomial of higher degree or an expression involving
transcendental functions e.g., 1 + cos x — 5x, x tan x — cosh x, e — sin x etc., algebraic methods
are not available.

Here, we shall describe some numerical methods for the solution of flx) = 0, where flx) is
algebraic or transcendental.

4.2 ORDER OF CONVERGENCE OF ITERATIVE METHODS

Convergence of an iterative method is judged by the order at which the error between succes-
sive approximations to the root decreases.

An iterative method is said to be £ order convergent if % is the largest positive real
number such that

€i+1

kSA

lim
i—>o0

€;

where A is a non-zero finite number called asymptotic error constant and it depends on
derivative of f{x) at an approximate root x. e; and e, , are the errors in successive approxima-
tions. k™ order convergence gives us idea in each iteration, the no. of significant digits in each
approximation increases k£ times.

The error in any step is proportional to the £ power of the error in the previous step.

4.3 CONVERGENCE OF A SEQUENCE

A sequence < x, > of successive approximations of a root x = o of the equation flx) = 0 is said to
converge to x = oo with order p > 1 iff

| x,,;—o|<c|x,—a|?,n=0
¢ being some constant greater than zero.

Particularly, if | x, , ;—a | =c¢ | x, —a |, n >0, 0 <c < 1 then convergence is called
geometric. Also, if p = 1 and 0 < ¢ < 1 then convergence is called linear or of first order.
Constant c is called the rate of linear convergence. Convergence is rapid or slow according
as cisnear O or 1.

379
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Using induction, condition for linear convergence can be simplified to the form
| x,—a|<c"|x,—a|,n>20,0<c<1

4.4 BISECTION METHOD

This method is based on the repeated application va
of intermediate value property.

Let the function f(x) be continuous between
a and b. For definiteness, let fla) be (-)ve and f(b)
be (+)ve. Then the first approximation to the root is

1
x1=§(a+b).

If fix,) = 0, then x, is a root of f(x) = 0 other-
wise, the root lies between a and x; or x; and b o : X
according as f(x,) is (+) ve or (=) ve. Then, we bisect f(j)/:/
the interval as before and continue the process until
the root is found to desired accuracy.

In the above figure, flx,) is (+)ve so that the root lies between ¢ and x,. Then second

approximation to the root isx, = 3 (@ +x,). If f (x,) is (-)ve ; the root lies between x, and x,,.

1
Then the third approximation to the root is x; = 3 (x, + x,) and so on.

We observe that this method uses only the end points of the interval [a,, b,] for which
fla,) - fib,) < 0 and not the values of flx) at these end points to obtain the next approximation
to the root.

The number of iterations required may be determined from the relation
lb-af
2)1,

. log, |b—al|-log, ¢
or ~d log, 2

where ¢ is the permissible error.

This method requires a large number of iterations to achieve a reasonable degree of
accuracy for the root. It requires one function evaluation for each iteration. This method is
also called as Bolzano method or Interval halving method.

4.5 PROVE THAT BISECTION METHOD ALWAYS CONVERGES

Let [p,, q,] be the interval at n'? step of bisection, having a root of the equation fix) = 0. Let x,
be the nth approximation for the root. Then initially p;=aandq, =b.

. . bitqi
= x, = first approximation = -

= P <% <q
Now either the root lies in [a, x,] or in [x,, b].
either [Py, @5l = [Py, x4] or Dy, @5l = [x4, q4]
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= either Py =D1, Qg =%y or Py =Xy, 45 =4,

= P1SDPy Qq95q,

+
Also, Xy = % so that p, <x, <q,
Continuing this way, we obtain that at nth step,
Pntq
xn = %’pn <xn <qn
and P1<py<.....<p, and q,2¢qy,>....2q,
<Dqs Doy wveees s Dy wveeee > is bounded non-decreasing sequence bounded by b and

< Q1 Qg evenne B > is a bounded non-increasing sequence of numbers bounded by a.

Hence, both these sequences converge.
Let, lim p,=D and lim q,=q.
n— o n — oo
Now since length of the interval is decreasing at every step, we get that

lim (q,-p,)=0 = q=p

Also, p,<x,<q,

= lim p, <limx, <limg,

= p<limx, <q

= limx, =p=gq ...(D)

Further since a root lies in [p,, q,], we shall have

fip,) flg,) <0

= 02 lim [Ap ). fig,)
= 0=1p).flg)
= 0= [fip)]?
But [A{ p)]2 = 0 being a square
we get filp)=0
pisarootof flx)=0 ...(2)

From (1) and (2), we see that <x,> converges necessarily to a root of equation flx) = 0

The method is not rapidly converging but it is useful in the sense that it converges
surely.

EXAMPLES

Example 1. Find the real root of the equation x log ,, x = 1.2 by bisection method correct
to four decimal places.

Sol. flx) =x log,,x — 1.2 ...(1)
Since, [2.74) = - .000563 i.e., (—)ve
and f(2.75) = .0081649 i.e., (+)ve

Hence, a root lies between 2.74 and 2.75.
First approximation to the root is

274+ 275

x =S = 2745

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

382 A TEXTBOOK OF ENGINEERING MATHEMATICS

Now, flx)) = f12.745) = .003798 i.e., (+)ve
Hence, root lies between 2.74 and 2.745.
Second approximation to the root is

2.74 +2.745
xy= S = 2.7425
Now, flx,) = 2.7425) = .001617 i.e., (+)ve

Hence, root lies between 2.74 and 2.7425.
Third approximation to the root is

2.74 + 27425
xy= S = 2.74125
Now, flxy) = (2.74125) = .0005267 i.e., (+)ve

Hence, root lies between 2.74 and 2.74125.
Fourth approximation to the root is
2.74 + 2.74125
- 2
Now, flx,) = f(2.740625) = — .00001839 i.e., (—)ve.
Hence, root lies between 2.740625 and 2.74125.
Fifth approximation to the root is

X, = 2.740625

2.740625 + 2.74125
X5 = B = 2.7409375
Now, flxy) = f(2.7409375) = .000254 i.e., (+)ve

Hence, root lies between 2.740625 and 2.7409375.
Sixth approximation to the root is

2740625 + 2.7409375
Xg= 9 = 2.74078125
Now, flxg) = f12.74078125) = .0001178 i.e., (+)ve

Hence, root lies between 2.740625 and 2.74078125.
Seventh approximation to the root is
2.740625 + 2.74078125
X, = 2
Since, x, and x, are same up to four decimal places hence the approximate real root is
2.7407.
Example 2. Find a positive real root of x — cos x = 0 by bisection method, correct up to
4 decimal places between 0 and 1.
Sol. Let flx) =x —cos x
f(0.73) = (—)ve and f(0.74) = (+)ve
Hence, the root lies between 0.73 and 0.74.
First approximation to the root is
0.73+0.74
Xy=——(F7F—
2
Now, f(0.735) = (—)ve
Hence, the root lies between 0.735 and 0.74.
Second approximation to the root is

0.73+0.74
Xy= Ty

= 2.740703125

=0.735

=0.7375
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Now, [0.7375) = (—)ve

Hence, the root lies between 0.7375 and 0.74.

Third approximation to the root is
0.7375+0.74

Now, f(0.73875) = (—)ve

Hence, the root lies between 0.73875 and 0.74.

Fourth approximation to the root is

=0.73875

1
=g (0.73875 + 0.74) = 0.739375

Now, flx,) = f10.739375) = (+)ve
Hence, the root lies between 0.73875 and 0.739375.
Fifth approximation to the root is

1
X5=7 (0.73875 + 0.739375) = 0.7390625

Now, f(0.7390625) = (-)ve
Hence, the root lies between 0.7390625 and 0.739375
Sixth approximation to the root is

1
Xg=7o (0.7390625 + 0.739375) = 0.73921875

Now, /(0.73921875) = (+)ve
Hence, the root lies between 0.7390625 and 0.73921875
Seventh approximation to the root is

1
=g (0.7390625 + 0.73921875) = 0.73914

Now, f10.73914) = (+)ve
Hence, the root lies between 0.7390625 and 0.73914
Eighth approximate to the root is

1
Xg=4 (0.7390625 + 0.73914) = 0.73910

Since x, and xg are same up to four decimal places hence the approximate real root is

0.7391.
Example 3. Perform five iterations of bisection method to obtain the smallest positive

root of equation f(x) =x°> - 5x + 1 = 0. [G.B.T.U 2011; G.B.T.U. (C.0.) 2011]
Sol. flx)=x3—b6x + 1 (1)
Since, /(0.2016) = 0.0001935 i.e., (+)ve

and /(0.2017) = — 0.0002943 i.e., (-)ve

Hence, root lies between 0.2016 and 0.2017.
First approximation to the root is

_0.2016 +.2017

x, . = 0.20165
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Now, fle;) = —0.00005036 i.e., (—)ve
Hence, root lies between 0.2016 and 0.20165.
Second approximation to the root is

02016 + 0.20165
Xy =
2
Now, flx,) = 0.00007159 i.e., (+)ve
Hence, root lies between 0.201625 and .20165.
Third approximation to the root is

= 0.201625

xy = 0.2016252+ 0.20165 — 0.2016375
Now, flxy) = 0.00001061 ie., (+)ve

Hence, root lies between 0.2016375 and 0.20165.
Fourth approximation to the root is

0.2016375 + 0.20165
X, = 9 =0.20164375
Now, flx,) =—0.00001987 i.e., (-)ve

Hence, root lies between 0.2016375 and 0.20164375.
Fifth approximation to the root is
0.2016375 + 0.20164375
Xy = 2
Hence, after performing five iterations, the smallest positive root of the given equation
is 0.20164 correct to five decimal places.

Example 4. Find a real root of x> — x = 1 between 1 and 2 by bisection method. Compute
five iterations.

=0.201640625

Sol. Here, fr)=x®—x—1 (1)
Since, f(1.324) = —0.00306 i.e., (—)ve
and f(1.325) = 0.00120 i.e., (+)ve

Hence, root lies between 1.324 and 1.325.
First approximation to the root is
1.324 + 1.325
4=
Now, flx;) = —0.000929 i.e., (-)ve
Hence, root lies between 1.3245 and 1.325
Second approximation to the root is
1.3245 +1.325
- 2
Now, flxy) = 0.000136 i.e., (+)ve
Hence, root lies between 1.3245 and 1.32475.
Third approximation to the root is

1.3245 +1.32475
Xg = B

=1.3245

%, = 1.32475

=1.324625
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Now, flxg) = —0.000396 i.e., (—)ve
Hence, root lies between 1.324625 and 1.32475.
Fourth approximation to the root is
1.324625 + 1.32475
X, = 2
Now, flx,) =—.0001298 i.e., (-)ve
Hence, root lies between 1.3246875 and 1.32475
Fifth approximation to the root is
1.3246875 + 1.32475
Xy = 2
Hence, the real root of the given equation is 1.324 correct to three decimal places after
computing five iterations.

= 1.3246875

=1.32471875

Example 5. Use bisection method to find out the positive square root of 30 correct to
four decimal places.

Sol. Let flx) = x2 - 30 (1)
Since, A5.477) = —.00247 i.e., (—)ve
and f(5.478) = .00848 i.e., (+)ve

Hence, root lies between 5.477 and 5.478
First approximation to the root is

5477+ 5.478
Y=g = 5.4775
Now, flx;) = .003  i.e., (+)ve

Hence, root lies between 5.477 and 5.4775
Second approximation to the root is

5477 + 54775

T

Now, flxy) = .00026 i.e., (+)ve

Hence, root lies between 5.477 and 5.47725
Third approximation to the root is

5477 +5.47725
Ny= 5
Now, flxg) =—.0011i.e, (—)ve
Hence, root lies between 5.477125 and 5.47725
Fourth approximation to the root is

5.477125 + 5.47725
X, = 2
Since, x; and x, are same up to four decimal places hence the positive square root of 30
correct to 4 decimal places is 5.4771.

=5.47725

=5.477125

= 5.4771875
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ASSIGNMENT
1. (i) Transcendental equation is given as
flx) =28 —x -3
Calculate fix) forx=—4,-3,-2,—-1,0, 1, 2, 3, 4 and compute, between which integers values
roots are lying.
(i1) The equation x2 — 2x — 3cos x = 0 is given. Locate the smallest root in magnitude in an interval
of length one unit.
2. Find a real root of e* = 3x by Bisection method.
3. The smallest positive root of the equation flx) = x* — 3x2 + x — 10 = 0 is to be obtained.
(i) Find an interval of unit length which contains this root.
(i) Perform two iterations of the Bisection method.
4. Find real root lying in interval (1, 2) up to four decimal places for the equation x® —x* —x3 —1=0by
Bisection method.
5. Find a real root of cos x — xe* = 0 correct to three decimal places by Bisection method.
(U.P.T.U. 2008)
6. The negative root of the smallest magnitude of the equation fix) = 3x® + 10x2 + 10x + 7 = 0 is to be
obtained.
(i) Find an interval of unit length which contains this root.
(i) Perform two iterations of Bisection method.
7. Compute the root of flxx) = sin 10x + cos 3x using Bisection method. The initial approximations are
4 and 5.
8. Find the real root correct to three decimal places for the following equations:
@Dxt-x-4=0 @) x3-x2-1=0
i) x®+x2-1=0 () x®-3x-5=0.
9. Solve x3 — 9x + 1 = 0 for the root between x = 2 and x = 4 by the method of Bisection. Also find the
smallest positive root.
10. (i) Find a real root of the equation x® — 2x — 5 = 0 using Bisection method.
(i) Find a positive root of the equation xe* = 1 which lies between 0 and 1.
11. Ifaroot of fix) = 0 lies in the interval (a, b), then find the minimum number of iterations required
when the permissible error is E.
12. Apply Bisection method to find a root of the equation x* + 2x® —x — 1 = 0 in the interval [0, 1].
13. Find the approximate value of the root of the equation 3x — m = 0 by Bisection method.
(five iterations) [UP.T.U. (MCA) 2008]
14. Find a real root of x3 — 2x — 1 = 0 which lies between 1 and 2 by using Bisection method correct to
two places of decimals.
15. Find a positive root of the equation x3 + 3x — 1 = 0 by Bisection method.
Answers
1. G a —4 -3 -2 -1 0 1 2 3 4
flx): 1.0625 .125 -.75 -1.5 -2 -2 -1 2 9
Roots lie in (- 3, — 2) and (2, 3).
(i7) 1.7281 in interval (1, 2).
2. 1.5121375 3. () (2,3) (i7) Root lies in the interval (2, 2.25).
4. 1.4036 5. 0.517
6. ()(-3,-2) (ii) Root lies in the interval (- 2.5, — 2.25) 7. 4.712389
8. (i) 1.796 (i) 1.466 (tiz) 0.755 (iv) 2.279
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9. 2.94282,0.111 10. () 2.094551482 (i7) 0.56714333
log, (L — a|]
11. ;> I—E 12. 0.8667605 13. 0.39188 14. 1.618 15. 0.322
0g, 2

4.6 METHOD OF FALSE POSITION OR REGULA-FALSI METHOD

This is the oldest method for finding the real roots of a numerical equation.
It is sometimes known as method of linear interpolation.
In this method, we choose two points x, and v A
x, such that fix)) and flx,) are of opposite signs. Since BIxy, f(x4)]
the graph of y = flx) crosses the X-axis between these
two points, a root must lie in between these points. ¢
Consequently, flx)) flx,) <0 (x3)
Equation of the chord joining points {x,,, f{x)}
and {x,, flx,)} is

_A>< Tt

X
y—ﬂxo)=M(x—xo) (@) ! X
X1 = Xo i
The method consists in replacing the curve f(Xo) i
AB by means of the chord AB and taking the point i
of intersection of the chord with X-axis as an ap- i
proximation to the root. ,IA
So the abscissa of the point where chord cuts X, f(Xo)]
y = 0is given by
- X1~ %o
Xy = X, {f(xl)—f(xo)}f(x()) (1)

which is an approximation to the root.

If now f(x,) and flx,) are of opposite signs, then the root lies between x, and x,.
So, replacing x, by x, in (1), we obtain the next approximation x,. However, the root could as
well lie between x; and x, then we find x4 accordingly.

This procedure is repeated till the root is found to the desired accuracy.

EXAMPLES

Example 1. Find a real root of the equation 3x + sin x — e* = 0 by the method of false
position correct to four decimal places. Choose suitable initial approximations.
(U.P.T.U. 2010, U.P.T.U. (MCA) 2009]

Sol. Let flx)=3x +sinx—e*=0
f(0.3) =-0.154 ie., (—)ve
and f10.4) =0.0975 i.e., (+)ve

The root lies between 0.3 and 0.4.
Using Regula-Falsi method,
X1~ %o
x,— ———— f(x,)
O flay) - flxg) AL
~(0.3) - (0.4)-(0.3)
(0.0975) — (- 0.154)

Xy =

(-0.154) | © x,=0.3 and x; = 0.4 (let)
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=(0.3)+ (w) = 0.3612
0.2515
Now, flxy) = £(0.3612) = 0.0019 = (+)ve
Hence, the root lies between 0.3 and 0.3612.
Now, again, x;=x (g — %) f(xg) | Replacing x; by x,

0" Flay) — Flx,)
e | (03612)-(0.3)
=03 {(0.0019) —(~0.154)

=(0.3) + (0'0612) (0.154) = 0.3604
0.1559

Now, flxg) = £(0.3604) = — 0.00005 = (—)ve
The root lies between 0.3604 and 0.3612.

} (-0.154)

Xg — X3
fxy) = fxg)
(0.3612 - 0.3604)
(0.0019) — (- 0.00005)

Now, again, X, = X3 —{ } f(x3) | Replacing x, by x4

=(0.3604) — [ } (- 0.00005)

=0.3604 + ( 0.0008
0.00195

] (0.00005) = 0.36042

Since, x; and x, are approximately the same, hence, the required real root is 0.3604
correct to four decimal places.

Example 2. Find the root of the equation xe* = cos x in the interval (0, 1) using Regula-
Falsi method correct to four decimal places. [U.P.T.U. (MCA) 2006]

Sol. Let flx) = xe* — cos x
Since f(0.51) = -0.02344 and f(0.52) = 0.00683
The root lies between 0.51 and 0.52.
Let x,=0.51 and x;=0.52
By Regula-Falsi method, first approximation to the root is
- X1~ %o
Xg =X~ [f(xl) . f(xo)} flag)
052-051
0.00683 — (- 0.02344)
flxy) =—0.000041
Hence, the root lies between x,, and x,.
Second approximation to the root is

=0.51 - { } (—0.02344) = 0.517744

Xy — X .
Xy =Xy — [M} flxy) | Replacing x, by x,

0.52-0.517744

0.00683 — (- 0.000041)

Since x, and x, are same up to four decimal places hence the approximate real root is
0.5177.

=0.517744 — [ } (- 0.000041) = 0.517757
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Example 3. Find the root of the equation tan x + tanh x = 0 which lies in the interval
(1.6, 3.0) correct to four significant digits using method of false position.

[G.B.T.U. 2013, M.T.U. (MCA) 2012]
Sol. Let flx)=tanx + tanhx =0
Since, f(2.35) =-0.03 and £2.37) =0.009
Hence, the root lies between 2.35 and 2.37. Let x, = 2.35 and x, = 2.37
Using Regula-Falsi method, first approximation to the root is
X1 = %o
2= %o _{f(xg—f(x())}f(x”)

237-2.35

=235-| —————
0.009 +0.03

J(— 0.03) = 2.36538

Now, flx,) = .000719 (+)ve
Hence, the root lies between 2.35 and 2.36538.
Second approximation to the root is

Xg — X .
Xy =X — {m} f(xg) | Replacing x, by x,

_ 935 _ 2.36538 — 2.35 (- 03)
0.000719 + .03
= 2.36502
Since x, and x, are same up to four significant digits, hence the required root is 2.365.

Example 4. Using the method of false position, find the root of equation x6 —x* —x3 -1 =0
upto four decimal places.

Sol. Let flx) =28 —xt—x3 -1

Since, f(1.4)=-0.056 and f(1.41)=0.102

Hence, the root lies between 1.4 and 1.41. Let x, = 1.4 and x; = 1.41.
Using method of false position, first approximation to the root is

Xg =Xy — {—f(xl) _ f(xo)} f(xo)

_14_ 141-14
0.102 + 0.056
Now, flxy) =—0.0016 (—)ve

Hence, the root lies between x, and x,.

)(— 0.056) = 1.4035

Second approximation to the root is

xl—x2 )

Xy =X = ey (@) Replacing x, by x
i {f(xl)_f(xQ)}f 2 | P g Xg by X9
~1.4035 | LA1=14035 1 0516)

o 0102+ 00016 )
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0.0065
0.1036

Now, flxy) = —0.00003 (-)ve

Hence, the root lies between x, and x,.

=1.4035 + ( ) (0.0016) = 1.4036

Again, the third approximation to the root is

X1 — X3 .

X =Xq—3——2— 1 Fxq) Replacing x, by x
4 3 {f(xl)_f(xS)}f 3 | 1Y g Xy DY Xg
1.41-1.4036

=14036+| ———————
(0.102 +0.00003

J(0.00003)
0.0064
0.10203
Since, x, and x, are approximately the same up to four places of decimal, hence the

required root of the given equation is 1.4036. It is clear that —1 is also a root of the given
equation.

=1.4036 + ( ) (0.00003) = 1.4036

Example 5. Find a real root of the equation x log,, x = 1.2 by Regula-Falsi method
correct to four decimal places.

Sol. Let flx) =x log,,x — 1.2 ...(1)
Since, f(2.74) = - .0005634 and f(2.741) =.0003087
Hence, the root lies between 2.74 and 2.741. Let x, = 2.74 and x, = 2.741.

Using method of False position, first approximation to the root is

L/ <l
R {f(xl) - f<x0>} )

974 — 2741-274
T 0003087 - (-.0005634)

} (—.0005634)

001
— 2 1(0005634) -
_0008721)( ) = 2.740646027

Now, flxy) = —.00000006016 i.e., (—)ve
Hence, the root lies between x, and x;.

=2.74 +(

Second approximation to the root is

X{—X .
Xy = Xy — {m} f(xy) | Replacing x,, by x,

2.741 - 2740646027
.0003087 +.00000006016

= 2.740646027 — [ )(— .00000006016)

= 2.740646096

Since, x,, and x, agree up to seven decimal places, the required root correct to four decimal
places is 2.7406.
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Example 6. (i) Apply False position method to find smallest positive root of the equation
x —e™ =0, correct to three decimal places.

(it) Using Regula-Falsi method, compute the smallest positive root of the equation xe*—2 =0,

correct up to four decimal places. (U.P.T.U. 2006)
Sol. (i) Let flx) =
Since f.56) =—.01121 and A.58)=.0201

Hence, root lies between .56 and .58. Let x, = .56 and x, = .58
Using method of False position, first approximation to the root is

T Bk T
x, = %o - {f(xl)—f(xo)}f( %o)

s _[ 58 — .56
.0201+.01121
Now, flxy) =.00002619 i.e., (+)ve
Hence the root lies between x, and x,,.

j(— .01121) = .56716

Second approximation to the root is

x .
Xy =X = {m} f(xy) | Replacing x, by x,

_ 6 [ 56716 — .56

.00002619 + .01121

Since, x,, and x, agree up to four decimal places, the required root correct to three decimal
places is 0.567.

(17) Let flx) = xe* —

Since, f.852) = — .00263 and A.853) =.001715

Hence, root lies between .852 and .853. Let x, = .852 and x, = .853
Using method of False position, first approximation to the root is

el mmx
2= %0 {f(xg—f(x())}f(x")

_ gsp_ | 853-852
001715 — (- .00263)

Now flxy) = —.00000090833
Hence, root lies between x, and x;.

)(— 01121) = 567143

}(— .00263) = .852605293

Second approximation to the root is

- _*17X .
Xy = X9 — {f(xl)—f(xg)}f(xz) | Replacing x, by x,

. 853 —. 852605293
.001715 - (-.00000090833)

= (.852605293) — { } (—.00000090833)

= 0.852605501

Since, x, and x, agree upto 6 decimal places, hence the required root correct to 4 decimal
places is 0.8526.
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Example 7. (i) Solve x* — 5x + 3 = 0 by using Regula-Falsi method.
(i1) Use the method of false position to solve x* —x — 4 = 0.

Sol. (i) Let fx) =x3—5x + 3

Since, f.65) =.024625 and f.66)=-.012504
Hence, root lies between .65 and .66. Let x, = .65 and x, =.66

Using method of False position, first approximation to the root is

o X1 — Xo
2= %0 {f(xl) - f(xo)} Aixo)

= .65 — ( 66 - .65 )(.024625) = 656632282

—.012504 - .024625
Now, flxy) = —.00004392
Hence, root lies between x, and x,,.
Second approximation to the root is

f(xz) - f(xo)

5_ 656632282 — .65
—.00004392 - .024625
=.656620474

Since, x, and x, agree up to four decimal places hence the required root is .6566 correct
up to four decimal places. Similarly the other roots of this equation are 1.8342 and — 2.4909.

(i) Let flx)=x3-x—-4

Since, f(1.79) = - .054661 and f(1.80) =.032

Hence, root lies between 1.79 and 1.80. Let x, = 1.79 and x, = 1.80.
Using method of False position, first approximation to the root is

ey *17%
Xy = Xg {f(xl)—f(xo)}f(xo)

Xy =X, — {&} flxg) | Replacing x; by x,

j (.024625)

1.79 - 1.80 - 1.79 (-.054661) = 1.796307
032 — (- .054661)

Now, flxy) = —.00012936
Hence, root lies between x, and x;.
Second approximation to the root is

X1 — Xg .
Xg= Xg = {m} f(xy) | Replacing x, by x,
- 1.796307 — {0 LTIO0T__L 55019936
.032 - (-.00012936)

=1.796321.

Since, x, and x; are same up to four decimal places hence the required root is 1.7963
correct up to four decimal places.
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4.7 CONVERGENCE OF REGULA-FALSI METHOD M.T.U. 2013)

If < x, > be the sequence of approximations obtained from
(xn —Xp - 1)

-y _ I S .1
xn+1 xn f(xn)_f(xn_l) f(xn) ( )

and o be the exact value of the root of equation flx) = 0, then

Let x,=o+e, and x, ,=0+e,

. . . th th . . .
wheree , e, ., being errors involved in n** and (n + 1)'* approximations respectively.

Clearly, flo)) = 0. Hence, (1) gives,
(en —€n- 1)

o+e, , ,=0+e — Fate)foie D

n+

-flo+e,)

n

e,_1floa+e,)—e, flo+e,_;)
fla+e,)—fla+e,_;)

or en+1=

2 2
en_l{f(oc)wLen f’(OL)-F%f”(OL)-f- ...... 1—6,1 [f((x)+en_1 f’(oc)+e”2—_‘1f”(a)+ ...... ]

- . g
{f(oa)Jren f’(oc)+% £7(0) + oo 1—[f(oc)+en_1f’(a)+e"2_'l £7(0) + ... }
€,-1¢€,
(e,_1—e,) flo)+ 21 (e, —e,_1) [ (o) +......
(e, —e,_1) fa) + (€ ~en1) (e +en 1) 7o) +......

2!

floa) =0

€, €n-1 f”(a)

or e =~ ...(2) (neglecting high powers ofe ,e )
n+1 21 f, (OL) g g high p nn-1
or e,,;=ce, e, ...(3)
1/7(a) . . .
where c¢=— . Relation of the form (3) is called the error equation.

2 (o)

If the function flx) in the equation f{x) = 0 is convex in the interval (x,, x,) that contains

the root, then one of the points x,, or x, is always fixed and the other point varies with n. If the

point x, is fixed then the function f(x) is approximated by the straight line passing through the
points (x,, ;) and (x,, f,), k = 1, 2,... . The error equation (3) becomes

e

n+1=ce0 en

where e, =x,— o is independent of n. Therefore, we can write
en+1 =c* en
where c¢* = c e, is the asymptotic error constant. Hence, the Regula-Falsi method has

linear rate of convergence.
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ASSIGNMENT
1.  (?) Solve cos x = 3x — 1 correct to three decimal places using the method of False position.
(G.B.T.U. 2011)
(i1) Solve x3 — 9x + 1 = 0 for the root lying between 2 and 4 by the method of False position.
2. () Find real cube root of 18 by Regula-Falsi method.
(i1) Find the root of the following equation in the interval [0, 1] by Regula-Falsi method:
26(1-x?+x)Inx=x2-1 [UP.T.U. 2014, M.T.U. (MCA) 2010]
3. (i) Find the smallest positive root correct to three decimal places of cosh x cos x =— 1.
(i1) Use Regula-Falsi method to find the smallest positive root of the following equation correct
to four significant digits: x® — 5x + 1 = 0. (M.T.U. 2012)
4. Find all the roots of cos x —x? —x = 0 up to 5 decimal places.
5. Find the real root of the equations by using method of false position.
(@) xt—x3—202-6x—-4=0 () x®—x*—x2-3=0
(i11) xe* = 3 () x2—log,,x—12=0
6. Solve the following equations by Regula-Falsi method:
(i) (5—-x)e*=5nearx =5 (ii)x*+x—-1=0nearx =1
(i1i) 2x — log,, x = 7 lying between 3.5 and 4 (iv) x3 + x% — 3x — 3 = 0 lying between 1 and 2
(v) x® — 3x + 4 = 0 between — 2 and — 3 (vi) x* + 23 — Tx2 —x + 5 = 0 lying between 2 and 3.
7. Find the real root of the equations by using method of False position.
@xd—4x+1=0 (i) x®—x2-2=0
(@) x®+x-3=0 @) xt—x-10=0 (G.B.T.U. 2012)
8. (1) Explain Regula-Falsi method by stating at least one advantage over Bisection method.
(i) Discuss method of False position. [G.B.T.U. 2011; U.P.T.U. 2009]
(i17) Nlustrate False position method by plotting the function on graph and discuss the speed of
convergence to the root.
(iv) Find the rate of convergence for Regula-Falsi method. (M.T.U. 2013)
(v) Determine the order of convergence of the iterative method
xo £G) - %3 £ xo)
T T ) — flxg)
k 0
for finding a simple root of the equation fix) = 0.
Answers
1. () 0.607 (1) 2.942821 2. (1) 2.620741394 (1) 1, 0.3279
3. (i) 1.875 (17) 0.2016 4. —1.25115 and 0.55000
5. (i) 2.7320506 (1) 1.501844 (Tir) 1.04991 (iv) 3.5425
6. (i) 4.9651142 (1) .682327803 (Zir) 3.7892782 (iv) 1.73205
(v) —2.195823345 (vi) 2.0608526
7. (i) 1.860, .2541 (1) 1.69562 (Tir) 1.2134 (iv) 1.855
8. (v) linear : e, ; = ceye,.
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4.8 NEWTON-RAPHSON METHOD (M.T.U. 2013, U.P.T.U. 2009, 2015)

This method is generally used to improve the result obtained by one of the previous methods.
Let x, be an approximate root of flx) = 0 and let x, = x, + 2 be the correct root so that flx,) = 0.

Expanding flx, + h) by Taylor’s series, we get
2

7 h 2/
flxg) + hf "(x,) + 51 ) + ... =0
Since, & is small, neglecting 42 and higher powers of 4, we get
, f(xg)
flxg) + hf(x)) =0 or h=-— (1)
0 0 17 (xp)
A better approximation than x, is therefore given by x,, where
Xy =%y — f,(xO)
7 (xp)
Successive approximations are given by x,, xg, ....... , X, , 1, Where
L) (2 (=0,1,...)

xn+1 n f/(xn)

which is the Newton-Raphson formula.

Remarks. (1) This method is useful in cases of large values of f ’(x) i.e., when the graph of f{ix) while
crossing the x-axis is nearly vertical.

(2) If f(x) is zero or nearly 0, the method fails.

(3) Newton’s formula converges provided the initial approximation x, is chosen sufficiently close
to the root. This method is also called the method of tangents.

(4) This method is also used to obtain complex roots.

4.9 CONVERGENCE

Comparing equation (2) with x, , ; = ¢ (x,) of the iteration method, we get

q)(xn) R fi)

fx,)

fx) . . ooy [ ()
) which gives ¢'(x) = —[f’(x)]2

Since, iteration method converges if | ¢" (x) | <1

In general, o) =x —

Newton’s method converges if
| F) F” @) | <[f ()12
in the interval considered.

Assuming flx), f’(x) and f”(x) to be continuous, we can select a small interval in the
vicinity of the root o in which above condition is satisfied.

The rate at which the iteration method converges if the initial approximation to the
root is sufficiently close to the desired root is called the rate of convergence.

[M.T.U. 2014, G.B.T.U. 2011, 2012, 2013]
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4.10 ORDER OF CONVERGENCE
IM.T.U. 2012, G.B.T.U. (MCA) 2011; U.P.T.U. 2014, 2015; G.B.T.U. (M.Tech.) 2011]

Suppose, x, differs from the root o by a small quantity e, so that
x,=0+e, and x,, ,=0+e,
Then equation (2) becomes,

e = —M
n+1 n f’(oc+en)
2
f@ﬂwJﬂw+%ﬁfﬂw+ ......

=e, — (By Taylor’s expansion)
f () +e,f"(@)+......

2
e, F(o)+ 5 f7 (@) +.......
=T 2 |+ Aaw)=0
" ) +e, f7(@)+......

en2 f// (o)

T2l (@ te, ()]
o re

f’(oc){lJren

| Neglect higher powers of e,

r” (a)}
f (o)

1f7@ e [fr@)”
e, 2 f () 2 [|f ()
f

= (Neglecting terms containing powers of e,)

Hence, by definition, the order of convergence of Newton-Raphson method is 2
i.e., Newton-Raphson method is quadratic convergent.

This also shows that subsequent error at each step is proportional to the square of the
previous error and as such the convergence is quadratic.

Hence, if at the first iteration, we have an answer correct to one decimal place then it
should be correct up to two places at the II iteration, up to four places at III iteration.

It means that the number of correct decimal places at each iteration is almost doubled.
Method converges very rapidly.

Due to its quadratic convergence, the formula (2) is also termed as second order
formula.
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4.11 GEOMETRICAL INTERPRETATION

Let x, be a point near the root o of equation f(x) = 0, then
tangent at A {x, , flx))} is
y—=1fxy) =f"(xy) (x —x)
f(xo)
[’ (xg)
which is I approximation to root o. If A, corresponds to x,

on the curve, then tangent at A, will cut x-axis at x,, nearer
to o and is therefore II approximation to root o.

It cuts x-axis at x; = x, —

Repeating this process, we approach the root o quite
rapidly. Hence, the method consists in replacing the part
of the curve between A and x-axis by the means of the
tangent to the curve at A,

»<

A {Xo, f(x0)}

4.12 NEWTON'’S ITERATIVE FORMULAE FOR FINDING INVERSE, SQUARE ROOT

ETC.

1. Inverse. The reciprocal or inverse of a number ‘@’ can be considered as a root of the equa-

1
tion ot 0, which can be solved by Newton’s method.

) 1 sor @ A
Since, flx) = . —a,f’(x)=— 2

Newton’s formula gives,

xX,,1=%,2-ax,)

2. Square root. The square root of ‘@’ can be considered as a root of equation x

solvable by Newton’s method.

Since, fx)=x%>—a, f'x)=2
. . x,2-a
n+l~ "n 2xn
xn+1= l(xn +i]
2 X,
3. Inverse square root. Equation is xi2 -a=0

Iterative formula is
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4. General formula for p' root. The p' root of a can be considered as a root of the
equation x? — a = 0. To solve this by Newton’s method, we have

flx) =xP —a and hence f’(x)=px?~1!

p _
Iterative formula is, x, , ; = x, — M
px, "
-Dx,” +
= 2D ta [U.P.T.U. MCA (SUM) 2008]
px,

Also, the general formula for reciprocal of pt* root of a is

p+1l-ax,”
xn+1:xn p :

4.13 ORDER OF CONVERGENCE OF NEWTON’S SQUARE ROOT FORMULA

Let +/a = o so that a = a2 . If we write

1+en+1
th =o|T— (1
en, X, a[l—eml (1)
1 a
Also, by formula, X1y X, +x_ , we get
n

(2) (o a=0?)

Comparing (1) and (2), we gete, , | = e? confirming quadratic convergence of Newton’s
method.

4.14 ORDER OF CONVERGENCE OF NEWTON’S INVERSE FORMULA

Let o= % le, a= o If we write x, = a(1-e,)
then, %, =0(l-e, ;)
By formula, x,,,=x,(2-ax,), we get
x,,1=0l-e)[2-an(l-¢)l = o(l-e,2) woaa=1

. 9 . .
Comparing, we get e, ; = e, hence, convergence is quadratic.
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EXAMPLES
Example 1. Using Newton-Raphson method, find the real root of the equation
3x = cos x + 1 correct to four decimal places. [G.B.T.U. (M. Tech.) 2010, 2011]
Sol. Let flx) =3x—cosx—1
Since, f0)=-2=(—)ve;

f1) = 1.4597 = (+)ve
A root of flx) = 0 lies between 0 and 1. It is nearer to 1. Let us take x, = 0.6.

Also, f/(x)=3 +sinx
Newton’s iteration formula gives,
Y ACY)

n+1 n f’(xn)

o 3x, —cosx, — 1 _ X, 8in x, +cosx, +1 1
" 3+sinx, 3+sinx,

Put n = 0, the first approximation x, is given by,

XpSin xy +cosxg+1  0.6sin 06+ cos 0.6 +1

; - =.6071
3 +sin x, 3 +sin 0.6

x1=

Put n =1 then second approximation is
x18in x; +cosx; +1

X, = -
2 3 + sin x;

_ 6071sin (.6071) + cos(.6071) + 1
- 3 +sin (.6071)
Clearly, x, = x,. Hence, desired root is 0.6071 correct to 4 decimal places.

Example 2. Using Newton’s iterative method, find the real root of x log,,x = 1.2 correct
to six decimal places.

Sol. flx) = x log,,x — 1.2
- f2.7) = —.0353 = (—)ve
f(2.8) =.05204 = (+)ve
Hence, a root of fix) = 0 lies between 2.7 and 2.8.
Since [2.7) ]| <|f2.8)|
Hence, root is nearer to 2.7.
Let us take x,=2.7T1
Also, f’(x) = log,, x + log;,e = log,, x + 0.43429
Newton’s iteration formula gives,
. f)
n+l1~ %n" f,(xn)
e ( xy, logigx, —1.2 J _ 43429x, +1.2 D
" \logipx, +43429 ) logy, x, +.43429
Put n = 0, the first approximation is
oo 434290 +12
17 logyg xg +.43429

=0.6071

X

=2.74073 | Taking x, = 2.71
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Similarly, Puttingn =1, 2, in (1), we get
x, = 2.740646
xq = 2.740646

Since x, and x, are same up to 6 decimal places, hence the required root is 2.740646.

Example 3. Evaluate /12 to five decimal places by Newton’s iterative method.

Sol. Let x=+12 sothat x2-12=0 (1)
Take flx) = x2 — 12, Newton’s iteration formula gives,
2
-12 1 12
X, =%, — fx,) =x B e x, +— ...(2)
n+ n f’(xn) n an 2 xn
Now since, A3)=-3(-)ve
f4) =4 (+)ve
The root of (1) lies between 3 and 4.
Since | 3) | <| ft4) |, hence, root is nearer to 3.

Take x, = 3.4, equation (2) gives,

1 12
— (xo " x—] - %(3.4 +%) = 3.464706
O .

1 12
%, = —(xl +—] = 3.464102

2 xq
Xq = l(xz +1—2j = 3.4641016
2 Xq

Since, x, and x; are same up to 5 decimal places,

x = {12 = 3.46410.
Example 4. Using Newton’s iterative method, find the real root of x sin x + cos x = 0
which is near x = T correct to 3 decimal places. [G.B.T.U. (C.0.) 2010]

Sol. We have flx)=xsinx +cosx and [’(x)=xcosx
The iteration formula is,
X, sinx, + cosx,

n+l="n X, COSX,
. X Sin xy + cosx wsinT 4+ cosT
with x, = m, Xy =Xy — =n—-—— ——— =2.8233
Xy COS X T COST

Successive iteratives are,
Xy =2.7986, x,=2.7984
Since, x, and x, are same up to three decimal places hence required root is 2.798.

Example 5. Find a real root of the equation x = e™ using the Newton-Raphson method.
[U.P.T.U. (MCA) 2008]

Sol. We have fx)=x—-e>*
[fx)=1+e>*
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Since, f(.5) = —.1065 (—)ve
f(.6) = .05118 (+)ve
Hence, the root lies between .5 and .6.
Since, |f(.6)| <|f.5)| .. Rootisnearer to 0.6.

Let us take x, = 0.58.
Newton’s iterative formula is

P (G =xn_[M]

n+l n f'(xn)

Putting n = 0, we get

_ X
x =z - F0=¢ ) 0567113
1+e )
Putting n = 1, 2, we get successively
x, = 0.567143

xy = 0.56714329
Since x, and x, are same up to 6 decimal places, hence, the required real root is 0.567143.
Example 6. Find a positive value of (17)1/3 correct to six decimal places by Newton-

Raphson method. (M.T.U. 2013, U.P.T.U. 2007, 2014)
Sol. Let x = (17)Y3 so that x3 — 17 =0 (1)
Let fe)=x3—-17 . f'(x) = 3x2
Since f(2.5) = —1.375 (—)ve
and f(2.6) = 0.576 (+)ve
The root lies between 2.5 and 2.6.
Since, |f(2.6) | <|f2.5) ]

Therefore, root is nearer to 2.6. Let us take x, = 2.58.
Newton-Raphson formula is
flx,) X3 - 17
=x — —0 =x -
n+1 n f; (xn) n 3x’%

Putting n =0, 1, 2, ..., successively, we get

3x§

3 _
2, =2 - [’“O 17] = 2571311 Xy =258
x, = 2571281
xy = 25712815

Since x, and x, are same up to 6 decimal places, hence, the required positive root is
2.571281.

Example 7. Show that the following two sequences, both have convergence of the second
order with the same limit /4 .

1 1 2
Xn+1 =§xn (1-’-%] and, xn+1=§xn [3_3% J

X, a

(U.P.T.U. 2006, 2009)
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. 1 1+
Sol. Since, X155 %, + L2 pve have
n
1 1+.9 1 +i_2\/—
xn+1_\/g=§xn +? _\/_=§ *n x, a

1 N ? 1
_ | [ _Na | _ 2
Thus, e = e,zl (1)

which shows the quadratic convergence. Similarly for the second,

1 2 1 2
xn+1_‘/z=§xn(3—x; ]_JE:Exn[l—xZ j+(xn—\/g)

Xn x,
=2¢ @ %)+ &, ~ o) =, Ja) [1‘5(% +£)}
xn_\/g xn—\/_

1™ T[Za_xnz_xn \/E] > 2—a [(a_xn2)+(a_xn\/z)]

=_(M

2a

J(xn—ﬁ)(xn+2ﬁ)

e

2
——%(x”zﬁ): @.«ﬂ (2)

n+17 - 2 n
which shows the quadratic convergence.
Example 8. If x, is suitable close approximation to ,[q, show that error in the formula

1 [, a]. 1 . 1 (g xS
x =—x,| 1+ —% |isabout Zrd thatmtheformula,xml:Exn -

n+l1= g i 3 a ] and deduce that

3 2
the formula x, , ; = % (6+_O;_ X,
x

n

J gives a sequence with third order convergence.
a

Sol. Since x, is very close to /g

D [%j e ? | From (2)
— 2
=3. ox Cn ...(3)

n

A simple observation shows that from (1) (see example 7) and (3), error in first formula

. 1 .
fore, , ,is about §rd of that in second formula.

To find the rate of convergence of given formula, we have

2 2 2 4
x g = {6+3_a_an_\/E=xn(6xna+3(; xn)_\/g
a 8 ax,
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_ 6x,%a+3a® -x," —8x, aa _ —(x, +3va) (x, —Va)?
8x,a 8x,a

xn+3\/z 3
en+1=_ T a. en

8x,a

It shows that above formula has a convergence of third order.
Example 9. Show that the square root of N = AB is given by

JN = §+Z, where S =A + B.

4
Sol. Let x=VyN = x2-N=0
Now, let flx) =x2 - N s fl(x) = 2

By Newton-Raphson formula,
2
e @) o % -N_x N

TnetTIh T R YT T2k, 2 2
_ A+B
nTo 9
A+B N S N
=t — = — 3+
n+l 4 A+B 4 8§
Example 10. Using the starting value 2(1 + i), solve x* — 5x° + 20x% — 40x + 60 = 0 by
Newton-Raphson method given that all the roots of the given equation are complex.

Sol. Let Ax) = x* — 5x3 + 20x2 — 40x + 60
so that, f(x) = 4x3 — 15x2 + 40x — 40
Newton-Raphson method gives,
f(x,) xt —5x® +20x2 - 40x, + 60
n+l =T =X, = 3 2
f(x,) 4x;, — 15x; +40x, — 40
_ 3x; —10x? +20x7 - 60
 4x® — 1512 + 40x, — 40
Put n = 0, take x, = 2(1 + i) by trial, we get
xy=1.92 (1 +1)
Again, xy=1.915+1.908 i

Since, imaginary roots occur in conjugate pairs, roots are 1.915 + 1.908 i up to three
places of decimal. Assuming other pair of roots to be o = i3, then

n

Let X

then, x | SinceS=A+B

X

oa+if+o—if
Sum = |+ 1915+ 1908i | = 200+ 3.83 =5
+ 1915 - 1908

= o =0.5685
Also, product of roots = (02 + B2) [(1.915)% + (1.908)?] = 60
= B = 2.805

Hence, other two roots are 0.585 + 2.805 i.
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Example 11. Determine the value of p and q so that rate of convergence of the iterative

N ) . .
method x, , ; =px, + ¢ pe) for computing N1/3 becomes as high as possible.
n

Sol. We have 2 =N

flx) =x3 - N (1)
Let o be the exact root, we have

o?=N .(2)
Substitutingx, =o+e, ,x,  ,=0o+e, ,;, N=0lin

N

X, .1 =DP%, +q—, we get
n

3

a+en+1=p(a+en)+qm
n

3

e \2
o? (1+”)
o

2
=p(oc+en)+qoc{1—2e—"+3(e—"j — e }
o o

2
= pla+e,)+qo—2qe, +3qe—” — e
o

-2
=pla+e,)+q :p((x+en)+qoc(1+%j

= e, .1=(p+qg-—Do+(p-29ke, +0e?)+....
Now, for the method to become of order as high as possible i.e., of order 2, we must have
p+g=1 and p—-29=0
2 1
so that, p= 3 and ¢ = 3

Example 12. The graph of y = 2 sin x and y = log x + ¢ touch each other in the nbd. of
point x = 8. Find c and the coordinates of point of contact.

Sol. The graphs will touch each other if values of dy/dx at their point of contact is

same.
For y =2 sin x, d—y=2cosx
dx
dy 1
For =logx +c — = —
y g e x
0

2cosx=; = xcosx—.5 =
Let flx)=xcosx - .5
f'(x) =cosx —xsinx

. . . x, cosx, —05
Newton’s iterative formulaisx, , , =x, - n n

cos x,, — x, sin x,
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For n=0, x,=8, firstapp. x,=7.793

Second approximation, x,="7.789 = 7.79

Now, y =2sin 7.79 = 1.9960
Point of contact — (7.79, 1.996)

Now, y=logx+c

= 1.996 =log 7.79 +¢ = ¢ =-0.054.

Example 13. How should the constant o be chosen to ensure the fastest possible conver-

-2
. . . ox, +x,  +1
gence with the iteration formula x, , , = ——"——2¢

o+1
Sol. Since, lim x, = lim x,.; = &, we have
n—>oo n—>oo
o+ +1
¢= o+1
= (o+1DE =083 +E2+1
= E3-82-1=0
€ can be obtained by finding a root of the equation x3 —x2 -1 = 0.

We have fx)=x®—x2 -1

f(x) = 3x2 — 2x
Since, f(1.45) = (—)ve and f(1.47) = (+)ve
Root lies between 1.45 and 1.47. Let x, = 1.46.
By Newton-Raphson method,
First approximation is
3 2
xXp° —xp° —1
R AC7 Y (%} = 1.465601.
f (xo) 3x0 - 2x0
Second approximation is
f(xy) x13 - x12 -1
=, — =x, — =1.46557
2T ) T 32— 2
Hence, & = 1.465 correct to three decimal places.
Now, we have
-2
_oax, +x, " +1
1= T o1 ..(D)

Puttingx, =€ +e, and x,,,=&+e,, ;in (1), we get

1 1 e, 2
(o + 1)(§+en+1)=oc(§+en)+Tn)2+1=oc(§+en)+§—2(1+—j +1

(<
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which gives,

1+oe,,, = [a - %} e, +0O(e,?)

Example 14. Use the Newton-Raphson method to find a solution accurate to within
107° for the problem, e + 1.441 %* — 2.079 e** - 0.3330 = 0; — 1 <x < 0. Use the initial point as

x,=-0.5. [U.P.T.U. MCA (SUM) 2008]
Sol. flx) = e + 1.441 % — 2.079 e** — 0.3330
x,=-0.5 | Given
Also f(x) = 6e5* + 2.882¢% — 8.316e%

By Newton-Raphson formula,
f(xn)
xn+1 =T 4
f(x,)
6x 2x 4x,
e + 1441 —2.079¢™ —0.3330
=Xn T 6x, 2x 4x (1)
6e”"" +2.882¢" —8.316e "

Putting n = 0, the first approximation is, x; = — 0.35241839

Putting n = 1, the second approximation is, x, = — 0.284980263
Putting n = 2, the third approximation is, x5 = — 0.246813527
Putting n = 3, the fourth approximation is, x, = — 0.223232852
Putting n = 4, the fifth approximation is, x; = — 0.207509457
Putting n = 5, the sixth approximation is, x5 = — 0.195400823
Similarly, puttingn =6,7,8, 9, ...... in (1), we get at last,

%19 =—0.169602323 and x,, = — 0.16960655

Since x,, and x,, are same up to five decimal places, hence, the root of the given equa-
tion is — 0.16960 correct up to five decimal places.

ASSIGNMENT

1. (i) By using Newton-Raphsons method, find the root of x* — x — 10 = 0 which is near to x = 2
correct to three places of decimal. (U.P.T.U. 2014, G.B.T.U. 2012)

(i) Find the root of 2 sin x — 2x + 1 = 0 correct to five significant digits with initial approximation

x, = 1.0. (M.T.U. 2012)

2. (i) Compute one positive root of 2x — log,, x = 7 by Newton-Raphson method correct to four
decimal places. [G.B.T.U. (C.0.) 2011]

(iz) Find the real root of the equation log,, x —x + 3 = 0 correct to four demical places using
Newton-Raphson method. (G.B.T.U. 2011)

(iii) Use Newton-Raphson method to find the root of 3x —log,, x = 6 correct to four decimal places.
(G.B.T.U. 2012)
3. (i) Use the Newton-Raphson method to find a root of the equation x3— 2x — 5 = 0.
(i1) Use Newton-Raphson method to find a root of the equation x3 — 3x — 5 = 0.
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4.

10.

11.

12,

13.

14.

Find the real root of the equations:
(i) log x = cos x (1) x2+4sinx=0 (i) x3—4x+1=0

(M.T.U. 2012)
by Newton-Raphson method correct to three decimal places.

Use Newton-Raphson method to obtain a root, correct to three decimal places of following
equations :

(I{)sinx=1-x @) x®*-5x+3=0 i) x* +x2-80=0
)23 +3x2-3=0 v) 4(x —sinx) =1 (vi)x—cosx=0
(vii) sin x = % (viii) x log,,x = 4.77 (G.B.T.U. 2011)

(i) Explain the method of Newton-Raphson for computing roots.
[U.P.T.U. 2009, U.P.T.U. MCA (SUM) 2009, G.B.T.U. (MCA) 2010]
(i1) Explain the limitations of Newton-Raphson method for finding out the root of an equation.
(U.P.T.U. 2009)

(zi7) Explain the order of convergence and prove that Newton-Raphson method is second order

convergent. M. T.U. 2012, G.B.T.U. 2010, 2011)
If an approximate root of the equation x (1 —log, x) = 0.5 lies between 0.1 and 0.2, find the value
of the root correct to three decimal places by Newton-Raphson method. (U.P.T.U. 2015)

Find all the roots of cos x — x% — x = 0 to five decimal places by Newton-Raphson method.
(U.P.T.U. 2006)

X
Find all positive roots of the equation 10 J. efx2 dt — 1 = 0 with six correct decimals. Use
0
Newton-Raphson method. (U.P.T.U. 2008)
Use Newton-Raphson method to find the smallest positive root of the equation tan x = x.
{Hint: x lies in (n, S?EH (G.B.T.U. 2011, U.P.T.U. 2007)

2 3
Find the positive root of the equation e* =1 + x + Y + 3 %3 correct to 6 decimal places.

Show that the equation flx) = cos {%} +0.148x — 0.9062 = 0 has one root in the interval

(- 1,0) and one in (0, 1). Calculate the negative root correct to 4 decimals. (U.P.T.U. 2009)
(i) Use Newton’s formula to prove that square root of N can be obtained by the recursion formula,

2
x“ —N
x”l:xi(l_ L2N ]

Hence, find the square root of
(@) 13 (U.P.T.U. 2008) (b) 21 [UPT.U. (MCA)2009] (c)35.
correct to 4 decimal places.

1/3
(i) Find the positive value of (1_7) correct up to 4 decimal places using Newton-Raphson

method. (U.P.T.U. 2009)

Find the iterative method based on Newton-Raphson method to find cube root of N where N is a
positive real number. Apply the method for N = 18 and obtain result correct to two decimal
places. [G.B.T.U. MCA (SUM) 2010]
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15. (i) The equation 2¢™~ = 12 + 1 has two roots greater than — 1. Calculate these roots correct
to five decimal places. (M.T.U. 2012, G.B.T.U. 2013)
(it) Use Newton-Raphson method to find a root of non-linear equation
f(x) =x% + 2x2 + 10x — 20 = 0 up to 10 iterations. (U.P.T.U. 2009)
16. Determine p, ¢ and r so that the order of the iterative method
ga  ra’
X, 1= P¥n +xn_2+?
for a'® becomes as high as possible. [U.P.T.U. (MCA) 2007]
[Hint:p+q+r=1,p-29—-5r=0,3q + 15r =0.]
Answers
1. (@) 1.855 (i1) 1.4973
2. () 3.7892 (1) 3.5502 (i) 2.1079
3. (1) 2.094568 (1) 2.279
4. (i) 1.303 (1) —1.934 (Zir) 1.860, 0.2541, — 2.1147
5. (1) 0.511 (1) 0.657 (i) 2.908 (tv) —2.533
(v) 1.171 (v1) .739 (vii) 1.896 (viii) 6.083
7. 0.186 8. 0.55000 ; — 1.25115
9. Roots liein (0, 1) and (1, 2) ; 0.100336, 1.679631 10. 4.4934 11. 2.363376
12. -0.5081. 13. (i) (a) 3.6055 (b) 4.5825 (c) 5.9160 (17) 0.3889
14. 2.62 15. () Roots lie in (- 0.8, 0) and (0, 1) ; — 0.689752, 0.770091 (ii) 1.3688

16. p= g,q= g,r=—%;Third order.

4.15 DEFINITIONS

1. Anumber o is a solution of fix) = 0 if flar) = 0. Such a solution o is a root or a zero of flx) = 0.
Geometrically, a root of the equation flx) = 0 is the value of x at which the graph of y = flx)
intersects x-axis.
2. If we can write flx) = 0 as

fl)=x-—)"gx)=0
where g(x) is bounded and g(a) # 0 then o is called a multiple root of multiplicity m. In this
case,

f(o) = £7(0) = cevevvvnns =f™-D () =0, f™ (a) 20

For m = 1, the number o is said to be a simple root.

4.16 METHOD FOR MULTIPLE ROOTS

If o is a multiple root of multiplicity m of the eqn. flx) = 0 then, we have
Ao)=f" (o) = ........ =fm-De)=0 and F™(a)#0

It can easily be verified that all the iteration methods discussed so far have only linear
rate of convergence when m > 1.
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For example, in Newton-Raphson method, we have

m m+1 m+2
€r_ r(m) r (m+1) 23 (m+2)
— - + + — T+l
fx) = flo+e) = — 5 7 (o) D! f (o) Y f (o)
m -1 m
, Y __%k (m) €r  p(m+1)
f'x,) = (o +ep) —(m—l)!f (Oc)+—m!f (0) + e

The error equation for N—R method becomes,

1 1 £ (o)
e, . 1= (1—5)6;6 + o —" f(m) @ e,% +O(e,§)

If m # 1, we obtain,
1
ek+1:(1—;)ek+0(e,§) (D

which shows that the method has only linear rate of convergence.

However, if the multiplicity of the root is known in advance, we can modify the methods
by introducing parameters dependent on the multiplicity of the root to increase their order of
convergence.

For example, consider Newton-Raphson method in the form
i3
'

where [ is an arbitrary parameter to be determined.

.(2)

xk+1=xk_B

If o is a multiple root of multiplicity m, we obtain from (2), the error equation
(m+1
B j B f () 3
e =|1-—|e, + e,” +0(ey)
kel ( m) " mZm+1 £ () k k

If the method (2) is to have the quadratic rate of convergence then the coefficient of ¢,
must vanish which gives

B
1__= —
0 or B=m

Thus, the method

xk_mf_]%

X .
k+1 fk

has quadratic rate of convergence for determining a multiple root of multiplicity m.

If the multiplicity of the root is not known in advance, then we use the following
procedure.

It is known that if f{lx) = 0 has a root o of multiplicity m, then f'(x) = 0 has the same root
o of multiplicity m — 1.

Hence, g(x) = % has a simple root o, we can now use Newton-Raphson method
x
g (xz)
= X; —
xk +1 k g/ (xk)

to find the approximate value of the multiple root a.
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Simplifying, we have
I i
Xp o1 =X — —g——r
' fi* =t fi
which has quadratic rate of convergence for multiple roots.

Note. If initial approximation x, is sufficiently close to the root, then the expressions,

&) F&0) gy £
fl (xo) fll (xO) f//l (xo)

will have same value.

X — , % —(m—-1)

EXAMPLES

2fe,)
f(x,)
quadratic convergence when f(x) = 0, has a pair of double roots in neighbourhood of x = x,,.

Sol.e . =e - 2flate,)

n+l~ "n
f'la+e,)
in powers of e, and using ﬂa)n= 0, f’(a) = 0 since, x = a is a double root near x = x,, we get

Example 1. Show that the modified Newton-Raphson method x, , ;= x, — gives a

,wherea, e, ande, , , have their usual meanings. Expanding

erzl ”
2 {21 7@ +....... }

en+1_en 9
{en f”(a)+g—”!f’” (@) +....... }

= en —_
e, {f” (@) + % F7 (@) + ... }
1 1
%e, {2' @+ 1 (a)}
~ e —
" ” en "
7 (a) + o1 7 (a)
” en rn
{f (o) + 91 f (a)}
€1~ Lez 7@
6" F ()
= en 1% er12

and hence convergence is quadratic.
Example 2. Find the double root of the equation x> — x> —x + 1 = 0.
Sol. Let f)=a®—x2 —x + 1

so that f/(x)=3x2—2x -1, f"(x) = 6x — 2
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Starting with x, = 0.9, we have

flxg) _ 5 2x.019

- =.9- - 1.
0T ) can 0%
flag) (=37
and x,— (2-1) (i) 9- 34 - 1.009

The closeness of these values implies that there is a double root near x = 1.
Choosing x, = 1.01 for next approximation, we get

g fx) 0.0002

-1.01-2 - 1.0001
T % 0.0403
£ (xq) .0403
d —(2-1 =1.01-22% _ 1 0001
an - 2= 406

This shows that there is a double root at x = 1.0001 which is quite near the actual root
x=1.

4.17 NEARLY EQUAL ROOTS

So far, Newton’s method is applicable when f’(x) # 0 in the neighbourhood of actual root x = a,
i.e., in the interval (a — h, a + h).

Ifthe quantity A is very very small, it will not satisfy the above restriction. The application
of Newton’s method will not be practical in that case. This condition arrives when roots are
very close to each other.

We know that in case of double root x = a, fix) and f’(x) both vanish at x = a. Thus, while
applying Newton’s method, if x; is simultaneously near zeros of flx) and f’(x) i.e., flx;) and
f’(x;) both are very small, then it is usually practical to depart from the standard sequence
and proceed to obtain two new starting values for the two nearly equal roots.

To obtain these values, we first apply Newton’s method to the equation f’(x) = 0 i.e., we
use the iteration formula

f(x;)
X =X. — L -(1)
i+1 12 f” (xl)
with last available iterate as the initial value x, for (1).
Suppose x = c is the solution obtained by (1).
Now by Taylor’s series, we have
1
fx)=fle) + (x—c) f'(c) + 3 (x—clf7e) + ...
1 7,
=f(c)+§(x—c)2f’(c)+R | =~ f)=0

Assuming R to be small, we conclude that the zeros of flx) near x = ¢ are approximately
given by
-2f(c)
f” (C)

fle) + % (x—c)2f"c)=0 = x=ct ..(2)
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Using these values as starting values, we can use the original iteration formula to get
two close roots of flx) = 0.

Example. Use synthetic division to solve f(x) = x® — x> — 1.0001 x + 0.9999 = 0 in the
neighbourhood of x = 1.

Sol. To find (1) and f'(1),

1 -1 -1.0001 0.9999 1
1 0 —1.0001
1 0 —1.0001 —0.0002 =£(1)
1 1
1 1 —.0001 =£"(1)
1
1 ”,
1 2= 2 7
From the above synthetic division, we observe that f{1) and f’(1) are small. Hence, there
exists two nearly equal roots. Taking x, =1, we will usex; , ; =x, - w to modify the root.
. . ” f (xz)
For this, we require f”(1).
From the above synthetic division, we have
1
Ef”(l)=2 = f"(1)=4
First approximation x, = 1 - & =1- M = 1.000025
ey 4
Now, we again calculate f (x,) and f”(x,) by synthetic division.
1 -1 —1.000100 0.999900 1.000025
1.000025 0.000025 —1.000075
1 0.000025 —1.000075 —0.000175 = flx,)
1.000025 1.000050
1 1.000050 —0.000025 = f"(x,)

1.000025

1
1 2.000075 = 2 f7(xq)

f(1.000025) = - 0.000175 and f”(1.000025) = 4.000150
Now, for nearly equal roots,

x=cx #f(c) , where ¢ = 1.000025
f” ()

= 1.000025 + —2(-.000175) _ 1.009378, 0.990671
4.000150
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4.18 COMPARISON OF NEWTON’S METHOD WITH REGULA-FALSI METHOD

Regula-Falsi is surely convergent while Newton’s method is conditionally convergent. But
once, Newton’s method converges, it converges faster.

In Falsi method, we calculate only one more value of function at each step i.e., Ax™)
while in Newton’s method, we require two calculations flx ) and f’(x,) at each step.

Newton’s method generally requires less number of iterations but requires more
time for computation at each iteration.

When f’(x) is large near the root, correction to be applied is smaller in case of Newton’s
method and then this method is preferred while if f’(x) is small near the root, correction to be
applied is large and curve becomes parallel to x-axis. In this case Regula-Falsi method should
be applied.

Newton’s method has the fastest rate of convergence. This method is quite sensitive to
starting value. It may diverge if f’(x) = 0 during iterative cycle.

ASSIGNMENT

1. The equation fix) = (x — 1)% (x — 3)2 has roots at x = 1 and x = 3. Which of the following methods can
be applied to find all the roots?

(i) Bisection method (i1) False position method (i1i1) Newton-Raphson method
Justify your answer. (G.B.T.U. 2010)
2. A sphere of wood, 2 m in diameter, floating in water sinks to a depth d given by
d3-3d?>+25=0

Find d correct to two decimal places.

Answers

1. (iit) Newton-Raphson method since it deals with multiple roots as well.
1.16

4.19 INTERPOLATION [G.B.T.U. (MCA) 2010, G.B.T.U. MCA (SUM) 2010]

According to Theile, ‘Interpolation is the art of reading between the lines of the table’.
It also means insertion or filling up intermediate terms of the series.

Suppose, we are given the following values of y = flx) for a set of values of x:
X X, %, Xy e X

yioo Yo R Yo o e ¥,

Thus, the process of finding the value of y corresponding to any value of x = x; between
x, and x, is called interpolation.

Hence, interpolation is the technique of estimating the value of a function for any
intermediate value of the independent variable while the process of computing the value of
the function outside the given range is called extrapolation.
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4.20 ASSUMPTIONS FOR INTERPOLATION

1. There are no sudden jumps or falls in the values during the period under consideration.

2. The rise and fall in the values should be uniform.

e.g., if we are given data regarding deaths in various years in a particular town and
some of the observations are for the years in which epidemic or war overtook the town then
interpolation methods are not applicable in such cases.

3. When we apply calculus of finite differences, we assume that the given set of observa-
tions are capable of being expressed in a polynomial form.

If the function flx) is known explicitly, the value of y corresponding to any value of x can
easily be found.

If the function f{x) is not known, it is required to find a simpler function, say ¢(x) such
that flx) and o(x) agree at the set of tabulated points. Such a process is called interpolation. If
0(x) is a polynomial, then the process is called polynomial interpolation and ¢(x) is called the
interpolating polynomial.

4.21 ERRORS IN POLYNOMIAL INTERPOLATION

Let the function y(x) defined by (n + 1) points (x, y,) i =0, 1, 2, ...... , n be continuous and
differentiable (n + 1) times and let y(x) be approximated by a polynomial ¢, (x) of degree not
exceeding n such that
0,(x)=y,;1=0,1,2, ..... , N (1)
Now problem lies in finding the accuracy of this approximation if we use ¢,(x) to obtain
approximate values of y(x) at some points other than those defined above.

Since the expression y(x) — ¢, (x) vanishes for x = x, x4, ...... ,X,, we put
yx) —¢,)=LTII ,, (x) (2)
where I, () = (x —xp) (x —x) ...... (x—x,) ...(3)

and L is to be determined such that equation (2) holds for any intermediate value of x say x’
where x, <x’ <x,.

_ Y& -0,&)

Clearly, L T ) .(4)

Construct a function,  F(x) = y(x) = ¢,(x) - LTI, ;(x) ...(6)
where L is given by (4).

It is clear that, Flxy) = Flx) = ...... =F(x,)=Fx)=0

i.e., F(x) vanishes (n + 2) times in interval [x,, x,] consequently, by repeated application of
Rolle’s theorem, F'(x) must vanish (n + 1) times, F”(x) must vanish »n times in the interval

[x, x,1.
Particularly, F"*1 (x) must vanish once in [x,, x,].
Let this point be x=8;x,<E<x,.
Differentiating (5) (n + 1) times w.r.t. x and put x = £, we get
n+1l
0="*PVE-Ln+D! — @ H=(+1!
dxn +1
(n+1)
so that, = y_(&) ...(6)
(n+1!
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Comparison of (4) and (6) gives

(n+1)
&) =0, () = y(Tl)(i;) n &)
Hence, required expression for error is
1_[n +1 (x)
y(x) = ¢,(x) = NEEEI y 1), xy<E<x, (7

Since y(x) is generally unknown, hence we do not have any information concerning
yn+ 1D (x), equation (7) is useless in practical computations.

Particularly, we will use it to determine errors in Newton’s interpolating formulae.
The various methods of interpolation are as follows:

(1) The method of graph (2) The method of curve fitting

(3) Use of calculus of finite difference formulae.

The merits of last method over others are

(7) It does not assume the form of function to be known.

(ii) It is less approximate than method of graphs.

(ii7) Calculations remain simple even if some additional observations are included in the
given data.

The demerit is that there is no definite way to verify whether the assumptions for the
application of finite difference calculus are valid for the given set of observations.

4.22 FINITE DIFFERENCES

The calculus of finite differences deals with the changes that take place in the value of the
function (dependent variable) due to finite changes in the independent variable.

Suppose, we are given a set of values (x;,,y,);i=1,2, 3, ...... , n of any function y = flx).
A value of independent variable x is called argument and the corresponding value of depend-
ent variable y is called entry.

Suppose that the function y =f(x) is tabulated for the equally spaced values x = x,
X+ h,xy+2h, ..., x,+nh givingy =y, ¥, Vg, oeene ,¥,,- To determine the values of fix) or f"(x)
for some intermediate values of x, given three types of differences are useful:

1. Forward differences. The differences y, —y,, ¥, =1, Y3 =Yg +o-e-- » ¥, =Y, _, When denoted
by Ay, Ayy, Ayg, vn... , Ay, , respectively, are called the first forward differences where A is the
forward difference operator. (U.P.T.U. 2009)
Thus, the first forward differences are
Ayr = yr+1 - yr

Similarly, the second forward differences are defined by

A%y, = Ay, — A,
Particularly, A2y0 =AY, =AY =Y =Y ==Yy =Yoo — 2y + Yo
Similarly, Ay, =y3— 3y, + 3y, -,

A4y0 =y, — 4y, + 6y, — 4y, +y,.
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Clearly, any higher order difference can easily be expressed in terms of ordinates
since the coefficients occurring on R.H.S. are the binomial coefficients*. In general,
APy =AP~1y - AP~1y defines the p'® forward differences.

Following table shows how the forward differences of all orders can be formed.

Forward difference table

x y Ay A%y Ny Aty Ay
%o Yo
Ayo
Xy Y1 Ay,
(=xy+h) Ay, Ay,
X9 Yo Ay, Ay,
(= x, + 2h) Ay, Ay, ASy,
X3 Y3 Ay, Ay,
= (x, + 3h) Ay, A3y,
Xy Y4 Ay,
= (x, + 4h) Ay,
X5 Y5
= (x, + 5h)
Here, the first entry y, is called leading term and Ay,, A2y, ...... are called leading
differences.

Remark. A obeys distributive, commutative and index laws :
1. A [fx) £ d(x)] = Aflx) £ Ad (x) 2. Alcf)] =cAf(x);cis constant
3. A" A" f(x) = Am*™ f(x), m, n being (+)ve integers.
But, A[f(x) . 0(x)] # f(x) . A 0(x).

2. Backward differences. The differences y, —y,, v, =¥, ... » ¥, —¥,_1 Wwhen denoted by Vy,,
Vygy e , Vy, respectively are called first backward differences where V is the backward
difference operator. (U.P.T.U. 2009)

Similarly, we define higher order backward differences as,
VY=Y, =Y
V2, =Vy, = Vy,_,
Viy =V2% —V2Zy . etc.
Particularly, V2, =Vy, = Vy, =y, =y, — 01 —¥9) =9 — 2Y, + ¥
V3y, = V2, — V2y, =y, — 3y, + 3y, —y, etc.

#AMy)) =y, —"Ciy, 1 +"Coy, o+ e + (= Dy,
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Backward difference table
x y Vy vy Viy Viy Voy
%o Yo
Vy,

X1 Y1 V2,

(=x5+h) Vy, Viy,
X9 Yo V2, Viy,

(= x, + 2h) Vy, Viy, Voy,
X3 Y3 Vi, Viys

(=x, + 3h) Vy, Viy,
X4 Y4 V2,

(=x, + 4h) Vy,
X5 Y5

(= xy + 5h)

3. Central differences. The central difference operator o is defined by the relations

V1Yo =y Yo —¥1 = g5 eenee Y = Yp1= 8y

1-

2

[G.B.T.U. 2012, U.P.T.U. 2009]

Similarly, high order central differences are defined as

83/3/2 - 8.')’1/2 = 82}’17 8_)/5/2 & 8_’)/3/2 = 82_)/2 and so on.
These differences are shown as follows:

Central difference table

x y 3y &y &y &ty &y
Xo Yo
&y 1y0
X1 Y1 &y,
& s/0 8%an
Xy Yo & 2 &ty 2
8570 8%sn 8ysm
X3 Y3 &y, 8y,
%770 8%y1n
Xy Y4 &y 4
oo
X5 Vs

Note 1. The central differences on the same horizontal line have same suffix.

2. It is only the notation which changes, not the differences e.g.,
Y1= Yo = Ay() = Vy1= 6yl/Z'
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4.23 OTHER DIFFERENCE OPERATORS

1. Shift operator E. [G.B.T.U. 2012, U.P.T.U. 2009]
It is the operation of increasing the argument x by 4 so that
Eflx) =flx + h)
E2flx) = flx + 2h) and so on.
The inverse operator E-! is defined by
E-1flx) = fix — h).
Also EY =y, .
2. Averaging operator |L. [G.B.T.U. 2012, U.P.T.U. 2009]
It is defined by

1
== +
HY 2 [yx+;h yx—;h}

In difference calculus, E is fundamental operator and V, A, J, it can be expressed in
terms of E.

4.24 RELATION BETWEEN OPERATORS

1. A=E-1 or E=1+A.

[M.T.U. (MCA) 2012, U.P.T.U. (MCA) 2009]
Proof. We know that,

Ayx=yx+h_yx=ny_yx=(E_1)yx

= A=E-1
or E=1+A
2. V=1-E1
Proof. Vy. =y, -y, n=y.-Ely
: V=1-E1
3. d§=E”2_E 172 (U.P.T.U. 2014)
Proof. .=y =Y h= EV2 Ve E‘l/zyx = (E12 _E1?) Y,
x+5 Y
S5=ERE12_E-12
1
4. U= E (E1/2 + E—1/2)
1 1 1/2 1/2
Proof. uyx=§(y h+yx_ﬁ)=§(E +E12)y,
xtg 9
1
= U= E (E1/2 + E—1/2)
5. A =EV = VE = §E12

[G.B.T.U. 2011, U.P.T.U. (MCA) 2009, M.T.U. 2012]
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Proof. E(Vy)=EQ, =y, ) =Y, n—Y. = A,
= EV=A
V(ny) = Vyx+h I i Ayx
= VE = A

8E1/2yx=6yx+ﬁ =yx+h_yx=Ayx
2

= SEV2 = A
6. E =e"P [U.P.T.U. (MCA) 2009]
Proof. Efix) = lx + h)
h2
=flx)+hf(x)+ 91 “(x) + ..... (By Taylor series)

2
= flx) + hDflx) + % D2Ax) + ......

(h D)?
=|1+aD+ TR flx) = "D flx)

E=e"® or A=eP-1.

4.25 DIFFERENCES OF A POLYNOMIAL

The nth differences of a polynomial of nth degree are constant and all higher order differences
are zero when the values of the independent variable are at equal interval.

Let flx) =ax™ +bx" "1 +cx*~ 2+ ... +hx+1
Afx) = flx + h) — flx)
=alx+A —x"] +b [(x+ A" 1—x""1] + ... + kh
=anhx® 1 +bx" "2 +cx" "3 + ... +Rx+ 1 (1)

where b’, ¢/, ...... , " are new constant coefficients.

First differences of a polynomial of nt" degree is a polynomial of degree (n — 1).

Similarly, A?flx) = Aflx + h) — Aflx)
=anh [x+h)" 1—x""N+b[(x+h) " 2—x""2] + ... +Ekh
=an(n—1) A2x" =2+ b"x"~3 + ...... + R .(2)

Second differences represent a polynomial of degree (n — 2).
Continuing this process, for nt? differences, we get a polynomial of degree zero i.e.,
A fix)=an(n—-1) (n - 2) ...... 1h"=an! h"

which is a constant. Hence, the (n + 1) and higher differences of a polynomial of nth degree
will be zero. Converse of this theorem is also true.
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EXAMPLES
Example 1. Construct the forward difference table, given that
x: 5 10 15 20 25 30
9962 9848 9659 9397 9063 8660

and point out the values of A%y, Aly,.
Sol. Forward difference table is as follows:

x y Ay AZy Ady Aty
5 9962
—-114
10 9848 -75
- 189 2
15 o650 e
- 262 1
20 9397 -72 2
- 334 3
25 9063 - 69
- 403
30 8660
From the table, A%y, =—73 and A%y ,=-1.
Example 2. Construct a backward difference table for y = log x given that
x: 10 40 50
y: 1 1.3010 1.4771 1.6021 1.6990
and find values of V? log 40 and V* log 50.
Sol. Backward difference table is:
x y Vy Viy Viy Viy
10 1
0.3010
20 1.3010 -0.1249
0.1761 0.0738
30 1.4771 -0.0511 —0.0508
0.1250 0.0230
40 1.6021 -0.0281
0.0969
50 1.6990

From the table, V3log 40 =0.0738 and V*log 50 = - 0.0508.
Example 3. (i) Find f(6) given f(0) =- 3, f{1) =6, f(2) =8, f(3) = 12 ; third difference being
constant.

(@) Find A9(1 — ax)(1 — bx®)(1 - cx3)(1 — dx?).
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Sol. () The difference table is:

x flx) Af(x) Nf(x) A3f(x)
0 -3
9
1 6 -7
2 9
2 8 2
4
3 12

A0 + 6) = E6A0) = (1 + A)SA0) = (1 + 6A + 15A2 + 20A%) A0)
=-3+6(9)+15(-=T7)+20(9) =126.
(i) Maximum power of x in polynomial will be 10 and co-efficient of x1° will be abcd.
Here, k=abced, h=1,n=10
Expression =k A" n ! = abed 10!
Example 4. Evaluate:

@) Atanlx (i1) A2 cos 2x
where h is the interval of differencing.
Sol. (i) Atanlx=tanl(x + h) —tanlx
x+h-x h
=t -1 =t 1| "
an {1+x(x+h)} o (1+hx+x2J
(i1) A2 cos 2x = Alcos 2(x + h) — cos 2x]

= [cos 2(x + 2h) — cos 2(x + h)] — [cos 2(x + h) — cos 2x]

=—2sin(2x+3h)sinh + 2sin (2x + ) sin A

=—2sin & [2 cos (2x + 2A) sin h] = — 4 sin2 A cos 2(x + A).
Example 5. If f(x) = exp(ax), evaluate Af(x).

Sol. Ao = ea(x +h) _ etx — (eah _ 1)eax
A2eax 4 A(Aeax) - A[(eah _ l)eax] — (eah _ 1)(eah _ l)eax — (eah _ 1)2 oax
Similarly, A3 e®* = (eth _ 1)3 gax

An et = (e.ah _ 1)n .eax.

n!h"
x(x+h...... (x +nh)’

1 1 1 1 1 1
n|l— | _ An-1 — | — An-1 — = —(_ n-2 i
R R N £ B e BT H hﬂ
USRI | RSN ) P N R
=Cbha Kx+h x x+2h x+h

1
Example 6. With usual notations, prove that, A" (;) =(-D".
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=(_1)An—2|: 2 _1_ 1 :|=(_1)An—2 {i}

x+h x x+2h x(x + h)(x + 2h)
2142 31h°
— (_ 2 Aan-2|___“=*"" - (— 3 An-3
=174 {x(x+h)(x+2h)} =174 {x(x+h)(x+2h)(x+3h)}
n!h"

= (-1

x(x+h)...... (x+nh)
Example 7. Evaluate: (@) A" [sin (ax + b)]  (ii) A" [cos (ax + b)].
Sol. (i) Asin (ax +b) =sin [a (x + &) + b] — sin (ax + b)

=2sin% cos [a(x+£)+b} =2sin% sin (ax+b+wj
2 2 2 2

AZsin (ax + b) = A {2 sina2—hsin (ax +b+ ah2+ nﬂ

. ah . ah) . ah+nt ah+m
=|2sin— || 2sin— |sin|ax +b+— + —
2 2 2 2

2
= (2 sin %) sin [ax +b +2(ah2+nﬂ

Proceeding in the same manner, we get

3
A3 Sin (ax + b) = (2 Sln%) Sin |:ax+b+M:|

A" sin(ax+b)=(2sin%) sin|ax +b+

n(ah + n):l

Similarly,

(i)  A"cos (ax +b) = (2 sin %) cos|ax +b+n (ah; nﬂ

Example 8. Prove that

2
(i) A log f(x) = log {u%ﬂ (i) p = [H%}.
[G.B.T.U. 2013, U.P.T.U. 2009]

Sol. (i) LHS =log f(x + &) — log f(x)

= log [f(x) + Af(x)] — log f(x) | = Af(x) =f(x + h) —f(x)

f(x) + Af (%) Af (x)
—log | XY H N jog |1+ 22 | - RHS
8 { F@ } 8 { N }
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(i1)

Example 9. Prove that e* = [AEJ e*

2
RHS = 1+% - \/1+%(E1/2 _E—1/2)2 | S = EI/Z_E—1/2

_ %x/4+(E1/2 _ g2y

1/2 -1/2
(E1/2 +E- 1/2)2 — % =u= LHS

DO | =

2 Eex

R (M.T.U. 2013)
Ae

Az
Sol. [E] e=A2Eler= A2t =ph A2 ¥
b A2 Ee* - —h x+h
RHS=e" . A%e*. —— =e" Ee*=e"e"*"=¢"
A e*
Example 10. Prove that,
@) (B2 +E-12)(1+AN2=2+A (U.P.T.U. 2009)
1

() A= 3 82 + 8 |1+ (8%/4) [G.B.T.U. 2013, U.P.T.U. 2009, G.B.T.U. (C.0.) 2011]
(i1i) Ady, = Viy,.
(iv) hD = - log (1 - V) = sin h™1 (ud). (M.T.U. 2013, U.P.T.U. 2006)

Sol. ) (EV2+ EV2)E2=E+1=1+A+1=A+2

f 2
(1) % 2+ 1_,_% — % (BY2 _ §-12)2 (12 _ §-12) \/1+%(EU2 —E7V2)2

(i)

@@v)

Also,

or

1/2 ~1/2
= % (E + E1-92) + (EV2 _ E-172) (%J

=%(2E—2)=E—1=A

Ay, =(E-13y,

=(E?-3E2+3E-1y,=y,—-3y, + 3y, -,
Viys =1 -E™y;

=(1-3E1+3E2-E3)y, =y, -3y, +3y;— ¥,
AD =1log E = —log (E) = —log (1 - V) |~ E'=1-V

U= % (E1/2 + Efl/Z) and &= E1/2 _ E71/2

ud = % (E-EYH= % (e"D — e7"D) = sinh (hD)
AD = sinh! (ud).
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Example 11. Prove that

A
@A+ V= VA where A and V are forward difference and backward difference

operators respectively. [G.B.T.U. 2012, G.B.T.U. (MCA) 2010, 2011; U.P.T.U. 2008, 2009]

n-1
@) Y, Ay, = Ay, - Ay, @id) Ay, = Vy, , .
r=0

E-1
E-1 1-E!' E-1 (Ej g 1

Sol. (i) aY. - = - =E-Z=E-E!
oLt V A 1-E* E-1 _(E—l) E-1  E
E
=E-1D+Q-EH=A+V
n-1 n-1
(i1) Z Ay = Z (A1 — AY) = Ay, = Ay + Ayy = Ay + e + Ay, — Ay,
r=0 r=0
= Ay, — Ay,
Vy, .= —-E1yy, = E-1y =(E-1rE7y, =A"
(i11) Vier=A=Ey, .= N Vpur=E-1VETy, =~y

Example 12. Prove that

1 AE™" A 2
Hud==(A+V)= += (ii)1+(8—j=1/1+62u2
2 2 2 2
[G.B.T.U. 2011] [G.B.T.U. 2013, U.P.T.U. 2014]
7
(iit) V2 = h°D? - B°D3 + 72 h*D4 ... fv) V-A=-VA
[G.B.T.U. (C.0.) 2010; G.B.T.U. (MCA) 2010, 2011]
1
Sol. (i) H& = E(El/Q + E—1/2) (E1/2 _ E—1/2)
1 1
=-(E-ED=7-[(E-1+1Q-E)] (1)
2 2
1
= ud = 2 (A+V)
Also from (1),
o= 1 [A+(E-1)E1] = 1(A AE) = AR +é
Ho=g iarin- 20T "2 2

Hence, the results.
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(@) LHS

2
—1+[8
2

l(E
g E+

RHS

{
I

E =D
VZ=(1-e

Hence,

(ii1)

=[1_{1_

_ {hD_

= h2D2

= h2D2

- h2D2

E 1/2)2

1/2 - -1
_ E+E -
J_1+(:E—: +—

2
2 2

1+(

E1)

1/2
|:1+ (El/Z ]f2)2 (EI/Z +E1/2)2}:|

=)

and V=1-E1
—hD)Z

E+E
2

E2+E2+2
4

Res

(hD)*
4!

(hD)?
21

_(hD)?

hD +
3!

(hD)* (RD)*  (AD)*

e
1+{

4!

2! 3!

(hD)?
6

hD

2

(hD)?
6

(hD)?
6

[0
2

[0
2

g

1—hD+(1+1)(hD)2—...}
i 43

= h2D? (1 hD+ 5 WD* - ) = h2D? — h3D3 + 1—72 ADA — ..

(iv)
—(E-

Example 13. Prove that if m is a (+)ve integer then

V—A:(l—Ef

(x-m+1

1)—(E—1)=(Tj—(E—l):(E—l)(E1—1)

DA-EH=-

(x_l_l)(m)
m!

x(x—-1)

Sol.

m!
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x(x—D(x-2)...... (x—-m+2)

= ' [(x=m + 1) + m]
m!

@+ Dxx-Dx-2)....ix-m+2)  (x+D™
- m! T m!
Example 14. Given u, + ug = 1.9243, u,+u,=1.9590
Uy +ug=19823, uy+uy;=19956. Find u,

= LHS.

= E-18u,=0

= ug — 8¢y, + 8cquyg — 8cquy + 8c,u, — 8egug + 8cguy — 8ciuy + 8eguy =0

= (wy + ug) —8(uy + uqg) + 28(uy + ug) —56(ug +uy) + 70 u, =0

= u, = 0.99996. (After putting the values)
ASSIGNMENT

1. (i) Form a table of differences for the function:
fx)=x3+5x -7 for x=-1,0,1, 2, 3, 4, 5. Continue the table to obtain A6) and A7).
(@1) If y = x® + x2 — 2x + 1, calculate values of y forx = 0, 1, 2, 3, 4, 5 and form the difference table.

Find the value of y at x = 6 by extending the table and verify that the same value is obtained
by substitution.

2. Prove that: D sin”'x = sin™! [(x + 1) \/1— x% —x \/1— (x+D?].
3. (i) Write forward difference table for

X 10 20 30 40

y: 1.1 2.0 4.4 7.9.

(i1) Assuming that the following values of y belong to a polynomial of degree 4, compute the next
three values:

X 0 1 2 3 4 5 6 7
Yy 1 -1 1 -1 1 — — —
4. Construct the table of differences for the data below.
x: 0 1 2 3 4
flx) 1.0 1.5 2.2 3.1 4.6

Evaluate A3 f(2).
5. Prove that:

@) V=AET=EIA=1-E! @) EV2 = + % )
(iii) § = AE"V2 = VE12 @ E=(1-V)t
(v) AV = VA = & (G.B.T.U. 2011) (vi) §=A1+A2=V1-V)¥2 (U.P.T.U. 2009)
1
(vii) 8E = A2 (G.B.T.U. 2012) (viii) ud = E(E -E (G.B.T.U. 2012)

(x) A=V (A -V)! [MT.U (MCA) 2012]
6. u, is a function of x for which fifth differences are constant and
U, +u;=-186, u, + ug = 686, us + u; = 1088. Find u,.
7. Prove that:
(D) uy=ug+ Auy + A%uy + Adu, (1) uy = uy + 4Auy + 6A%u_| + 10A% .
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8. Evaluate:

X
(i) Ae log bx) @al—2|h=1.
(x +1)!

Answers
1. () 239,371 (i) 1,1,9, 81, 73, 141; 241
3. (i) 31,129, 351 4.04
6. 570.9.
8.

(i) e® [eah log (1 + ﬁ) +( ~1)log bx} Gi)— — % o,
x (x +2)!

4.26 FACTORIAL NOTATION

A product of the form x(x — 1)(x — 2) ...... (x —r + 1) is denoted by [x]” and is called a factorial.
Particularly, [x] = x; [x]2 = x(x — 1); [x]3 = (x — 1)(x — 2) ete.
In case the interval of differencing is 4 then

[x]" = x(x — h) (x — 2h) ...... (x—n-1h)
Factorial notation helps in finding the successive differences of a polynomial directly by
simple rule of differentiation.

4.27 TO SHOW THAT (i) A"[x]"=n! (ii) A*1[x]"=0

Alx]™ = [(x + A)]" — [x]?
=(x+h)x+h—-h)(x+h-2h) ... x+h-n-1h)
—x(x=h) (x = 2h) ...... x=—n-1h)

=x(x—h) ... x—n-2h)[x+h—(x—nh+h)]=nhlx]"1
Similarly, A?[x]" = Alnh [x]" 1] = nh Alx]" 1 =n(n — 1) A2 [x]* 2

A'lx]"=n(n-1)...2.1. A" Y (x+h-x)=n!h"
Also, Attlx]"=pn A" —n A" =0
when A =1, Alx]" = nlx]*-1 and A*[x]"=n!
Hence, the result of differencing [x]" is analogous to that of differencing x” when A = 1.

4.28 TO SHOW THAT xt™ = THE INTERVAL OF DIFFERENCING

BEING UNITY
By definition of x™, we have
2™ =(x —n—1h)xnD ..(D)
when interval of differencing is 4.
When n = 0, we have x© = (x + A) (2)
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Since, Ax™ = phxn -1 ..(3)
when n = 1, AxV = ax©@,
= A=hx? = h=h® = x0=1
1
From (2), 2D = . (4)
(x+h)

when n = -1, from (1),
1D = (x + 2h) x2)

1
= (x + 2h) x2 - =
- weh R 7T G+ 2h)
1
I 1, ) = ..(5
o genera T Gt b +2h) ... (x+nh) ®
1
(n) = —
T @)™
Here x“ is called reciprocal factorial where n is a (+)ve integer.
1
Particular case. When h =1, & =—"7-.
(x+n)

4.29 MISSING TERM TECHNIQUE

Suppose n values out of (n + 1) values of y = flx) are given, the values of x being equidistant.
Let the unknown value be N. We construct the difference table.
Since only n values of y are known, we can assume y = flx) to be a polynomial of degree
(n—1)in x.
Equating to zero the nt" difference, we can get the value of N.

EXAMPLES

Example 1. Express f(x) = x* — 12x% + 24x% — 30x + 9 and its successive differences in
factorial notation. Hence show that A°f(x) = 0.

Sol. Let flx) = Alx]* + Blx]® + Clx]2 + D[x] + E

Using method of synthetic division, we divide by x, x — 1, x — 2, x — 3 etc. successively,
then

1 1 -12 24 -30 9=E
1 -11 13

2 1 -11 13 -17=D
2 -18

3 1 -9 -5=C
3

4 1 -6=8B

1=A
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Hence, flx) = [x]* — 6[x]3 — 5[x]? — 17[x] + 9

Afx) = 4[x]% — 18[x]% — 10[x] — 17

A*flx) = 12[x]% — 36[x] — 10

A3fix) = 24[x] — 36

A*flx) =24 and A°fx)=0.
Example 2. Obtain the function whose first difference is 9x% + 11x + 5.
Sol. Let fix) be the required function so that Aflx) = 9x2 + 11x + 5
Let 92+ 11lx +5=9x]2 + Alx] + B=9x(x - 1) + Ax + B
Putting x=0, B=5 and x=1, A=20

Afx) = 9[x]% + 20[x] + 5

Integrating, we get

[x]? [x]?
ﬂx)=9?+207+5[x]+c

=3xx—-1)(x—2)+10x(x -1 +bx+c=3x3 +x2+x +c
where c is the constant of integration.

Example 3. Find the missing values in the table:

x: 45 50 55 60 65
y: 3 — 2 — —-24.
Sol. Difference table is as follows:
x y Ay APy Ay
45 3
Y1~ 3
50 Yy 5—2y,
2-y, 3y, +y3—9
55 2 Y +ys—4
Yq—2 3.6 -y, — 3y,
60 ¥, - 0.4 -2y,
-24-y,
65 -24

As only three entries y,, y,, y, are given, the function y can be represented by a second
degree polynomial.

Ay,=0 and A3, =0
= 3y, +y;=9 and y,+3y;=3.6
Solving these, we get
¥y, =2.925, y,=0.225.
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Example 4. Find the relation between o, p and yin order that o, + Bx + yx° may be
expressible in one term in the factorial notation.

Sol. Let flx) = o+ Px + 2 = (a + bx)?
where a and b are certain unknown constants.
Now, (@ +bx)? =(a +bx) [a +blx—1)]

=(a + bx) (@ — b + bx) = (a + bx)> —ab — b*x
= (a®? —ab) + (2ab — b?)x + b%? = o + Px + Y2
Comparing the co-efficients of various powers of x, we get
o=a?—-ab, B =2ab - b2 y=>b2
Eliminating a and b from the above equations, we get y? + 4oy = 2
Example 5. (i) Estimate the missing term in the following table:

x: 0 1 2 3 4
y =flx): 1 3 9 2 81 [G.B.T.U. (C.0.) 2010]
(it) Find the missing term in the table:
x: 2 3 4 5 6
flx): 45 49.2 541 2 674 [M.T.U. 2013, U.P.T.U. 2008]
Sol. (i) We are given Four values
. Aflx)=0 Vx
= (E-1*fx)=0 Vx
= (B*—4E3+6E2—-4E + 1) flx)=0 Vx
= flx+4)—4flx +3)+6flx +2)—4flx + 1)+ fx)=0 Vx

where interval of differencing is 1.
Now putting x = 0, we obtain,

f4) — 4f(3) + 6f12) —411) + f10) =0 ...(1)
= 81-4f(3)+54-12+1=0 (From table)
= 4f13) =124 = f(3)=3l1.
(i) We are given four values.
) A*flx)=0 Vx
= E-1*flx)=0 Vx
= (BE*—4E3+6E2—-4E + 1) flx)=0 Vx

= fAx+4)—-4fx+3)+6fx+2)—4flx+ 1) +flx)=0 Vx
where interval of differencing is 1.
Now, putting x = 2, we obtain,

f6) — 4f(5) + 6fi4) — 4f(3) + 2) = 0

= 67.4—-4f(5) + (6 x 54.1) — (4 x 49.2) + 45 =0

= 4f(5) = 240.2

= f(5) = 60.05

Example 6. Estimate the production for 1964 and 1966 from the following data:
Year: 1961 1962 1963 1964 1965 1966 1967
Production: 200 220 260 — 350 — 430

Sol. Since five figures are known, assume all the fifth order differences as zero. Since
two figures are unknown, we need two equations to determine them.
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and

and

and

and

Hence, A%y,=0 and A%, =0
= (E-19y,=0 and (E-1)%,=0
= Y5 — 5y, + 10y; — 10y, + 5y, —y,=0
Ye—9y5 + 10y, — 10y, + 5y, —y, =0
Substituting the known values, we get
y5— 1750 + 10y, — 2600 + 1100 — 200 = 0
430 — 5y, + 3500 — 10y, + 1300 — 220 =0
= y5 + 10y, = 3450
-5y, — 10y, =—-5010
Adding (1) and (2), we get
— 4y, =-1560 = y,=390
From (1), 390 + 10y, = 3450
= 10y, = 3060 = y;=306
Hence production for year 1964 = 306
production for year 1966 = 390.

ASSIGNMENT

(i) Estimate the missing term in the following:
X 1 2 3 4 5 6
y: 2 4 8 — 32 64
Explain why the result differs from 16?
(i) Find the missing value of the following data:
X 1 2 3 4 5
fl) : 7 13 21 37

() From the following data, find the value of U,,:

(1)
.(2)

U,;=0.2884, U, =05356, U,=06513, Uy, =0.7620.

[Hint.A*U =0 = (E-1*U,=0.]

(@i) Given: log 100 = 2, log 101 = 2.0043, log 103 = 2.0128, log 104 = 2.0170. Find log 102.

(i) Determine the missing values in the following table:

www.cgaspirants.com

0 5 10 15 20 25
y: 6 10 — 17 — 31 (G.B.T.U. 2011)
(i) «x: 1 1.5 2 2.5 3 3.5 4
flx) : 6 ? 10 20 ? 15 5
[G.B.T.U. 2010; G.B.T.U. (C.0.) 2011]
(i)  «: 1 2 3 4 5 6 7 8
flx) : 1 8 ? 64 ? 216 343 512
(v) «x: 2 2.1 2.2 2.3 2.4 2.5 2.6
0.135 —  0.111  0.100 — 0.082  0.074
V) x: 10 15 20 25 30 35
flx) 43 — 29 32 — 77  [IM.T.U. 2012, G.B.T.U. 2011]
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(vi)  «x: 1 2 3 4 5 6 7 8
flx) : 2 4 8 — 32 — 128 256
Explain why the results differ from 16 and 64. [G.B.T.U. 2013]
4. Express flx) = el in terms of negative factorial polynomials.
(x+1)(x+3)
Answers
1. (1) 16.1, 2% is not a polynomial (i1) 9.5
2. (1) 0.4147 (ii) 2.0086
3. (i) 13.25,22.5 (ii) 0.222, 22.022
(zit) 27, 125 (iv) 0.123, 0.0904
(v) 33.933, 46.733 (v1) 16.257, 63.476; 2* is not a polynomial.

4. xD 452 4 44D

We now proceed to study the use of finite difference calculus for the purpose of
interpolation. Thus we shall do in following cases which are as follows:

(i) The value of argument in given data varies by an equal interval. The technique is
called an interpolation with equal intervals.

(i) The values of argument are not at equal intervals. This is known as interpolation
with unequal intervals.

4.30 NEWTON’S FORMULAE FOR INTERPOLATION

Newton’s formula is used for constructing the interpolation polynomial. It makes use of divided
differences. This result was first discovered by the Scottish mathematician James Gregory
(1638-1675) a contemporary of Newton.

Gregory and Newton did extensive work on methods of interpolation but now the for-
mula is referred to as Newton’s interpolation formula. Newton has derived general forward
and backward difference interpolation formulae.

4.31 NEWTON’S GREGORY FORWARD INTERPOLATION FORMULA

(M.T.U. 2013)
Let y = flx) be a function of x which assumes the values fla), fla + h), fla + 2h), ....... ,fla + nh)
for (n + 1) equidistant values a,a + h,a + 2h, ...... ,a + nh of the independent variable x. Let flx)

be a polynomial of nth degree.
Let flx) =Aj+ A, x—a) +Ay(x—a) x—a-h)+A;(x-a) x—a—-h) (x—a—-2h)+

....... +A (x-a)...x-a-n-1h) ...(1)
where A, A, Ay, ... , A, are to be determined.
Putx=a,a+h,a+2h, ... ,a + nh in (1) successively.
For x = a, fla) = A, ...(2)
Forx=a+h, fla+h)=A;+Ah
= fla +h) =fa)+ AR | By (2)
= Al = Af}ia) ...(3)
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For x =a + 2h,
fla +2h) =Ay+ A, (2h) + A, (2h) h

=fla) + 2h {#} +2h% A,
= 2h%A, =fla + 2h) - 2fa + h) + fla) = A*fla)
A’ f(a)
~ AT
- A’ f(a)
Similarly, A= 3170 and so on.
A" f(a)
Thus, A, = TR
From (1),
A f(a) A f(a)
fx) =fla) +(x-a) 5 +(x—a)x—a-h) g1pE T
+@x—a)... (x—a—n—lh)A f(g)
n'h
Putx=a+hu = u:%, we have
Af(a) (hu)(hu—h)
fla + hu) = fla) + hu ; +TA2f(a)+ ......
) (hu) (hu — h) (hu — 2h)n ....... (hu-n-1h) A" fla)
n'h
uu-1)
= ﬂa+hu):ﬂa)+uAﬂa)+TAzﬂa)+...
. u(u— D(u— i)'... u-n+1) A fla)

This formula is particularly useful for interpolating the values of f{x) near the beginning

of the set of values given. 4 is called interval of differencing while A is forward difference
operator.

EXAMPLES
Example 1. The population of a town in the decennial census was as given below. Esti-
mate the population for the year 1895. (G.B.T.U. 2011)
Year x: 1891 1901 1911 1921 1931
Population y: 46 66 81 93 101
(in thousands)
Sol. Here a =1891, h = 10,

a+hu=1895 = 1891 +10u =1895 = u=0.4
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The difference table is as under:

x ¥ Ay A2

1891

1901 66

:
1911 81 -3

12 -1

1921 93 -4

1931 101

Applying Newton’s forward difference formula,

$(1895) = y(1891) + u Ay(1891) + u“; D pey1801) + W A3y(1891)
. u(u — 1)(u4—Y 2)(w - 3) A%y(1891)
(0.4)(0.4 - 1)

= ¥(1895) =46 + (0.4)(20) + (=5)

+ (0.4)(0.4 -1)(0.4 - 2) (2)+ (0.4)(0.4 -1)(04 —2)(0.4 - 3)

-3
6 24 =3

=  y(1895) = 54.8528 thousands = 54852.8 =~ 54853
Hence the population for the year 1895 is 54853 approximately.

Example 2. From the following table of half-yearly premium for policies maturing at

different ages, estimate the premium for policies maturing at age of 46. (U.P.T.U.2014)
Age 45 50 55 60 65
Premium 114.84 96.16 83.32 74.48 68.48
(in rupees)

Sol. Here h=5,a=45,a + hu = 46
g 45+5u=46 = u=0.2
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The difference table is:

Age Premium Ay A2y Ay Aty
(x) (in rupees)
)

E

~

50 96.16 5.84
~12.84

55 83.32 4 0.68

—-8.84 -1.16
60 74.48 2.84

65 68.48

By Newton’s forward difference formula,

ulu—1)

9 uw - D -2) uw - D —-2)(u-3)
Vag = Va5 T U A5+ 21 Nygs + 31 Ay g5 + 41 Aty s
(0.2)(0.2-1)
=114.84 + (0.2)(-18.68) + g1 (5.84)

N (0.2)(0.2 —3})(0.2 -2) (- 1.84) + (0.2)(0.2 - 1)(2.'2 —-2)(0.2-3)

(0.68)

110.525632
Hence the premium for policies maturing at the age of 46 is ¥ 110.52.

Example 3. From the following table, find the value of e%%:
x: 0.1 0.2 0.3 0.4 0.5

ex: 1.10517 1.22140 1.34986 1.49182 1.64872.
Sol. The difference table is:

x 105y 10°Ay 10°A%y 10° A3y 10%AYy
0.1 110517
'S 11623
0.2 122140 1223
12846 127
0.3 134986 1350 17
14196 144
0.4 149182 1494
15690
0.5 164872
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Here A2=0.1. . 024=01+0.1)u or u=14
Newton-Gregory forward difference formula is
$(0.24) = y(0.1) + u A y(0.1) + ”(”2—71) A% y(0.1) + ”(”;)f”‘z) A%y(0.1)

ulu—Du-2)(u-3)
* 4

A% (0.1)

u(u-1
21

= 10° y(0.24) = 10° y(0.1) + u 10% Ay(0.1) +
ulu - D(u—-2)
+ —

105 A%y(0.1)

105 A%(0.1) + u(lu— 1w —-2)(wu-3)

105 A%y(0.1)

3! 4!
= 105 y(0.24) = 110517 + (1.4)(11623) + % (1223)
. (1.4)(1.4 —3 '1)(1.4 =2) (197, LAA4- 1)(1'4 -2)(1.4-3) an
=127124.9088

¥(0.24) = e-2* = 1.271249088

Example 4. The following table gives the population of a town during the last six cen-
suses. Estimate the population in 1913 by Newton’s forward difference formula

Year 1911 1921 1931 1941 1951 1961

Population 12 15 20 27 39 52
(in thousands)

[U.P.T.U. (MCA) 2009]

Sol. Here, a=1911, A =10,x = 1913

x—a 1913-1911 _

ho 10 -
Forward difference table is

0.2

x flx) Aflx) Afx) A3f(x) A4flx) A5f(x)

1911
[ 3]
1921 15

5 ~
1931 20 2 E\

7 3 T -10
1941 27 5 -7

12 —4
1951 39 1

13

1961 52
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Newton’s forward difference formula is

ulu-1)
21

A3 F(1911)

9 ulw—-1)u-2)
A“f(1911) + — 31

A(1913) = £(1911) + uAR1911) +

. ulw-1D@w-2)u-3) A F191D) + uluw-1Dw-2)u-3)(u-4)

5
a1 51 A’ £(1911)

~ 12+ (0.2)(3) + (0.2)(2— 0.8) @) + (0.2)(- 0.8)(- 1.8)(- 2.8)

Y 3)

+ (02)(- 0.8)(— 1.8)(— 2.8)(— 3.8)

51 (-10)

f(1913) = 12.08384 thousands
Hence the population of the town in the year 1913 ~ 12083.84 = 12084 (approximately).

Example 5. From the table, estimate the number of students who obtained marks between

40 and 45. (M.T.U. 2013)
Marks: 30-40 40-50 50-60 60-70 70-80
No. of students: 31 42 51 35 31.

Sol. Difference table is:

Marks less than
(x) y Ay Ay APy Aty

0

50 73 E\
51 95
60 124 16

35 12

70 159 -4
31

80 190

We shall find y ., number of students with marks less than 45.
a=40,h =10, a + hu = 45.
40+10u=45 = u=05
By Newton’s forward difference formula,

(45) = y(40) + u A wu=D .,
Y(45) = y(40) + u A y(40) + —5 — A? y(40)

u(u - Du—-2) u(lu— 1w —-2)(wu-3)

31 A3y(40) + 1 A* y(40)
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-3+ 0542+ OO5-D g, 0505 —61>(o.5 -2) _on)

+ (0.5)(0.5 - 1)(;);15 —-2)(0.5-3) (37)

=47.8672 = 48
Hence number of students getting marks less than 45 = 48
By number of students getting marks less than 40 = 31
Hence number of students getting marks between 40 and 45 = 48 — 31 = 17.
Example 6. Find the cubic polynomial which takes the following values:

x: 0 1 2 3
fx): 1 2 1 10.
Sol. Let us form the difference table:
x y Ay Ay Ay
o |
~

2 1 10

3 10

Here, A& =1. Hence using the formula, x =a + hu
and choosing a =0, we getx =u

By Newton’s forward difference formula,

Y=Yy +x Ay, + x(x27 L) A2y0 A A (= ;’)Y(x—z) N 0
x(x—-1) x(x-1(x-2)
=1+x(1)+ oY (—2)+T(12)

=2x3 —Tx? +6x + 1
Hence the required cubic polynomial is
y =flx) = 2% — Tx? + 6x + 1.

Example 7. The following table gives the marks secured by100 students in the Numerical
Analysis subject:

Range of marks: 30-40 40-50 50-60 60-70 70-80
No. of students: 25 35 22 11 7

Use Newton’s forward difference interpolation formula to find.
() the number of students who got more than 55 marks.
(it) the number of students who secured marks in the range from 36 to 45.
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Sol. The given table is re-arranged as follows:

Marks obtained No. of students
Less than 40 25
Less than 50 60
Less than 60 82
Less than 70 93
Less than 80 100
(i) Here, a =40, h =10, a+ hu =55
40 + 10u = 55 = u=15

First, we find the number of students who got less than 55 marks.
The difference table is as under:

Marks obtained No. of Ay Ay Ay Aty
less than students =y
0
-
50 60 ~a -13 -
2 ~ [
60 82 -11 ~
11 7
70 93 -4
7
80 100

Applying Newton’s forward difference formula,

-1 - D(u -2 “Du-2w-3
V55 =Yg T UAY 4o + % Ay + % A3y, + ulu )(u4' u—3) Ay,
=95 + (1.5)(35) + (1'52&(_13) + (1.5)(.5)(=.5) @) + (1.5)(.5)(-.5)(- 1.5) (5)

3! 4!
=71.6171875 = 72
There are 72 students who got less than 55 marks.
No. of students who got more than 55 marks = 100 — 72 = 28

(i) To calculate the number of students securing marks between 36 and 45, take the
difference of y,, and y,,.

x—a 36-40

u= -4
h 10
Also, u= 45-40 =.5
10
By Newton’s forward difference formula.
wwu—-1) wwu—-Dw-2) wu— D —-2)u-3)
Yag =Vag FUAY4 + TAZ Yo 3 A33’40"‘ 4! A4y40

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

440 A TEXTBOOK OF ENGINEERING MATHEMATICS
-04)(-14 -04)(-14)(-2.4
=25+ (—0.4)(35) + (;#(_ 13) + ( ) = )( ) @

+ (=0.4)(-1.4)(-24)(-34)

(5)="7.864~8
4!

uwu-1 A2y, + uu—-Du-2) Ay

Also, Yas = Yao + U AYao + —o7— A Va0 3! 40

uu-1Dw-2)w-3) 4
41 A Y40

+

(0.5)(- 0.5)

=925+ (0.5)(35) + 5 (—13)+ (0.5)(-0.5)(—1.5)

(2)

(0.5)(- 0.5)(-1.5)(- 2.5)
+ 24 (5)

=44.0546 =~ 44.
Hence, the number of students who secured marks in the range from 36 to 45 is
= Y45~ Y56 =44 — 8 = 36.
Example 8. The following are the numbers of deaths in four successive ten year age
groups. Find the number of deaths at 45-50 and 50-55.

Age group: 25-35 35-45 45-55 55-65
Deaths: 13229 18139 24225 31496.

Sol. Difference table of cumulative frequencies:

Age up to No. of deaths Af(x) A2f(x) A3f(x)
x flx)
35 13229
~ | [ 18139
45 31368 ~a 6086
24225 ~a 1185
55 55593 7271
31496
65 87089
Here, h=10,a =35,a + hu =50

35+10u=50 = u=15
By Newton’s forward difference formula,

u(u-1
o0 A23’35 +

u(u—-1Du-2)
B TR

(1.5)(0.5)(— 0.5)
6

Y50 = Y35+ U AYgs +

= 13229 + (1.5)(18139) +

= 42645.6875 =~ 42646
. Deaths at the age between 45 — 50 is 42646 — 31368 = 11278
and Deaths at the age between 50 — 55 is 55593 — 42646 = 12947.

(6086) +

% (1185)
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ASSIGNMENT

1. Estimate the value of f{22) from the following available data:
X 20 25 30 35 40 45
flx): 354 332 291 260 231 204
2. Given that:

X 1 2 3 4 5 6
y(x): 0 1 8 27 64 125
Find the value of (2.5). [U.P.T.U. (MCA) 2008]
3. (i) The table below gives value of tan x for 0.10 <x < 0.30.
X 0.10 0.15 0.20 0.25 0.30

tanx: 0.1003 0.1511 0.2027 0.2553 0.3093
Evaluate tan 0.12 using Newton’s forward difference formula.
(i) Find the value of sin 52° from the following table using Newton’s forward difference formula:
0: 45° 50° 55° 60°
sin 6: 0.7071 0.7660 0.8192 0.8660
4. (i) Fit a polynomial of degree 3 and hence determine y(3.5) for the following data:

X 3 4 5 6
y: 6 24 60 120 [M.T.U. 2013, G.B.T.U. 2011, 2012]
(i) Find the interpolating polynomial to the following data and hence find the value of y for x = 5:
x: 4 6 8 10
fx): 1 3 8 16 (G.B.T.U. 2013)
(iii) Express the value of 0 in terms of x using the following data:
x: 40 50 60 70 80 90
0: 184 204 226 250 276 304
Also find 6 at x = 43. (M.T.U. 2012)
5. (1) Obtain the value of f{3.5) from the following data:
X 3 4 5 6 7
flx): 3 6.6 15 22 35 (G.B.T.U. 2010)
(i) Use Newton-Gregory formula to compute y at x = 24 from the following data:
X 21 25 29 33 37
y: 18.4 17.8 17.1 16.3 15.5 [G.B.T.U. (C.0.) 2011]

6. (i) Find the cubic polynomial which takes the following values:
y(0)=1, y(1)=0, y(2)=1andy3)=10
Hence or otherwise obtain y(4).
(i1) Find the polynomial interpolating the data:

X 0 1 2
y: 0 5 2 (U.P.T.U. 2008)
7. Ordinates flx) of a normal curve in terms of standard deviation x are given as
x: 1.00 1.02 1.04 1.06 1.08
flx): 0.2420 0.2371 0.2323  0.2275  0.2227

Find the ordinate for standard deviation x = 1.025.

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

442 A TEXTBOOK OF ENGINEERING MATHEMATICS
8. Find the number of men getting wages between % 10 and ¥ 15 from following table:
Wages (in 3): 0-10 10-20 20-30 30-40
Frequency: 9 30 35 42 (G.B.T.U. 2011)
9. Following are the marks obtained by 492 candidates in a certain examination
Marks: 0-40 40-45 45-50 50-55 55-60 60-65
No. of candidates: 210 43 54 74 32 79
Find out the number of candidates who secured
(a) more than 48 but not more than 50 marks
(b) less than 48 but not less than 45 marks.
10. Find the number of students from the following data who secured marks not more than 45
Marks range: 30—40 40-50 50-60 60-70 70-80
No. of students : 35 48 70 40 22
11. Use Newton’s forward difference formula to obtain the interpolating polynomial f(x) satisfying
the following data:
x: 1 2 3 4
flx): 26 18 4 1
If another point x = 5, flx) = 26 is added to the above data, will the interpolating polynomial be
the same as before or different. Explain why?
12. Find the polynomial of degree four which takes the following values:
X 2 4 6 8 10
y: 0 0 1 0 0 (U.P.T.U. 2007)
13. Use Newton’s method to find a polynomial p(x) of lowest possible degree such that p(n) = 2" for
n=0,1,2, 3, 4.
14. Find the order of the polynomial which might be suitable for the following function:
X 2 2.1 2.2 2.3 2.4 2.5 2.6 2.7
Ax): 0.577 0.568 0.556 0.540 0.520 0.497 0.471 0.442
Also find the value of f{2.15) using difference formulae. [G.B.T.U. (MCA) 2010]
Answers
1. 352.22304 2. 3.375
3. () 0.1205 (i) 0.7880
4. (i) x®—3x%+ 2x,13.125 @) §x2 - Ex +6,1.625 (ti1) sz + Hx + 124, 189.79
8 4 100 10
5. (i) 3.28125 (i) 17.9571
6. ({)x3—2x%2+1;33 (i) 9x — 4x2
7. 0.23589625 8.15
9. (a)27 (b) 27 10. 51
11. 17 x% — 20x2 + % x + 11; no change since third differences are constant.
12, — (x* — 24x3 + 19642 — 624x + 640) 13. £—£+1—1x2+7—x+ 1
64 24 12 12 12
14. 7% 0.562425293.
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4.32 NEWTON’S GREGORY BACKWARD INTERPOLATION FORMULA
[U.P.T.U. MCA (SUM) 2008]

Let y = flx) be a function of x which assumes the values fla), fla + h), f (a + 2h), ...... ,
fla + nh) for (n + 1) equidistant values a, a + h, a + 2h, ...... , @ + nh of the independent variable x.
Let flx) be a polynomial of nt" degree.

Let, f)=A;+Ax—a-nh)+A,(x—a—-nh)x—a-—n-1h)+ ...
+ A, (x—a-nh)(x—a-n-1h) ... (x—a-nh)

where Ay, A, Ay A, , A, are to be determined. ..(D)
Put x=a+nh,a+ n-1 A, ... , @ in (1) respectively.
Put x=a +nh,thenf(a +nh)=A, ..(2)
Put x=a+(n-1)h, then
fla+n-1h)=A,—hA =fa+nh)-hA, | By (2)
- A - A% f(ah+ nh) (3

Putx =a + (n — 2)h, then
fla+n-2h)=A,—-2hA, +(—2h)(—h) A,

= 21h%2A,=fla+ n—2 h)—fla + nh) + 2Vfa + nh) = V2 fla + nh)
V2f(a +nh)
A2 = T ...(4)
Proceeding, we get A = %};nh) ..(5)
n!

Substituting the values in (1), we get

ﬂx)=ﬂa+nh)+(x—a—nh)w+ ...... +x—-a-nh)(x—a-n-1h)
% h
..... (t—a—h) LG )
n!h"
Put x =a + nh + uh, then
x—a—-nh=uh
and x—a—-(n-1Dh=wW+1)h
x—a—-h=@w+n-1)h
(6) becomes,
ulu+1)
flx) = fla +nh) +u Vfa + nh) + 21 V2 fla + nh)
_ \vid
bt uh @+ Dl (u + n=T)h) L @* R
n'h
uu+1)
or fla + nh +uh) = fla + nh) + u VAa + nh) + Y V%fla + nh)
. N uw+1..... '(u+n—1) V" fla + nh)
n!

This formula is useful when the value of flx) is required near the end of the table.
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EXAMPLES

Example 1. The population of a town was as given. Estimate the population for the
year 1925.

Years (x): 1891 1901 1911 1921 1931
Population (y): 46 66 81 93 101
(in thousands)
Sol. Here, a+nh=1931,h =10,a + nh + uh = 1925
_1925-1931 0.6
u=—-739_ =-0
Difference table is:
x y Vy V2y Viy Viy
1891 46
20
1901 66 -5
15 2

1911 81 -3
12 1
1921 93 v -1

1931 i ER

Applying Newton’s Backward difference formula, we get

uwu+1 _,
Y1995 = Y1931 + U VY1931 + 21 Y1931

u(u + D(u+2)
+ —
3!

(-06)04) . (-06)(04)14)
2! 3!

. (- 0.6)(0.4)(1.4)(2.4)
4!

u(w+ D+ 2)(u+3)
V3y 1081 + 41 V41981

=101 + (- 0.6)(8) +

(=3)

= 96.8368 thousands.
Hence the population for the year 1925 = 96836.8 =~ 96837.
Example 2. The population of a town is as follows:

Year: 1921 1931 1941 1951 1961 1971
Population: 20 24 29 36 46 51

(in Lakhs)

Estimate the increase in population during the period 1955 to 1961.

Sol. Here, a+nh=1971,h =10,a + nh + uh = 1955
g 1971+ 10u =1955 = u=-1.6
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Difference table is:
x y Vy V2y Viy Viy Vy
1921 20
4
1931 24 1
5 1
1941 29 2 0
7 1
1951 36 3 o

10 /v

1961 46 o
[5 |~
1971 o~

Applying Newton’s backward difference formula, we get

u(u+1) )
Y1955 = Y1971 T U VY1971 + 21 Y1971

u(u + D(u + 2)

V3y

1971

u(u+ Du+2)(w+3)(u+4) 5

u(u+ D+ 2)(w+3) 4
+

51

(- 1.6)(- 0.6)(0.4)
+

6

+ (= 1.6)(- 0.6)(0.4)(1.4)(2.4)

4! Yigr1 *
=51+ 1605 + 0200 ()
(- 1.6)(- 0.6)(.4)(1.4)
+ o1 =9
= 39.789632

Increase in population during period 1955 to 1961 is

=46 — 39.789632 = 6.210368 Lakhs = 621036.8 =~ 621037.

120

Y1911

8)

=9

Example 3. Evaluate from following table f(3.8) to three significant figures using Gregory-

Newton backward interpolation formula

x: 0 1 2 3 4
f(x): 1 1.5 2.2 3.1 4.6 (U.P.T.U. 2009)
Sol. Here,a + nh=4,h=1,a + nh + uh = 3.8
8—4
u= 3 81 =-0.2
Backward difference table is
x flx) V flx) V2 flx) V3Ax) V4fx)
0 1
0.5
1 1.5 0.2
0.7 0
2 2.2 0.2 -0.4
0.9 0.4
3 3.1 P /v
(5]~
4 [46 |~

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

446

www.cgaspirants.com

A TEXTBOOK OF ENGINEERING MATHEMATICS

By Newton’s backward difference formula,

f(3.8) =f(4) + uVf(4) +

=4.6+(-0.2) (1.5 +

uw+1)
2

N uw+1l) w+2) w+3)

(= 0.2)(0.8)

2

V2f(4) +

uw+l w+2)

3!

V3£(4)

(0.6) +

4!

(-0.2)(0.8)(1.8)

V4f(4)

Y (0.4)

2 50208 A8)(28) (4 v _ 4 51036,

4!
Example 4. Given log x for x = 40, 45, 50, 55, 60 and 65 according to the following table:
x: 40 45 50 55 60 65
log x: 1.60206 1.65321 1.69897  1.74036 1.77815  1.81291
Find the value of log 5875. [M.T.U. (MCA) 2012]
Sol. The difference table is:
x 10°log x =10%, | 10°Vy, 105 V2y, 105 V3y, 105Vty, 105 Voy,
40 160206
5115
45 165321 - 539
4576 102
50 169897 — 437 - 25
4139 77
55 174036 - 360 /
3779 [ 57 ] »
60 177815 /
(o]
o | [~

Newton’s Backward difference formula is
ulu+1)
2!

fla + nh + uh) = fla + nh) + uVfla + nh) + V2fla + nh)

u(u+ D(u+2)
3!

ulw+ D+ 2)(u+3)
4!

N u(w+ D+ 2)(u+3)u+4)
51!

nh) + V4 fla + nh)

V3fla +

V® fla + nh) ..(1)

First we shall find the value of log(58.75).
a+nh=65h=5a+nh+uh=>58175
65 +5u =587 = u=-1.25

Here,
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From (1),

10° f(58.75) = 181291 + (-1.25)(3476) +

(—1.25)('— 025) 404

+ (- 1.25)(—30'.25)(0.75) (57) + (-1.25)(— 0.15')(0.75)(1.75)

+ (=1.25)(- 0.25)(0.75)(1.75)(2.75)
5!

(- 20)

(%)

= 10° f(58.75) = 176900.588

. f(58.75) = log 58.75 = 176900.588 x 107° = 1.76900588

Hence, log 5875 = 3.76900588 | - Mantissa remain the same

Example 5. From the following table of half-yearly premium for policies maturing at
different ages, estimate the premium for policy maturing at the age of 63:

Age: 45 50 55 60 65

Premium: 114.84 96.16 83.32 74.48  68.48
(in rupees)
Sol. The difference table is:

Age Premium Vy V2y Viy Viy
(x) (in rupees)
o)

45 114.84

—18.68
50 96.16 5.84

-12.84 —-1.84
55 83.32 4 0.68

—8.84 116 | -
60 74.48 2.84 s

_6 o

65 68.48 o~
Here a+nh=65 h=5a+nh+uh=063

65+5u=63 = u=-04
By Newton’s backward difference formula,

9(63) = y(65) + uVy(65) + ”(L;T D v2,65) + W V2y(65)
! : s 1)(u4+Y 2)(u +3) V41(65)
= 68.48 + (- 0.4)(— 6) + (_0'42&(2.84)
e 0.4)(6(;).6)(1.6) 116+ C 0.4)(0.;2(1.6)(2.6) (68)

= 70.585152
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ASSIGNMENT
1. Find a polynomial of degree three using Newton-Gregory backward difference formula which
takes the following values. Hence find y(7):
x: 3 4 5 6
y: 6 24 60 120 (G.B.T.U. 2012)
2. The population of a town in decennial census is as under. Estimate the population for the year
1955:
Year: 1921 1931 1941 1951 1961
Population (in lacs): 46 66 81 93 101 (M.T.U. 2012)
3. Estimate the value of f(42) from the following available data:
x: 20 25 30 35 40 45
f(x): 354 332 291 260 231 204
4. The table below gives the value of tan x for 0.10 <x < 0.30:
X 0.10 0.15 0.20 0.25 0.30
y =tan x: 0.1003 0.1511 0.2027 0.2553 0.3093
Find: (@) tan 0.50 (i1) tan 0.26 (i) tan 0.40.
5. (i) Given:
x: 1 2 3 4 5 6 7 8
fx): 1 8 27 64 125 216 343 512
Find f(7.5) using Newton’s Backward difference formula.
(i1) Compute f8) from the following data:
x: 1 3 5 7 9
fx): 9 21 81 237 537 (G.B.T.U. 2013)
6. Using Newton’s backward difference formula, find the value of e~1 from the following table of
values of e™:
x: 1 1.25 1.50 1.75 2.00
e 0.3679 0.2865 0.2231 0.1738 0.1353
7. If y(10) = 35.3, y(15) = 32.4, y(20) = 29.2, y(25) = 26.1, y(30) = 23.2 and y(35) = 20.5, find y(12)
using Newton’s forward as well as backward interpolation formula. Also explain why the differ-
ence (if any) in the result occur. (U.P.T.U. 2007)
8. From the following table of values of x and flx), determine (i) f0.23) (ii) £(0.29):
x: 0.20 0.22 0.24 0.26 0.28 0.30
fx): 1.6596 1.6698 1.6804 1.6912 1.7024 1.7139
9. From the following table, find the value of tan 17°
0°: 0 4 8 12 16 20 24
tan 6°: 0 0.0699 0.1405 0.2126 0.2867 0.3640 0.4402
10. From the following table:
x: 10° 20° 30° 40° 50° 60° 70° 80°
cos Xx: 0.9848 0.9397 0.8660 0.7660 0.6428 0.5000 0.3420 0.1737
Calculate cos 25° and cos 73° using Gregory Newton formula. (U.P.T.U. 2006)
11. Use Newton—Gregory formula to interpolate the value of y at x = 36 from the following data:
x: 21 25 29 33 37
y: 184 17.8 17.1 16.3 15.5 (U.P.T.U. 2014)
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Answers
1. x3—3x2 + 2x, 210 2. 9683680 3. 219
4. (i) 0.5543 (i1) 0.2662 (i17) 0.4241
5. (i) 421.875 (i1) 366 6. 0.1496
7. 34.22007, 34.30866 8. (1) 1.6751 (i1) 1.7081
9. 0.3057 10. 0.9063, 0.2923 11. 15.698

4.33 INTERPOLATION BY UNEVENLY SPACED POINTS

The interpolation formulae derived so far possess the disadvantage of being applicable only
to equally spaced values of the argument. It is then desirable to develop interpolation formulae

for unequally spaced values of x. We shall study two such formulae:
(1) Lagrange’s interpolation formula
(2) Newton’s general interpolation formula with divided differences.

4.34 LAGRANGE’S INTERPOLATION FORMULA [G.B.T.U. (MCA) 2010, 2011]
Let fix,), flx,) ,......, fix,) be (n + 1) entries of a function y = flx), where fix) is assumed to be a
polynomial corresponding to the arguments x, x;, x,, ...... VX,
The polynomial f{x) may be written as
flo) = Ay (x —x) (x —x,) ...... (x—x,)+ A (x—x)x —x) ...... (x—x,)
+ e +A, (x—xp) (x—x,) ...... (c—-x, ) .1
where A, A, ...... , A, are constants to be determined.
Putting x = x, x,, ...... ,x,in (1), we get
flay) = Ay (kg —x7) (xy— %) oo (xy—x,)
B 1 (xp)
Ay = (xg — x71) (g — X%9) ... (xg — x,,) -(2)
flx) = A (kg —x) (] —x5) oo (x,—x,)
f(xl)
A = ..(3
L (a1 — %) (7 — x9) ... (27 — x,) 3)
Similarly, A = f () (4
(xx, — xg) (2, — 2 ... (2, — %, _1)
Substituting the values of Aj, A, ...... , A, in equation (1), we get
_ (e—xpD(x—x9)...... (x —x,) (x —xg) (x — x9) ...... (x —xp)
x) = x,) + x;)
f (xg — x7) (g — x9) ...... (xg —xn)ﬂ 0 (21 — xg) (21 — x9) ... (xl—xn)ﬂ 1
. (x — xg) (x — 27) ...... (x —2x,_1) fx)
(x, — x9) (x, — 27) +..... (x, —x,_7) "

This is called Lagrange’s interpolation formula.
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4.35

ANOTHER FORM OF LAGRANGE’S FORMULA

Lagrange’s formula can also be put in the form

where

o (x) f(x,)
P()‘Z(x )W ()

n d
o(x) = rI;IO (x—x,) and O'(x,) = [E {¢(x)}}

x=x,
We have the Lagrange’s formula,

& (x—xg)(x—29) e (x—2,_1) (x—%,,1) ... (x—x,,)

P =

) Z;J (x, —x0) (%, —27) o (o, — 2%, _1) (X, =2, , 1) .. (%, — X,) F)

_ Z { 6 () } flx,) 1)
e —x ) | (o —xg) (= xq) (o, =) (o — 2 ) e (0, — )
Now, (x) = 1'_30 (x—x,)
= (0 —xp)x —x,) ..... (c—x, )—x)@x-x,) ... (x-x,)

¢'(x) = (x —x) (x —x5) ... (x—x,) ... (x—x,) + (x—xp) (x —x,) ..... (x—x,)..... (x —x,)
+ e + (e —xp) (x —xy) ... x—x,_ D-—x,1) ... (x—x,)+ ...
+ (x—xp) (6 —2x9) ... (x—x,) ... (x—x, )

= o) = 0@,

= (x,—xg) (x, —x;) ..... (c,—x, D, —x 1) ... (x, —x,) ..(2)
S 0(x) fx,) .
Hence from (1), P (x) = ;} G0 (x) )0 () | Using (2)
EXAMPLES
Example 1. Using Lagrange’s interpolation formula, find y(10) from the following table:
x 5 6 9 11
y 12 13 14 16 (U.P.T.U. 2009)
Sol. Here, x, = 5, x, =6, X, =9, xg =11

flxy) =12, flx) =13, flxy) =14, flxy) =16
Lagrange’s formula is

(x —xq) (x = 2x5) (x — x3) (x — x¢) (x — x5) (x — x3)

flz) = (xg — x1) (29 — x9) (%9 — x3) Flao)+ (27 — xg) (7 — x5) (2 — x3) Fay)
(x — x9) (x — x7) (x — x3) (x —x0) (x —x7) (x = x5)
(29 — x9) (3 — x7) (25 — x3) flea) (x5 —x9) (3 — 27) (x5 — x5) flxa)
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_ (x-6)(x-9 (x-11 (12) + (x-5)x-9((x-11 (13)
BG-6)B-96GB-11 6-56-9(®6G-11
(x-5)(x-6)(x-11 (x=5)(x-6)(x—9)
+ (14) +
9-509-6)(9-11 (11-5)(11-6)(11-9)
1

=—E(x—6)(x—9)(x—11)+i—§(x—5)(x—9)(x—11) —%(x—5)(x—6)(x—11)

Ax)

(16)

+ 1i5(x—5)(x—6)(x—9)
Putting x = 10, we get

f10) = - %(10—6)(10—9)(10— 11)+§(10—5)(10—9)(10— 11)

7 4
- —((10-5)(10-6)(10-11)+—(10-5)(10-6) (10 -
12( 0-5)(10-6)(10 )+15( 0-5)(10-6)(10-9)

= 14.66666667
Hence, y(10)=14.66666667.
Example 2. Compute the value of f(x) for x = 2.5 from the following table:
x: 1 2 3 4
flx): 1 8 27 64
using Lagrange’s interpolation method.
Sol. Here x,=1, x, =2, Xy =3, xXg =4
fleg) =1, fley)) =8, fley) = 27, flxy) = 64
Lagrange’s formula is

(x —2x1) (x — x5) (x — x3) (x —xq) (x — x9) (x — x3)

P = s —a00) Gt — ) (g — ) 0 Gy “ ) (s —9) (g — ) | V)
(x — xg) (x — x9) (x — x3) (x — xg) (x — x7) (x — x5)
(x2 —xo) (.?Cz —.?Cl) (xz —x3) f(xZ) ’ (x3 —xo) (x3 _xl) (x3 —xg) f(x3)
_(x-2)(x-3)(x—4) (1)+(x—1)(x—3)(x—4) @ + (x-D(x-2)(x—-4) @n

S (1-2(1-3)(1-4) 2-D2-3)(@2-4) B-1DEB-23-4)

(x-Dx—-2)(x-3)

4
t @ Dd-2@_3

Putting x = 2.5, we get

f2.5) = —% (25-2)(25-3)25-4)+4(25-1)(25-3)(2.5-4)

- % 25-1)(25-2)25-4)+ 33—2 (25-1)(25-2)(25-3)

= 15.625.
Example 3. Find the cubic Lagrange’s interpolating polynomial from the following data:
x: 0 1 2 5
f(x): 2 3 12 147.
Sol. Here x,=0, x, =1, X, = 2, Xg=5

flx) =2, fx) =3, fle,) =12, Ax,) =147
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Lagrange’s formula is

flx) =

(x —xq) (x = 2x5) (x — x3) Flag) + (x — x¢) (x — x5) (x — x3)
(xg — 1) (g —29) (g —23) * 0 (21 — %) (% — %) (X7 — %5)

f(xq)
(x = xg) (x — x9) (x — x3) Flxg) + (x — xg) (x — x7) (x — x5)

(xg = x¢) (x5 — x1) (25 — x3) (x3 —x9) (x5 — 27) (x5 — x3)

_ (x-1D(x-2)(x-5) @)+ (x-0)(x—2)(x-5) 3) + x-=0)(x-—D(x-5) (12)
0O-1D(0O-2)(0-5) 1-01-2(1-5) 2-02-1D2-5)

x-0(x-D(x-2)

" G-06-D6-2)

f(xg)

(147)
1 3
= —g(x—1)(x—2)(x—5)+Zx(x—2)(x—5)—2x(x—1) (x-5)

49
+ %x(x—l)(x—%
= fl)=a3+x2-x+2
Example 4. Find the unique polynomial P(x) of degree 2 such that:
P(1) =1, P(3) =27, P(4) =64
Use Lagrange method of interpolation.
Sol. Here, x, = 1, x, =3, X, =4
flxy) =1, fley) = 27, flxy) = 64
By Lagrange’s interpolation formula
(x —2x7) (x — x5) Flxg) + (x —xq) (x — x9) )+ (x —xg) (x —x7)
(g — x1) (xg — X3) (7 —x9) (27 — x5) (xg — x¢) (xg — %1
_ =3 (x-4) (x—1(x—-4) (x—=1(x-3)

= D+ Q27 + ————(64)
1-3)(1-4) B-DEB-4) 4-D(4-3

P(x) =

)f(xz)

=%(x2—7x+12)—%(x2—5x+4)+%(x2—4x+3) =82 _19x + 12

Example 5. The function y = f(x) is given at the points (7, 3), (8, 1), (9, 1) and (10, 9).
Find the value of y for x = 9.5 using Lagrange’s interpolation formula.

Sol. We are given

x: 7 8 9 10
flx): 3 1 1 9
Here, x,=17, x, =8, x, =9, xg =10

flx) =3, flx)=1, fley) =1, flxg)=9

Lagrange’s interpolation formula is

(x — 27) (x — x9) (x — x3) (x —xg) (x — x9) (x — x3)

flx) = (g = 2q) (g — x9) (g — x3) flao)+ (21 = x¢) (27 — x9) (21 — x3) Flm)
(x —xq) (x—27) (x — x3) (x —29) (x —27) (x — x9)
( ) 0 1 2
(e —x0) (e ) (3 — ) | 02 Gor ) (e ) G ) )
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_ (x—8)(x-9) (x —10) 3)+ (x=7) (x-9) (x —10) Q) + (x=T) (x—8) (x —10) D
(7-8)(7-9)(7-10) 8-7(8-9(8-10) (9-7(9-8)(9-10)

(x—7N(x-8)(x-9)
*10-7)(10—-8)(10-9)

@ ..

Putting x =9.51in eqn. (1), we get

f19.5) = - % (95-8)(95-9)(9.5-10) + % (956-7)(9.5-9)(9.5-10)

- % (95-7)(95-8)(9.5-10) + % (95-7(95-8)(95-9) =3.625.

Example 6. Use Lagrange’s interpolation formula to fit a polynomial to the data:

x: -1 0 2 3
u,: -8 3 1 12
Hence or otherwise find the value of u,.
Sol. Here,
x,=-1, x,=0, Xy =2, xg=3

flxy) =8, fley) =3, fley) =1, flag) =12
Lagrange’s interpolation formula is

. (2 —29) (x — x9) (x — x3) Flxg)+ (x — xg) (x — 25) (x — x5)

* o (xg —2q) (g — x9) (9 — x3) (21 = x9) (21 — x9) (2 — x3)

fxq)

(x — x) (x —x7) (x — x3) (x —x9) (x — x7) (x — x5)

Gy — ) (g — ) (g — ) | 2 ¥ (e “0) (i — ) (g~ g) | )
(x-0)(x—2) (x —3) (x+D(x-2)(x—3) (x+1D(x-0)(x-3)

_ _ D
(—1—0)(—1—2)(—1—3)( 8)+(0+1)(0—2)(0—3) @)+ 2+D2-02-3)

(x+D(x-0)(x—-2)

t BB 03 2 2

| b

x(x—2)(x—3)+%(x+1)(x—2)(x—3)—é(x+1)x(x—3)+(x+1)x(x—2)

= u, =2x3—6x%+3x +3 (D
Putting x=11n (1), we get

u, = 2(1)3 - 6(1)2 +3(1) + 3 =2.
Example 7. By means of Lagrange’s formula, prove that

1 1|1 1
@y, =501 +y1)—§[5(y3 —y1) =5 0 —y3)}

(1) y3=0.05 (yg + y5) — 0.3 (y; + ¥5) + 0.75 (y5 + y4)
(i)y, =y;3-03 (ys—y 3) +0.2(y 53—y 5).
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Sol. (i) For the arguments -3, -1, 1, 3, the Lagrange’s formula is

o x+D-D(x-3) N (x+3)(x-D(x-3) +(x+3)(x+1)(x—3)
Ve T B D(B-1D(3-3"2" (143 1-D(-1-3 T 1+3a+1n1-3 !

(x+3)(x+D(x-1

*3+3B+1D3B-1"? (1)
Putting x = 0 in (1), we get

y0=_1_16y_3+li6y_1+1_6y1_1_6y3

=%(y1+y1)—%[%@3—%)—%@1—”)}
(it) For the arguments 0, 1, 2, 4, 5, 6, the Lagrange’s formula is

(x -1 (x—-2)(x-4)(x-5)(x-6) (x—0)(x-2)(x—4)(x—-5)(x-6)
Y= 0-D0-20-90-50-6""" 1-01-21-91-51-6 "

. (x—O)(x—1)(96—4)(96—5)(96—6)y2+(x—O)(x—1)(96—2)(96—5)(96—6)y4
2-02-1DE2-42-5(2-6) 4-04-1)4-2)4-5)(4-6)
(x—0)(x-1)(x-2)(x—4)(x—-6) (x=0)(x-1)(x-2)(x-4)(x-5)

+ Y5+ Yo o ...(2)
65-06-1D6-2)(5-4)(5-6) 6-06-1D(6-2)(6-4)(6-5)

Putting x = 3 in (1), we get
¥3=0.05y,-03y,+0.75y,+0.75y, - 0.3 y, + 0.05 y,
=0.05 (y, +yg) — 0.3(y; +y5) + 0.75 (y, + y,).
(iti) For the arguments -5, -3, 3, 5, the Lagrange’s formula is
(x+3)(x—-3)(x—5) (x+5)(x—3)(x-5)
Vo= (543 (-5-3(5-5"" (3+5(3-3(3-5""
(x+5)(x+3)(x—-5) (x+5)(x+3)(x—-3) "

tB3+5B+3B-5"°7 5+5(6+3(5-3 "
Putting x = 1 in eqn. (1), we get
¥,==02y 405y ;+y;,-03y,=y;— 03 (y5—y ) +0.2(y 53—y ).

ASSIGNMENT

1. Using Lagrange’s interpolation formula, find polynomial which takes the values 3, 12, 15, —21
when x has the values 3, 2, 1 and —1. (UP.T.U. 2014)

2. Values of flx) for values of x are given as
f1)=4,2)=5,[7)=5,f8) =4
Find f(6) and also the value of x for which f{x) is maximum or minimum.

3. (i) Using Lagrange interpolation formula, calculate f{3) from the following table:

X 0 1 2 4 5 6
fx): 1 14 15 5 6 19 (U.P.T.U. 2006)
(i1) Use Lagrange’s interpolation formula to compute f{5.5) from the following data:
x: 0 1 4 5 6
fx): 1 14 15 6 3 [G.B.T.U. (C.0.) 2011]
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4.

10.

11.

12.

13.

14.

Compute f(27) from the following data using Lagrange’s interpolation formula.
x: 14 17 31 35

fl): 68.7 64.0 44.0 39.1 (U.P.T.U. 2007)
() Find the value of tan 33° by Lagrange’s formula if

tan 30° = 0.5774, tan 32° = 0.6249, tan 35° = 0.7002, tan 38° = 0.7813.
(i) Find the value of f{0.55) using Lagrange interpolation with the following table of values:

x: 0.4 0.5 0.7 0.8
fx): -0.916 —0.693 -0.357 -0.223 [UP.T.U MCA (SUM) 2009]
(i) Use Lagrange’s formula to find f(6) from the following table:
X: 2 5 7 10 12
fx): 18 180 448 1210 2028.
(i) Apply Lagrange’s formula to find /(15), if
x: 10 12 14 16 18 20
flx): 2420 1942 1497 1109 790 540.
Derive the Lagrange’s interpolation formula for unequal intervals. Find the value of f(2.6) from
the given table (Use above formula). [U.P.T.U. (MCA) 2006]
x: -2 -1 1 2 6
fx): 4 14 4 ~16 196

Ify,, y4, .- ¥ are consecutive terms of a series, prove that

1
Y5 = % [56(y, +yg) — 28(y5 + y7) + 8(yy + ¥g) — (1 + ¥l

Using the following table, find flx) as a polynomial in x:
X -1 0 3 6 7
f(x): 3 -6 39 822 1611. (U.P.T.U. 2009)
@) If y(1) = - 3, y(38) =9, y(4) = 30, and y(6) = 132, find the four-point Lagrange interpolation
polynomial that takes the same values as the function y at the given points.
(i1) Apply Lagrange’s formula to find a cubic polynomial which approximates the data:
x: -2 -1 2 3
y(x): -12 -8 3 5 [G.B.T.U. (C.0.) 2010]

(Zi7) Find the unique polynomial P(x) of degree 2 or less such that P(2) = 8, P(4) = 64, P(5) = 125
using the Lagrange interpolation formula. Hence evaluate P(2.5).
[G.B.T.U. MCA (SUM) 2010]
Given the table of values
x: 150 152 154 156

y = Vx: 12.247 12.329 12.410 12.490

Evaluate v/155 using Lagrange’s interpolation formula.

Use Lagrange’s method to find a polynomial p(x) of lowest possible degree such that p(n) = 2" for

n=0,1,2,3,4.

Values of f{x) are given at a, b and c. Show that the maximum is obtained by
_ f@ ®% =)+ fB) (c® - a®) + flo) (a® - b?)
C f@®B-0+f®) c-a)+fl)(@-b)

(i) Find a Lagrange’s interpolating polynomial for the data given below:

x, =1, x, = 2.5, x,=4 and x5 =5.5
flxy) = 4, fley) = 7.5, flxy) =13 and flxy) =17.5
Also, find the value of f(5).
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(i) Use Lagrange’s method to find interpolating polynomial of degree 3 to fit the following data:
x: 0 1 2 3
fx): 0 1.7183 6.3891 19.0855
Hence compute the value of f(1.5). [G.B.T.U. (MCA) 2011]
15. Determine by Lagrange’s formula, the percentage number of criminals under 35 years:
Age % number of criminals
under 25 years 52
under 30 years 67.3
under 40 years 84.1
under 50 years 944
16. Obtain Lagrange’s interpolatory for the following data:
x: 1 3 5 7 10
flx): 13 31 25 37 101
Find the values of f{4) and f(8.5) (U.P.T.U. 2015)

Answers
x3-9x2+ 17x + 6 2.5.66;x =4.5
() 10 (i1) 3.096875 4. 49.31046
(1) 0.64942084 (i1) — 0.59721875 6. (1) 293.99856 (I1) 1294.8437
—17.248 9. x*—3x3 +5x2 -6
3 241

1
) A3 — Qx2 _ i - T 43 _ 2 _
10. (1) x°>—3x*+5x—6 @) y(x) 15x 20 %t g0 © 3.9

qove =

(iii) P(x) = 11x? — 38x + 40, 13.75

4 3
x X 11 o Tx
.12 s
11. 12.45 12 o1 12 24x 12+1

14. (i)—ix?’+1—4x2 —§x+1—15
27 9 3 27
15. 77.405

; 16.2962963 (i1) 0.84551x% —1.06028x2 + 1.93307x ; 3.367571

16. flx) =— ﬁ (91x* — 2401x® + 19571 x2 — 60431 x + 29130) ; f(4) = 27.616, f(8.5) = 64.83.

4.36 ERROR IN LAGRANGE’S INTERPOLATION FORMULA

Remainder,
l_In +1 (x)
(n+1!

where Lagrange’s formula is for the class of functions having continuous derivatives of order
up to (n + 1) on [a, b].

y)-L (x) =R, (x) = yr+D(E) a<&<b

Quantity E; = 1{2%- |R,(x)| may be taken as an estimate of error.

Let us assume

|y +D(€)] <M a<&<d

n+1°

n+1
then, EL < m Iﬁfilf]( | Hn N l(x) | .
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EXAMPLES

Example 1. Show that the truncation error of quadratic interpolation in an equidistant
3

h
93

Sol. Letx; ,x;,x

table is bounded by max |f”(€)| where h is the step size and fis the tabulated function.

., 1 denote three consecutive equi-spaced points with step size A.

The truncation error of the quadratic Lagrange interpolation is bounded by

M
|Ey(f; %) | S?S max |(x—x; J—x)x—x_ )|
wherex, ;<x<x  , and M3:an<1£1§b |70 |

x - x;
h
x-—x,_ =x—(x;—h)=x—-x,+h=th+h=0C+Dh
x—xi,,l=x—(xi+h)=x—xi—h=th—h=(t—1)h

and (x—x, Jax—x)x—x,, )=@+1)tt— DA% =tt>—1)h3 = g(t)
Setting g’(¢) = 0, we get

Substitute ¢ = then,

1
3t2-1=0 = t=%t—.
J3
For both these values of ¢, we obtain

3
max |G-, ) =%, )| =B max |40 - D] = 2

Hence, the truncation error of the quadratic interpolation is bounded by

h3
| Ey(f; ) | SmMs

h3
or, |Ef 50| <~ max |£7@)].

93

Example 2. Determine the step size that can be used in the tabulation of f(x) = sin x in
the interval [0, g} at equally spaced nodal points so that the truncation error of the quadratic

interpolation is less than 5 x 1078,
Sol. From Ex. 1, we have

h3
|Ey(f;0)| < —= M,

93

—qi amme = —
= , W = = =
For flx) = sin x, we get f”(x) cosx and M max |cosx|=1
3 0<x<m/4

Hence the step size A is given by
h3
——=<5x10% or h=0.009
93
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Example 3. Using Lagrange’s interpolation formula, find the value of sin (g) from the
following data:
x: 0 /4 /2
y =sin x: 0 0.70711 1.0

Also estimate the error in the solution.

o2, G
Sol. sin(%): 6 62/ 0.70711) + A8 6 4) (1)=051743

olis)  (ole-d)

Now, y(x) =sinx, y(x)=cosx, y’(x)=-sinx, y”(x)=-cosx
Hence, [|y” ()] <1

when x = 7/6,
5363
IR (x)] <[5 /16 _4/16 2

3!

= 0.02392

which agrees with the actual error in problem.

4.37 EXPRESSION OF RATIONAL FUNCTION AS A SUM OF PARTIAL FRACTIONS

32 +x+1
(x — Dlx - 2)(x - 3)
Consider ¢(x) = 3x2 + x + 1 and tabulate its values for x = 1, 2, 3, we get

Let flx) =

X 1 2 3
Ox) =3x% +x + I 5 15 31
Using Lagrange’s interpolation formula, we get
_ (x=-2)(x-3) (x - D(x - 3) (x - D(x-2)
¢(x)——(1_2)(1_3) (5)+_—1(15)+—2 (31)

=g(x—2)(x—3)—15(x—1)(x—3)+%(x—l)(x—2)

5 B 15 N 31
2x-1) x-2 2x-3)

fx) =

4.38 INVERSE INTERPOLATION

The process of estimating the value of x for the value of y not in the table is called inverse
interpolation. When values of x are unevenly spaced, Lagrange’s method is used by
interchanging x and y.
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EXAMPLE
Example. From the given table:
x: 20 25 30 35
y(x): 0.342  0.423 0.5 0.65

Find the value of x for y(x) = 0.390.
Sol. By inverse interpolation formula,

= )@=y mys) L =y (= ys) (v - ys)
0o = 1) Wo —¥2) Do —¥3) " (r1=50) 01— y2) (1 —y5)
(=50 (y—y1) (y - y3) Xy + (Y =50) (v —y1) (y = y9)
(y2 = ¥0) (¥2 — ¥1) (y2 — ¥3) (v3 = 50) (v3 = ¥1) (¥3 — ¥3)
(0.39 — 0.423) (0.39 — 05) (0.39 — 0.65) (20)

~ (0342 0423) (0342 — 05) (0342 — 0.65)

N (0.39 - 0.342) (0.39 - 05) (0.39 — 0.65)
(0.423 - 0.342) )(0.423 — 0.5) (0.423 — 0.65)

(0.39 - 0.342) (0.39 — 0.423) (0.39 — 0.65)
(0.5 -0.342) (0.5 - 0.423) (0.5 - 0.65)

(039 -0.342) (0.39 - 0.423) (0.39 - 0.5)
* (065 — 0.342) (0.65 — 0.423) (0.65 — 0.5)

(25)

(30)

+

(35)
= 22.84057797.

4.39 DIVIDED DIFFERENCES

Lagrange’s interpolation formula has the disadvantage that if another interpolation point
were added, the interpolation co-efficients will have to be recomputed.

We therefore seek an interpolation polynomial which has the property that a polynomial
of higher degree may be derived from it by simply adding new terms.

Newton’s general interpolation formula is one such formula and it employs divided
differences.

If (xg, yo), (15 ¥7), (Xgy Vg) e are given points then the first divided difference for the
arguments x,, x, is defined by

Ayo = [xo’ xl] = M
x X1~ Xp
.. _Y2— N1
Similarly, [x, x,] = =*—== and so on.
Xo — X1

The second divided difference for x, x,, x,, is defined as
[x1, x9] =[x, 4]
A 2 - - 1> 2 0> *1
X1, X2 Yo [xo’ v x2] X9 — X
Third divided difference for x, x,, x,, x; is defined as

[xq, %9, xa] =[x, %1, Xo]
[xg, x,, Xy, X5] = L7273 071720 and so on.
X3 — Xg
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4.40 PROPERTIES OF DIVIDED DIFFERENCES

1. The divided differences are symmetrical in their arguments i.e., independent of
the order of arguments.

Iy, ] = x1{1x0 + xojf)xl =[xy, x,]
Yo + Y1 + Y2
(g — x)(xg — x9) (X7 — 29Xy —x9) (x5 — x9) (2 — x7)
=[xy, x, 241 o1 [y, 29, %]
2. The ntt divided differences of a polynomial of nt! degree are constant.
Let the arguments be equally spaced so that

Also,  [xg, xy, x5] =

Xy =Xy =Xy — Xy = e =x,-x, {=h
Y1=Y _ A
then, , X, = =—
en [, %] P n
[y, 2ol = lxg, 291 1 (Ay; Ay 1 1
[xg, 2y, x,] = =— |28 _2o |- — = (A2y)
0 ¥1 %2 (3 — %) oh \"h ~h )T 2172 00
I 1 11
n general, [x,, x;, Xy, ...... X, = P ﬁ Yo
If tabulated function is a nt* degree polynomial. .. A™y, = constant

nth divided differences will also be constant.

4.41 NEWTON’S DIVIDED DIFFERENCE INTERPOLATION FORMULA
(U.P.T.U. 2009)

Let yg, y15 -eoe. , ¥, be the values of y = flx) corresponding to the arguments x, x,, ...... ,X,, then
from the definition of divided differences, we have
[x, xO] _ Y—Yo
X — %
so that, y=y+ & —xy [x, x,] ..(1D)
Again, [x, Xg» xl] = M
X — 2
which gives, [x, x0] = [xg, 2,1 + (x —x)) [x, x5, 4] ...(2)
From (1) and (2), y =y, + (x —x) [x,, x;] + (x —x) (x —x,) [x, x5, x4] ...(3)
Also, [x, xp, 2, x,] = L, %0, 11 = [%0, 31, %5
X — Xy
which gives [x, x4, 211 = [x, X1, X,] + (x —2x5) [x, X, , %] ..(4)

From (3) and (4), y =y, + (x —xy) [xy, x,] + (x —x;) (x —x,) [x, 2, x,]
+(x —xp) (x —xp) (X —x,) [x, 0, %7, %]
Proceeding in this manner, we get
y=fx) =y, + @ —xp) lxg, x,] + (x —xp) (@ — ;) [y, 27, %)

+ (o —x) (x —x) (x —xy) [xg, xq, %9, X5] + .. + (0 —xp) (x —x,) (x —x,)
..... (x—x, ) [xg, X, X9, Xgy ooy X, ] + (6 —x) (x — 1)) (x — x,)
..... (x —x,) [x, X, X1, Xgy veneny X, ]

which is called Newton’s general interpolation formula with divided differences, the last term
being the remainder term after (n + 1) terms.
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Newton’s divided difference formula can also be written as

Y=o+ @ —x) Ay + (X —xp) (x —x)) A%y, + (x —xp) (x —x)) (x —x,) A3y,
+(x —xp) (0 —xp) (x —x,) (x —x5) Ay, +

..... + (e —xp) (x—x)) . (=, 1) A™Y,

EXAMPLES

Example 1. (i) Find the third divided difference with arguments 2, 4, 9, 10 of the function

flx) =x3-2

X.

@) If fix) = i2, find the first divided differences f(a, b), fla, b, c), fla, b, ¢, d).
x
(ii2) If fix) = g(x) h(x), prove that f(x,, x,) = g(x,) h(x, x,) + g(x,, x5) h (x,).

Sol. ()
x f(x) Aflx) A?flx) ASf(x)
4
56 — 4 _9
4-2
131-26
=15
4 56 9_9
711—56:131 23—15:1
9-4 10-2
269 — 131
———— =23
9 711 10_4
980 - 711 _ 969
10-9
10 980
Hence third divided difference is 1.
(1)
1
x flx) = — Af(x) A2flx) ASf(x)
x
1
a a2
1 1
2 2 (a_”’j
b-a | \la%?
1 ab + be +ca
b 7 P
_(b+c abc + acd + abd + bed
bzcz - a2b262d2
1 bc+cd+db
¢ c? b2c2d?
_ (c + d]
c2d?
1
d a2
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From the above divided difference table, we observe that first divided differences,

)

462
+b
a,b) =— “—)
R ((1262
ab +be + ca abc + acd + abd + bed
ﬂa: b’ C) = a26202 and ﬂa’ b’ ¢, d) == ( a2b202d2 ]
Gid) RHS = g(x,) h(xy) — h(xq) + g(xy) — glxy) hlxy)
Xg — X1 Xo — X1
1
R Hg(xy) hlx,) — gl )hlx D} + {gx,) hlxy) — g(x,) hlxy)l]
2~ X1
_8 () P (x5) — g (1) o (1) = Ag(x)) hx)) = A flx,) = flx, x,) = LHS.
xz - xl Xo Xo
. A 3 (_ —_ 1
Example 2. (i) Prove that b \ 2™ abed
. th o . . 1 . (— 1)71,
(i) Show that the n** divided differences [x,, x, ....., x,| foru = —is
X Xy Xp ennee X,
Sol. (i)
x fix) Afix) A3filx) A3flx)
1
@ =
a
1. 1
b _a _ 1
b-a  ba
b 1 1 2 i
b =D abc
1 1
c b _ 1 g 1
c—b  bc =1 abed
1 1 2 i
¢ c =1 bdc
1.1
d _c _ 1
d-c =~ dc
d 1
d
3 (1 1
From the table, we observe that A° | —|=— . ..(1)
bed \ @ abed
(i7) From (1), we see that
1 1
G N —(_1)
In general,
1 . -D"
PN 2 ( ) = (=D f(xg, X5 Xgy oveee ,X,) = LCO ) Ty xn}
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Example 3. Using Newton’s divided difference formula, find a polynomial function
satisfying the following data:

x: -4 -1 0 2 5
f(x): 1245 33 5 9 1335
Hence find f(1). (U.P.T.U. 2014)
Sol. The divided difference table is
X flx) Afix) N2fix) MN3f(x) Mf(x)

R

—98 - 14

2 13
2 9 88
442

5 1335

Applying Newton’s divided difference formula
flx)=1245+ (x +4) (—404) + (x +4) (x + 1) 94
+@x+4)(x+1)(x—-0)(=14) + (x + 4)(x + Dx(x — 2)(3)

=3x*—b5x% +6x2 - 14x + 5
Hence, (1) =3-5+6-14+5=-5.
Example 4. Find f'(10) from the following data:

x: 3 5 11 27 34
flx): - 13 23 899 17315 35606.
Sol. Divided difference table is
x fix) Afix) Afix) A3fix) A4fix)
3 -13 -
18
5 23
146
11 899 40 0
1026 1
27 17315 69
2613
34 35606

By Newton’s divided difference formula,
flx)=—13+(x—-3)18 + (x — 3)(x —5)16 + (x — 3)(x — 5)(x — 11)1

. fx) =3x?—6x -7
Putx =10, f’(10) = 3(10)2 - 6(10) — 7 = 233.
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Example 5. Given the following table, find f(x) as a polynomial in powers of (x —
x: 0 2 3 4 7 9

f(x): 4 26 58 112 466  922.

Sol. Divided difference table is

x flx) Aftx) Afix) A3fix)
0

2 26
32

3 58 11

54 1
4 112 16

118 1
7 466 22

228
9 922

By Newton’s divided difference formula, we get
) =4+ (x—0)(1D) + (x — 0)(x — 2)7 + (x — 0)(x — 2)(x — 3)1
=x3+2x2+3x +4
In order to express it in power of (x — 5), we use synthetic division, as

5 1 2 3 4
5 35 190
5 1 7 38 194
5 60
5 1 12 98
5
1 17

: 202 +x3 +3x+4=(x—-5)83+17(x —5)% + 98 (x —5) + 194.
Example 6. By means of Newton’s divided difference formula, find the values of f(8)
and f(15) from the following table:
x: 4 5 7 10 11 13

f(x): 48 100 294 900 1210 2028.
[G.B.T.U. 2011, U.P.T.U. (MCA) 2009]

Sol. Newton’s divided difference formula, using the arguments 4, 5, 7, 10, 11 and 13 is

flx) =f4) + (x — 4) Ag fl4) + (x — 4)(x — 5) 5472;‘(4) + - =5)x—-"T) 54; ?;0 fi4) +..(1)
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The divided difference table is as under:

X flx) A frx) A? ftx) A3fx) A4fix)
4
100 — 48
5-4 =
97 — 52
5 100 4 -
294 — 100 21-15
- =97 _
7-5 10-4 -
202 - 97
22790 9
7 294 10 5 0
900-294 _, . 27-21_,
10-7 11-5
310 — 202
222 97
10 900 T 0
1210 -900 _ . 33-27 .,
11-10 13-7
409 - 310
11 1210 13-10 =33
2028 — 1210 — 409
13- 11
13 2028

Substituting the values of the divided differences in (1),

flx) =48 + (x —4) x 52+ (x —4)x —-5) x 15+ (x - 5)x—-4x-T) x 1
Putting x = 8 and 15, we get, f{l8) =448 and f(15) = 3150.
Example 7. Given that log,,2 = 0.3010, log,,3 = 0.4771, log,, 7 = 0.8451, find the value

of log,, 33.
Sol. log 30 = 1.4771, log 32 = 5log 2 =5 x 0.3010 = 1.5050
log 36 = 2 (log 2 + log 3) = 2 x (0.3010 + 0.4771) = 1.5562

70
log 35 = log 5 = log 70 — log 2 = 1.8451 — 0.3010 = 1.5441.

Divided difference table is as under:

x 10 log ) x 104 A log,,x 104A2log10x 10*A3log,, x

"
32 15050 95;2=

391 _ 1503 048 [ 608
3 6
35 15441 - ? =232
129 o1
o=

36 15562
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Applying Newton’s divided difference formula, we get
10* log;, x = 14771 + (x — 30) (139.5) + (x — 30)(x — 32) (-1.84)
+ (x — 30)(x — 32)(x — 35)(—0.08)
Putting x = 33
10* log,, 33 = 15184.46
. log,, 33 = 1.5184.
Example 8. The mode of a certain frequency curve y = f(x) is very near to x = 9 and the

values of frequency density f(x) for x = 8.9, 9.0 and 9.3 are respectively equal to 0.30, 0.35 and
0.25. Calculate the approximate value of mode.

Sol. Divided difference table is as under:

x 100 f(x) 100Af(x) 100A2f(x)
8.9
5 |50
09 | 9
350 | 3500
9.0 35 T 9x04 | 36
10 100
T03 3
9.3 25

Applying Newton’s divided difference formula

100 flx) = 30 + (x — 8.9) x % +(x—8.9)x-9) (— @j

36
flx) = —0.9722x2 + 17.45833x — 17.597217
[/(x) =—1.9444 x + 17.45833

17.45833
P 1 4 — -_-—-—
utting f'(x) = 0, we get  «x L9444
Also, ["(x)=-1.9444 i.e., (—)ve

flx) is maximum at x = 8.9788. Hence mode is 8.9788.

=8.9788

ASSIGNMENT
1. Construct Newton’s interpolation polynomial for the data shown in the following table:
X 0 2 3 4
fx): 7 11 28 63 [U.P.T.U. MCA (SUM) 2009]
2. (i) Given the values:
x: 5 7 11 13 17
fx): 150 392 1452 2366 5202

Evaluate f(9) using Newton’s divided difference formula.
(it) Apply Newton’s divided difference formula to find the value of f(8) if
A1) =3, A3) =31, fi6) =223, A10) = 1011, f(11) = 1343.
3. Obtain the Newton’s divided difference interpolating polynomial and hence find f{6), f(5) and f(8).
X 3 7 9 10

f(x): 168 120 72 63 [G.B.T.U. 2012, U.P.T.U. 2007]
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4. Given that
x: 1 3 4 6 7
Ve 1 27 81 729 2187

N

10.

11.

12.

13.

14.

Find y,. Why does it differ from 35 ?

Use Newton’s divided difference formula to find the interpolating polynomial and hence evaluate
y(9.5) from the given data:

X 7 8 9 10
y: 3 1 1 9 [G.B.T.U. 2011 ; G.B.T.U. (C.0.) 2011]
(i) The following table is given:
X 0 1 2 5
y: 2 3 12 147

What is the form of the function?

(i) Develop the divided-difference table from the data given below and obtain the interpolation
polynomial flx):

x: 1 3 5 7 11
flx): 5 11 17 23 29
Also, find the value of f(19.5). (U.P.T.U. 2009)

Find the function u_in powers of x — 1 given that u, =8, u, = 11, u, = 68, u, = 123.

For the following table, find f{x) as a polynomial in x using Newton’s divided difference formula.
X 5 6 9 11

flx): 12 13 14 16 (U.P.T.U. 2006)

(i) Apply Newton’s divided difference method to obtain an interpolatory polynomial for the
following data:

X 3 5 7 9 11 13
flx) : 31 51 17 19 90 110 (U.P.T.U. 2015)
(i1) Find the Newton’s divided difference interpolation polynomial for:
x: 0.5 1.5 3.0 5.0 6.5 8.0

flx): 1.625 5.875 31.0 131.0 282.125  521.0
Using Newton’s divided difference formula, calculate f{6) from the following data:

X 1 2 7 8
fx): 1 5 5 4
(i) Using Newton divided difference method, find the interpolating polynomial and hence compute
f(3) from the following table: [M.T.U. 2014, G.B.T.U. 2013]
X 0 1 2 4 5 6
fx): 1 14 15 5 6 19
(i1) Use Newton’s divided difference method to compute f(5.5) from the following data:
x: 0 1 4 5 6
fx): 1 14 15 6 3 (G.B.T.U. 2010)
Given the data f{1) =4, fA2) =5, A7) =5, fI18) = 4. Find the the value of f{6) and also the value of x
for which flx) is maximum or minimum. (M.T.U. 2013)
For the following table, find f(x) as a polynomial in x using Newton’s divided difference formula:
x: -1 0 3 6 9
fx): 3 -6 39 822 1611
Hence compute f(1). (M.T.U. 2012; U.P.T.U. 2009)
Using the Newton’s divided difference formula, find a polynomial which takes the values 3, 12,
15, — 21 when x has the values 3, 2, 1, — 1 respectively. (U.P.T.U. 2008)
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15. Find Newton’s divided differences polynomial for the following data:
x: -3 -1 0 3 5
f(x): -30 - 22 -12 330 3458 (M.T.U. 2013)
16. Compute f'(3) from the following table:
x: 1 2 4 8 10
f(x): 0 1 5 21 27 (G.B.T.U. 2011)
17. Find /”(5) from the data given below:
x: 2 4 9 13 16 21 29
f(x): 57 1345 66340 402052 1118209 4287844 21242820
Answers
1. x3-2x+7 2. (i) 810 (ii) 521
3. x3—21x2+ 119x — 27; 147, 168, 93 4, 208.82222, 3* is not a polynomial
5. x%—23x2 + 174x — 431, 3.625
6. ()d+xi—x+2 () 1123055078 —5 4 5 _43x* 7L 107
320 20 160 20 64
T2 B5Tx
7. (x—1P3+2x—-12+4(x-1)+11 .%—T+W—11.5
9. (i) flx) =—0.025 x® + 0.7265625 x* — 6.3125 x3 + 9.796875 x2 + 79.3375 x — 177.5234375
@) a3 +x+1 10. 6.2381
11. () x®—9x2+21x + 1,10 (i1) 3.096875 12. 5.66,x =4.5
13, fle)= - ooty 100, STl o2 D20, 6 49087
270 135 30 15 ’ ’
14. flr)=x-9x2+1Tx + 6 15. 5x* + 9x3 — 27x2 — 21x — 12
16. 1.97916 17. 1626.
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w

10.

11.
12.
13.
14.
15.
16.
17.
18.

12,

TEST YOUR KNOWLEDGE

What is meant by convergence of iterative method? (M. T.U. 2012)
Isolate the roots of the equation x® — 4x + 1 = 0. (M.T.U. 2012)
Derive Newton-Raphson formula to find approximate root of the equation flx) = 0.

(M.T.U. 2013)

What is the order of convergence of Newton-Raphson method?

Find the missing values in the following table:

x: 0 5 10 15 20 25
y: 6 10 — 17 _ 31
Prove that:
@OA+1)A-V)=1 (1) SEY2 = A
[1 52 ]1/2 5 A v
@) | =+ — +— =FE1”2 () 2L VA
2 4 2 vV A

Construct the forward difference table for fix) =x3 - 2x2+ 4x + 5forx =1, 3,5, 7. (M.T.U. 2012)
Define central difference operator, shift operator and the average operator. (G.B.T.U. 2012)

Verify that VE = A. (M.T.U. 2012)

Prove that: e* = (A—Q] e* .E2—ex (M.T.U. 2013)
E Ae”

Show that: 2D = sinh™! (ud). M. T.U. 2013)

Find the value of A2(ab®). (M.T.U. 2013)

Show that E=1+Aand A=V (1-V)L [M.T.U. (MCA) 2012]

Show that the Regula-Falsi method has linear rate of convergence.

Define the order of convergence of an iterative method.

What do you mean by the rate of convergence of an iterative method? (M.T.U. 2014)

Show that § = EV2 — E-172, (M.T.U. 2014)

Define rate of convergence. (M.T.U. 2014)
Answers

0.2541, 1.860, — 2.1147 4.2 5. 13.25, 22.5.

a(bch _ 1)2 bex
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UNIT 5

Numerical Techniques-11

5.1 SOLUTION OF SYSTEM OF SIMULTANEOUS LINEAR EQUATIONS

The systems of simultaneous linear equations arise, both directly in modelling physical
situations and indirectly in the numerical solution of other mathematical models. Problems
such as determining the potential in certain electrical networks, stresses in a building frame,
flow rates in a hydraulic system etc., are all reduced to solving a set of algebraic equations
simultaneously.

Linear algebraic systems are also involved in the optimization theory, least squares
fitting of data, numerical solution of boundary value problems for ordinary and partial
differential equations, statistical inference etc.

Consider a non-homogeneous system of n simultaneous linear algebraic equations in n
unknowns as

@yX) + QX + @ gXg + .o+ @y, X, = by
@91 Xy + QgoXy + QgsXg + ... + @y X = b,
Qg Xy + Qgg¥y + Qgg¥a + ... + Qg X, =D, (1)

@, Xy + QX +Q oXs + ..+, X, =b

nn n n
Using matrix notation, the above system (1) can be written as
AX =B ..(2)
a1 @12 Q13 ..o Ay X1 by
Qo1 Ggp Qg3 ... Qg X by
where, A= a3 a3 ag ... a3, |,X=|x3| and B=|0
An1 Qpa Qg ... Ay, Xn bn

By finding a solution of the system, we mean to obtain the values of n unknowns x, x,,
X3, ..., X, such that they satisfy the given equations. If B = O, then the system is called
homogeneous.

The methods of solution of linear algebraic eqns. (1) may be classified into two types:
(7) Direct methods. These methods yield the exact solution after a finite number of steps in
absence of round-off errors. In these methods, the amount of computation involved can be
specified in advance. They are independent of the desired accuracy.
(ii) Iterative methods. These methods give a sequence of approximations which
converges when the number of steps tend to infinity.

In some cases, both the direct and iterative methods are combined. First, we may use a
direct method and then the solution may be improved by using iterative methods.

Here, we will study a direct and then an iterative method to solve the system (1).

470
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5.2 DIRECT METHODS

Consider a system of linear equations

AX =B (D)
where A is coefficient matrix, X is column matrix of unknowns and B is column matrix of
constants. The necessary and sufficient condition for the system (1) to be consistent is

p(A) = p(A: B)
where p(A) denotes the rank of A and p(A : B) denotes the rank of augmented matrix (A : B).

Further if p(A) = p(A : B) = number of unknowns, the system (1) will have unique solution
and if p(A) = p(A : B) < number of unknowns, the system (1) will have infinite no. of solutions.

Again, the system (1) of equations can also be solved by using the inverse of matrix.
If A is non singular square matrix then premultiplying (1) by A1, we get

A1 (AX) = AB
= X=A"B
The inverse of A can be obtained by either A1 = aﬁiA;|A or by using elementary row

operations or by using Cayley-Hamilton theorem.

Also, Cramer’s rule can be used to solve (1). But this method is satisfactory only for a
small number of simultaneous equations. Although this method involves simple calculation
yet large amount of computation is required to evaluate large order determinants. For an
n x n system, the method involves evaluation of (n + 1) determinants each of nt* order. Each
determinant involves large number of multiplications. The addition or subtraction time on
computers is usually small compared to the time taken for multiplications or divisions time.
The method which requires the least multiplication time is the one which is preferred. In
addition to this, there are no simple methods to evaluate large order determinants. For example,
to evaluate 10 x 10 determinants, we will have to carry out 10 times evaluation of determinants,
each one of which require the evaluation of 9 x 9 determinants etc. and they naturally need
large amount of computation. In view of above, the Cramer’s rule is impractical for large
systems of equations.

Similarly, the computation of inverse of a matrix is the main problem on computers and
it becomes tougher for large system. Hence the method of finding unknowns by X = A~1B is
also not practical for large systems.

To avoid these unnecessary computations, some simpler and less time consuming
procedures were developed and suggested.

5.3 LU DECOMPOSITION METHOD

This method is also known as the Triangularization method or method of factorization.

In this method, the coefficient matrix A of the system of equations AX =B is decomposed
into the product of a lower triangular matrix L. and an upper triangular matrix U so that

A=LU ..(D)
ly 0 0 ... 0 [uy wp wyg e Uy |
l21 l22 O O 0 u22 UQ3 uzn

where L= 131 l3'2 l3'3 - 0 and U=|0 0 uz ... usg,
lnl ln2 ln3 lmn | 0 0 0 u’nn_
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Using the matrix multiplication and comparing corresponding elements in (1), we obtain
Lyuy+lgug+. ..+l u, . =a,1<j<n
where lij=0, j>1i and u;=0, 1>
To produce a unique solution, it is convenient to choose either u; =1orl, =1;1<i<n.
(i) When we choose /., = 1, the method is called the Doolittle’s method.
(ii) When we choose u,; = 1, the method is called the Crout’s method.

The given system of equations is

AX =B .(2)
= LUX =B ...(3)| Using (1)
Let UX =Y then eqn. (3) becomes

LY=B ..(4)

The unknowns y,, y,, ¥s, ..., ¥, in (4) are determined by forward substitution and the
unknowns x,, X, X, ..., X, in UX =Y are obtained by back substitution.

Note 1. The method fails if any of the diagonal elements [, or u;, is zero.
2. LU decomposition is guaranteed when the matrix A is positive definite.

EXAMPLES

Example 1. Solve, by Crout’s method, the following system of equations:
x+y+z=3
2x-y+3z=16

3x+y-z=-3. [G.B.T.U. (M. Tech.) 2010]
Sol. We choose u; = 1 and write
A=LU

1 1 1 lll 0 0 1 u12 u13
2 —1 3 = 121 122 0 0 1 u23
1

T Lijug lLi1uss
=|loy Loy ugg +ly lyguqg + Loy usg

sy lsjuqg +1ls gy uyg + 139 Ugg + 135
Equating, we get
l11 =1, Z21 =2, l31 =3

lyu,,=1 = up=1
lyuig=1 = u;=1
loyugg+log=—1 = 1,,=-3
[gpup+ilp=1 = lgp=-
1
gy ugg +lygugy =3 = Up=—73g
14
gy +lggugs+lzy=-1 = 133=_?
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Thus, we get
1 0 0 Lo
A=LU= -3 0{j0 1 —=
14 3
3 -2 -—/||0 1
3
The given system is
AX =B
= LUX =B (1)
Let UX =Y sothat (1) becomes
LY=B
1 0 0|y 3
2 -3 0|lys |=| 16
3 —2 -~y [-3
3
which gives
Y11= 3
2y, —3y,=16
14
3y1_2y2_?y3=_3
10 o
= Y1=3,y5=— 30 Y3= 4 | By forward substitution
Now, UX=Y
11 1|« 3
0 1 -1/3||y|=[-10/3
00 1|z 4
which gives, x+y+z=3
1 10
—_——z=——
3 3
z=4

By back substitution
x=1y=-2,z=4.
Example 2. Solve the following system of equations by the LU factorization method:

2x+3y+2z=9
X+2y+32=6
3x+y+2z=8.

Sol. We choose [,, = 1 and write
2 3 1] |1 0 Of|luy; ug uss
1 2 3 = l21 1 0 O u22 u23
U3
Loy w13 +ugs
I3y ty3 +135 Ugg + U

Un 5P
=|lyggun gy ugg +ug
Iy uyy l3gugg +l50 ugy
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Equating, we get
Uy =2, upy=3,
lyyug=1
lgyuq=3
Loy Uy + Ugy =2
lyj g +uyg =3
lggugg + 1l ugy=1

TR
1l

Ly gy + gy gy + Uugy =2
Thus, we get

A=LU=

3/2 -7 1

The given system is
AX =B
LUX =B
UX =Y so that (1) becomes
LY=B

1 0 0|[y,] [9
12 1 0|y, |=|6
3/2 -7 1||ys| |8

y1=9

=
Let

which gives

2y1+y2=6

y1_7y2+y3=8

1 0 0}[2 3 1
V2 1 0|0 1/2 5/2

Iy, =1/2
Iy =3/2
Ugy = 1/2
Uyg = 5/2
lyg=—=17
Ugs = 18

0 0 18

(1)

| By forward substitution

2
= ¥1=9, ¥,=3/2, y;=5
Now, UX=Y
2 3 1 ||x 9
0 1/2 5/2 =|3/2
0 0 18|z 5
which gives,
2¢+3y+2=9
1.5 _3
27 9%
18z =5
By back substitution
35 29
= x:—, yz_, zZ = —
18 18

Note. We may also choose u;; = 1 to get the solution.
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Example 3. Show that the LU decomposition method fails to solve the system of equations
X, +Xy—%4=2
2x; + 2xy + 5x5=-3
3x; +2x,-3x5=6
whose exact solution is (1, 0, — 1).
Sol. Case L. If we write (taking /., = 1)

11 1 1 0 Of|luy; ug Ugg

2 2 5 = 121 1 0 0 u22 u23
3 2 3| |ly Iy 1]|0 0 ug

We obtain,
up =1, up=1, uy=-1
lyyuq =2 = lyy =2
log Uqg + Ugy = 2 = Ugy =0

Hence LU decomposition method fails as the pivot u,, = 0.
Case II. If we write (taking u;, = 1)

11 -1 [y 0 0 1 wy ug
2 2 5 = l21 122 0 0 1 u23
3 2 -3 |ly ly Ig||l0 0 1

We obtain,
li=1, 1y =2, l3=3
Lijup=1 = up=1
Liyug=-1 = up=-1
log gy + 155 =2 = Uy =0

Hence LU decomposition method fails as again the pivot /,, = 0.

ASSIGNMENT
1. Solve the following system(s) of linear equations by Crout’s method.
(@) X+ Xy +x5=1 @) 10x+y +2z=12
dx, + 3xy— x5 =6 2¢x + 10y +z =13
3xy + 5xy + 3x5 =4 2¢ + 2y + 10z =14
(ti) 3x—y+2z=12 (iv) X+ Xy +x5=1
x+2y+3z2=11 3xq + x5 —3x53=5
2 -2y —z=2 %y — 2%y — 5x5 =10 (M.T.U. 2013)
[M.T.U. 2012, G.B.T.U. 2011, 2013]
2 1 -4 1% 4
—4 3 5 —2||x, -10
= . U.P.T.U. 2007
@l 211 2 ( )
1 3 -3 21| x4 -1
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2. Solve the following system of linear equations by LU decomposition method.

@) x; +2x,+ 3x, =14
20, + 5xy + 225 = 18
3xy + x4 + bxg = 20
(ii1) bx—2y+z=4
Tx+y—5z=8
3x + Ty + 42 = 10.

nl2 11 =2][x] [-10
402 1hx| | 8| (@WpTU 2009

(G.B.T.U. 2012)

3. Solve the following system of equations by triangularization method.

(i) 2x-3y+10z=3
—x+4y +2z2=20
bx+2y+z=-12

(i11) Xy + Xy —Xg=2
201 + 3xy + 5xg = —3

3x, + 2x4 — 3x4 = 6.

4. Obtain the LU decomposition of the matrix

2 -6 10
1 5 1
-1 15 -5

so that for 1 <i <3,
(@) u; =2

4 1 1

@) xy+2x,—x53=3
X=Xy +xg=—1
2, — 2 + 3x4 =2

@)1, = 2.

5. Decompose A = [1 4 - 2} in the form LU where L is lower triangular matrix and U is the

3 2 -4

upper triangular matrix and hence solve the system of equations:

4oy + x5 +x5=4
Xy +4x, —2x, =4
3x, + 2x, —4x5=6

(U.P.T.U. 2014)

Answers

=

@) xy=1,x,=0.5,x,=-0.5
@)x=3,y=1,2=2

Wx,=1Lxy=-1,x,=-1,x,=-1

Mo

@Dx;=1,x,=2,x,=3
(Zi1) x = 1.11926, y = 0.8685, z = 0.14067
3. NDx=—-4,y=8,z=2

@) x;=1,x=0,05=—1
100 2 -6 10
4. (O)L=| 1/2 4 0|,U=/0 2 -1
-1/2 6 3 O 0 2

5. x;=1,%,=0.5,x,=-0.5

Gx=1y=1,z=1

) x;=6,x,==T,x,=2

(@) x; =5,x,=6,x,,=—10,x, = 8

@) x;=-1,xy=4,x,=4

2.0 0 1 -3 5
GyL=| 1 2 0| y=(0 4 -2
-1 38 2 o 0 3
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5.4 CHOLESKY METHOD

This method is also called square-root method. Consider a system of equations
AX =B ..(1)

If the coefficient matrix A is symmetric and positive definite then A can be decomposed
as

A=LLT .(2)
where L is a lower triangular matrix.
A may also be decomposed as A = UUT where U is an upper triangular matrix.
From (1) and (2),

LLTX =B
= LY=B ...(3)
where L™X =Y ..(4)

The values y;,, 1 <i < n can be obtained by forward substitution and the solution x,,
1<i<n are obtained by back substitution.

Example. Solve the following system of equations

1 2 3|« 5
2 8 22||xy|=| 6
3 22 82||xy| |-10
using Cholesky method.
Sol. Let A=LLT | .- Ais symmetric
2 8 22 = l21 l22 O O 122 l32
1112 111221 ) Ll
=|lnlyy ly” 1o loylsy +lg9lsy

Igaly  lgaloq +g9l99 1312 + 1322 + 1332

Equating the corresponding elements, we get

12=1 = l,,=1
liylyy =2 = Iy, =2
lyylyy =3 = Iy, =3
Iy2+1,,2=8 = lyy =2
Lyl + 1591y = 22 = lyo=8
I 2+ 1557 + 15,2 = 82 = l;5=3
1 00
Hence, L=12 2 0
3 8 3
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The given system can be written as LLTX = B
or LY =B where LT™X =Y
From LY =B, we get

1 0 0|y 5
2 2 0||lyy|= 6
3 8 3|y -10
= Y1=58,y,==2,y,=-3 | By forward substitution
From LTX =Y, we get
12 3||x 5
0 2 8||xy|=|-2
0 0 3||xs -3
= X, =2, x,=3, x3=-1 | By backward substitution
ASSIGNMENT

1. Solve the system of equations
4, —xy=1
—xy+4xy—x53=0
— Xy +4x,=0

by the Cholesky method.
Answer

1. x 15 x L x -1

156" "2 147 T3 56’

5.5 ITERATIVE METHODS

The iterative or indirect methods start from an approximation to the true solution and if
convergent, derive a sequence of closer approximations. The cycle of computations is repeated
till the desired accuracy is attained. In these methods, the amount of computation depends on
the accuracy required.

Generally, direct methods are preferred for the solution of a linear system of equations
but in case of matrices having large number of zero elements, iterative methods are preferred
since they preserve those elements.

The direct method discussed so far involve many subtractions. When the terms involved
in subtractions are nearly equal, their difference is nearly zero and hence causes inaccuracies.
The inaccuracies due to this inherent weakness of the direct methods cannot be completely
avoided whereas the iterative methods are free from such inaccuracies.

The disadvantage of the iterative methods is that they can not be applied to all systems
of equations. The sufficient condition for their use is that the system of equations should be
diagonally dominant. In other words, after rearranging the equations, if necessary, the larger
coefficients must be along the leading diagonal of the coefficient matrix. Successful use of
iteration process requires that the moduli of diagonal coefficients of given systems should be
large in comparison with the moduli of nondiagonal coefficients.

Among the iterative methods, we will first discuss Jacobi’s method and then Gauss-
Seidel method. It is known that for a given system of equations, the Gauss-Seidel method
converges more rapidly than the Jacobi’s method.
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5.6 JACOBI’S ITERATIVE METHOD OR METHOD OF SIMULTANEOUS
DISPLACEMENTS

Consider a system of n simultaneous linear equations in n unknowns as
@y1X; + QqoXy + A gXg + .o + @y, = by

Aoy Xy + Aoy + QoaXa + ... + 0y X, =D, (1)

@, % + Q%o+ Xa+ .. +a, x, =b,

where a, is the largest coefficient in the i equation (1<i <n).
System (1) of equations can be rewritten as

b a 3
1 a a
x1=——ﬁx2—ﬁx3—...—ix
n
ann  apy a an
b a a a
Xy = —2 — 2Ly 728 p - 20 ..(2)
Qa2 Qg Qgg Qgg s
b a a QAp(n
— n nl n2 n(n—1)
x, = 1 — x, — Xg— oo — —— %
ann ann ann. ann p,
Let the first approximations to the unknowns x, x,, ..., x, be x;V, x,V, ..., x, (. Put the
first approximation in RHS of (2) to get the results as x,?, x,?, x,?, ..., x @, a system of

second approximations.

This entire process is repeated until the values of x,, x,, ..., x, are obtained to desired
accuracy i.e., until successive values of each of the unknowns are sufficiently close.

Jacobi’s method, if suitable to a system of equations, converges for any value of initial
approximations. Generally they are taken as x,¥ = 0, 2, = 0, 2, = 0, ... and so on in absence
of any better estimates.

Example. Solve the following system of equations by Jacobi’s method:
8x -3y +22=20
6x +3y + 122 =35
dx + 11y —z = 33.

Sol. The coefficient matrix of the given system is not diagonally dominant. Hence we
rearrange the equations such that the elements in the coefficient matrix are diagonally
dominant.

8x — 3y + 22 =20
4x + 11y — 2z =33 ..(1)
6x + 3y + 122 =35
Now, we write the equations in the form

1
x=§(20+3y—2z)
_ L
Y 1

1
2:3(35—636—33})

(33 —4x +2) ...(2)
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We start from an initial approximation x¥ = 0, y@ = 0 and z(® = 0. Substituting them in
(2), we get

First approximation

xD = % [20 + 3(0) — 2(0)] = 2.5

y O = 1i [33 — 4(0) + (0)] = 3

—

1
2 = 12 [35 —6(0) — 3(0)] = 2.9166667
Second approximation

1

x? = 3 [20 + 3yD — 221 = 2.895833
1

y@ = 11 [83 — 4xV + 2(V] = 2.3560606

1
2@ = i [35 — 6xV) - 3yV] = 0.9166666

Third approximation

1

x® = 3 [20 + 3y® — 22(?)] = 3.1543561
1

Y3 = 11 [33 — 4x? + 2] = 2.030303

1
23 = - [35 — 6x? — 3y?] = 0.8797348

Proceeding in this way, after 12t approximation, we find that the two successive
approximations are same upto four decimal places. Hence at this stage, we get

x=3.0167,y = 1.9858 and z = 0.9118.

ASSIGNMENT

1. Solve the following system of equations by Jacobi iteration method:

(@) 3x +4y + 15z = 54.8 @)
x + 12y + 3z = 39.66
10x +y—-22="17.74

(it7) 10x, + 2xy + x5 =9
xy + 10x, — x4 = — 22
—2x; + 3xy + 10x5 = 22
(v) 10x, —x, = 17
—xq + 10x, — x5 = 24
—xy + 10x5 —x, = 32
—xq+ 10x, = 46

54x +y +2z =110
2x + 15y + 62 = 72
—x+6y+272=85
(iv) 30x — 2y + 3z =175
x+ 17y — 2z =48

x+y+9z=15
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2. Solve the following system of equations using Jacobi’s method:

bx—y+z=10
2x + 4y = 12
x+y+b6z=-1

Start with the solution (2, 3, 0).

Answers
1. ()x=1.074,y =2.524,z =2.765 (1) x =1.926,y = 3.573,z = 2.425
@) xy=1,09=—-2,%,=3 (iv) x = 2.5680, y = 2.798, z = 1.069
W) xy=2,x,=3,x3=4,x,=5 2.x=2.555,y=1.722,z=-1.05

5.7 GAUSS-SEIDEL ITERATIVE METHOD OR METHOD OF SUCCESSIVE
DISPLACEMENTS

Consider a system of n simultaneous linear eqns. in n unknowns as
@11Xy + QXy + QygXa + .o + @y, X, = by

nn
@91 Xy + QgoXy + QgsXa + ... + @y X, = b, ..(D)
@, X, + @ %y +QsXg + .. +a,x =b,

where @, is the largest coefficient in the i*h equation (1 <i <n).
We solve each equation of the system (1) for the unknown with the largest coefficient
interms of the remaining unknown. System (1) can be written as

b a a
xp= - N8 Ty
a1 an a1 a
b a a a
x2:—2—ixl—ﬁx3—...—ﬁxn
Qo2 Qg Qa9 Qg2
..(2)
b a a Cpy(ne
xn = oL\ nl X, — n2 x2 e M xn71
In the first equation of (2), we substitute the first approximation x{V, x5V, x{V, ..., x (1
into RHS. and denote the result as x{?.
In the second equation, we substitute x{?, x{V, x4V, ..., x () and denote the result as x 2.

In the third equation, we substitute x?, 22, x D ... x D and denote the result as x.(?.
q 1 X9, Xg n 3

In this manner, we complete the first stage of iteration and the entire process is recpeated
till the values of x,, x,, x5, ..., x, are obtained to the accuracy required.

This method uses an improved component as soon as it is available therefore it is also
called the method of successive displacements.

For any choice of first approximation xj(l) (1 <j<n), Gauss-Seidel method converges if

a..
< 1, (1 <i <n), where ‘<’ sign should be

n
every equation of (2) satisfies the condition Z
J=Lj#

all

valid in case of at least one equation.

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

482

www.cgaspirants.com

A TEXTBOOK OF ENGINEERING MATHEMATICS

EXAMPLES

Example 1. Use Gauss-Seidel iterative method to solve the following system of simulta-
neous equations:

Ix +4y +2z=-17
x—2y-6z=14
x+6y=4
Perform four iterations.

(U.P.T.U. 2014)

Sol. The given system is not diagonally dominant. Hence rearranging the equations as

9x + 4y +z =-17
x+6y=4
x—2y—-6z=14
Now, Gauss-Seidel’s iterative method can be applied.
From the above equations, we get

1
x=§(—17—4y—2)
-4
y=g 4-x
—1( 2y — 14)
z=0 (-2~

First approximation
Starting with y = 0 = z, we obtain

17
D =~ 9 =" 1.8888

Now, putting x = — 1.888 and z = 0 in eqn. (2), we get

¥y =0.9815
Again putting x = — 1.888 and y = 0.9815 in eqn. (3), we get
21 =-209753

Second approximation

1

x@ = 5 (=17 — 4y — 2} = _1.9945
1

y? = s {4 —x?} = 0.9991

1
22 = A @ — 2y@ _ 14} = — 2.9988

Third approximation

x® = -1.9997
y® =0.9999
2® = — 2.9999

Fourth approximation
x® =—-1.9999 =~ -2
y% =0.9999 =~ 1
2% =-2.9999 ~ -3
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Hence after four iterations, we obtain
x=-2,y=1,z=-3.
Example 2. Solve the following system of equations using Gauss-Seidel iterative method.:
20+ 10y +z =51
10x +y + 2z = 44
x+2y+ 10z =61 [U.P.T.U. (MCA) 2009]
Sol. The given system is not diagonally dominant. Hence rearranging the equations as
10x +y + 22 =44
2x +10y +z =51
x+ 2y + 10z =61
Now, Gauss-Seidel’s iterative method can be applied.
From the above equations, we get

x = 1—10(44—y—22) ..(1)

y = 1 (51 —2x —2) -.(2)
10

z= 1 (61 —x —2y) ..(3)
10

First approximation.
Starting with y = 0 = z, we obtain from (1),

V=44
Now, putting x = 4.4 and z = 0 in equation (2), we get
y = 4.22
Again, putting x = 4.4 and y = 4.22 in equation (3), we get
21 = 4.816
Second approximation.
x? =3.0148
y®@ = 4.01544
22 = 4.995432

Third approximation

x®) = 2.9993696

y3 =4.00058288

23 = 4.999946464
Fourth approximation.

x® = 2.999952419 = 3

¥y =4.00001487 =~ 4

2% =5.000001784 = 5
Hence after four iterations, we obtain

x=3,y=4 and z=5
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Example 3. Solve the following system of equations by Gauss-Seidel iterative method:
20x+y—-2z=17
3x+20y-z=-18
2x -3y +20z =25 [M.T.U. 2013; U.P.T.U. 2009]
Sol. The given system is diagonally dominant hence, from the given equations, we obtain

X = %(17—y+2z) (1)

(<18 - 3x +2) ...(2)

ol

Y= 20

= 2i (25 — 2x + 3y) -(3)

First Approximation
Starting with y = 0 = z, we obtain from (1),
xD =0.85
Now, putting x = 0.85, z = 0 in equation (2), we get
¥y = _-1.0275
Again, putting x = 0.85 and y = — 1.0275 in eqn. (3), we get
21 =1.010875
Second Approximation
x? = 1.0024625
y? = —0.999825625
2 =0.999779906
Third Approximation
x® =0.999969271 ~ 1
y® = _-1.000006395 ~ -1
z<3) 1.000002114 = 1
Hence after three approximations, we obtain,
x=1ly=-1,2z=1

ASSIGNMENT

Test if the following system of equations is diagonally dominant and hence solve this system
using Gauss-Seidel method:

20y +xg+4dxg =17
3xy +x5+2x,=6
—xq +4xy +2x,=5 (G.B.T.U. 2011)

Define diagonally dominant system of equations. Solve the following system of equations using
Gauss-Seidel method:

10x + 15y + 3z = 14
—30x +y +5z=17
x+y+4z=3 (G.B.T.U. 2012)
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3. (i) Obtain the solution of the following system of equations using Gauss-Seidel iterative method:
2x— Ty — 10z = - 17
bx+y+3z=14
x+10y+92=17
Perform three iterations. [G.B.T.U. (MCA) 2011]
(it) Solve the following system of linear equations using Gauss-Seidel method:
10x +3y + 7z = 41
3x + 20y + 17z = 101
x + 19y + 23z = 201.

Perform three iterations. (U.P.T.U. 2015)
4. Solve by Gauss-Seidel iterative method:
@) 10x +2y +2=9 @) 3wy +2x,—x5="7
2x + 20y —2z=—-44 X, — 3%y + 2x5=4
—2x + 3y + 10z = 22 —Xy+xy—3x5 =1
(i) x + 0.01y — 0.02z = 3.3354 @v) 10x; —x, + 2x, = 4
0.02x + y — 0.05z = 4.8241 x4+ 10x, + x5 =17
0.03x — 0.01ly +z = 7.341 20, + 3xy + 20x5 = 13
(v) 6x, — 3x, + x5 =11 (vi) 8x -3y +2z=20
Xy — Txy + x5 =10 6x + 3y + 122 = 35
2%, + x5 —8xg3=—15 4x + 11y —z =33
(G.B.T.U. 2013, 2011) [G.B.T.U. (M. Tech.) 2010]
(vii) 27x + 6y —z =85 (viii) 83x + 11y — 42 =95
6x + 15y + 2z = 72 Tx + 52y + 13z = 104
x+y+54z=110 (U.P.T.U. 2015) 3x+ 8y +292="71 (M.T.U. 2014)

5. Describe a method for solving a system of linear equations. Solve the following system of linear
equations using Gauss-Seidel method:
23x, + 13x, + 3x5 = 29
Sxq + 23xy + Txg = 37
11x, + x, + 23x, = 43. (U.P.T.U. 2009)
6. Solve the following equations by Gauss-Seidel procedure:
9x + 2x4 + 4xg = 20
x, + 10x, + 4x, =6
2x, — 4xy + 10x4 = — 15
The answer should be correct to 3 significant digits. [U.P.T.U. MCA (SUM) 2009]
7. Using Gauss-Seidel method, solve the following system of linear algebraic equations
10x; — 2x9 —x3—x, =3
—2x, + 10x, — x5 —x, =15
— %y — Xy + 10x4 — 2x, = 27
— Xy =%y —2x4+ 10x, = -9
correct up to four decimal places. Perform seven iterations.

Answers
1. x=1x,=1x=1 2.x=-0.4328,y =1.1055, z = 0.5818
3. (Mx=1,y=-3,z=4 (i) x =—3.9429,y = — 6.4887, z = 14.2708
4., @WDx=1y=-2,z=3 @) x; = 2.72,xy = - 1.04, x5 =—0.92
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(Ti1) x = 3.429,y = 5.119, z = 7.289 (iv) x; = 0.8567, x, = 0.6120, x4 = 0.5225
W xy=1,x,=-1,x,=2 (vi) x =3.016,y = 1.985,z = 0.9118
(vit) x = 2.425,y = 3.573, z = 1.925 (viti) x = 1.057,y = 1.367, z = 1.961.
5. x,=0.4765,x,=1.0189, x, =1.5973 6.x,=274,x,=0.987,x, = —1.65

7. x,=1,x,=2,x4=3,x,=0

5.8 INTRODUCTION TO NUMERICAL DIFFERENTIATION AND INTEGRATION

Consider a function of a single variable y = flx). If flx) is defined as an expression, its deriva-
tive or integral may often be determined using the techniques of calculus.

However, when f(x) is a complicated function or when it is given in a tabular form, we
use numerical methods.

Here, we will discuss numerical methods for approximating the derivative(s) f"(x),

b
r > 1 of a given function fix) and for the evaluation of the integral I f(x) dx where a, b may be

finite or infinite.

The accuracy attainable by these methods would depend on the given function and the
order of the polynomial used. If the polynomial fitted is exact then the error would be
theoretically zero. In practice, however, rounding errors will introduce errors in the calculated
values.

The error introduced in obtaining derivatives is in general much worse than that intro-
duced in determining integrals. It may be observed that any errors in approximating a function
are amplified while taking the derivative whereas they are smoothed out in integration.

Thus numerical differentiation should be avoided if an alternative exists.

5.9 NUMERICAL DIFFERENTIATION [M.T.U. 2012, U.P.T.U. 2008]

In the case of numerical data, the functional form of f(x) is not known in general. First we
have to find an appropriate form of flx) and then obtain its derivatives. So “Numerical
differentiation” is concerned with the method of finding the successive derivatives of a function
at a given argument, using the given table of entries corresponding to a set of arguments,
equally or unequally spaced. Using the theory of interpolation, a suitable interpolating
polynomial can be chosen to represent the function to a good degree of approximation in the
given interval of the argument.

For the proper choice of interpolation formula, the criterion is same as in case of
interpolation problems. In case of equidistant values of x, if the derivative is to be found at a
point near the beginning or the end of the given set of values, we should use Newton’s forward
or backward difference formula accordingly. Also if the derivative is to be found at a point
near the middle of the given set of values, then we should use any one of the central difference
formulae. However, if the values of the function are not known at equidistant values of x, we
shall use Newton’s divided difference or Lagrange’s formula.

5.10 FORMULAE FOR DERIVATIVES

(1) Newton’s forward difference interpolation formula is

y=y0+uAyO+MA2yO+WA3

31 Yo + .- ..(1)

(2)

where u =

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

NUMERICAL TECHNIQUES-II 487

Differentiating eqn. (1) with respect to u, we get

2
ﬂ:Ayo + 2u-1 Ay, +M Ay, + ... ..(3)
du 6
Differentiating eqn. (2) with respect to x, we get
du 1
— == (4
dx h (@)
We know that
dy dy du 1 (2u—1) 9 3u? -6u+2) 5
— = — =—| A + A +| ——|A +... ...(5
dx  du’ dx h{y" g )= 70 6 Yo ®)

d
Expression (5) provides the value of d_i at any x which is not tabulated.

Formula (5) becomes simple for tabulated values of x, in particular whenx =a and u =0
Putting u = 0 in (5), we get

dy 1 1 2 1 3 1 4 1 5 j|
— =—|Ayy —— A +—A ——A +—=A - .. ...(6)
(dx)x:a h|: Yo 2 Yo 3 Yo 4 Yo 5 Yo

M.T.U. 2013)
Differentiating eqn. (5) with respect to x, we get

Ty _d (d) _d ()
du

dx? - dx \dx dx ) dx
1 6u” — 18u + 11 1
= E lAzyO + (u - 1) A3y0 + [TJ A4y0 + ...} Z
1 6u” - 18u + 11
= h_2 |:A2y0 + (u = 1) A3y0 + [TJ A4y0 + ..} ...(7)
Putting u = 0 in eqn. (7), we get
dzy 1 2 3 11 4
[WJx:a=h—2(A yO—A Yo +EA Yo — --- (8)
Similarly, we get
d’y =L [y, —3 Aty 4 9)
ﬁ xza—h—3 Yo 9 Yo
and so on.
Formulae for computing higher derivatives may be obtained by successive differentiation.
Aliter: We know that
E=e"® = 1+A=ehD
2 3 4
MD=log (1+A) =A-S 45 _ A,
2 3 4
1 1, 135 1.,
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2
Similarly, D2= i(A BESLIE I ) =i(A2 a2y
h? 2 3 4 h® 12 6
and D3=%(A3—§A4+...)
h 2
(2) Newton’s backward difference interpolation formula is
ulu+1 u(u + D(u + 2
Yoy +uVy + ( )szn+ ( X )V3y+
n n 21 3! n
where u= 2
Differentiating eqn. (10) with respect to u, we get
dy 2u+1) o 3u? +6u+2
—~=Vy, + Véy, +| ———— | y3
Differentiating eqn. (11) with respect to x, we get
du_1
dx h
Now,
dy_dy du
dx du dx

1 2u+1) oo 3u? +6u+2) 3
=—|V + \Y +|——— |V +...
Lo (22t rs 2, ]

Expression (14) provides us the value of % at any x which is not tabulated.

x
Atx =x,, we haveu =0

Putting u = 0 in eqn. (14), we get

(ﬂ) :l(Vyn +%V2yn +lV3yn +iv4yn +)

dx h 3

Differentiating eqn. (14) with respect to x, we get

Ly, () dn

dx? =E E dx

2

Putting u = 0 in eqn. (16), we get

dzy 1 2 3 11 4
—_— =—|V +V +—V +...
[deJm hz( AR TR

Similarly, we get

d3y 1 3 3 4
[dx_:‘;J zh—3(V yn+§V yn+...

=x,

and so on.

...(14)

...(15)

...(16)

..(17)

...(18)

Formulae for computing higher derivatives may be obtained by successive differentiation.
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Aliter: We know that
E1l=1-V
e"=1-V
-hD=1log(1-V)=- (V+%V2 +%V3 e +)
= D=t(vilvzylys, Tye,
h 2 3 4
2
Also, D2=%(V+1V2+1V3+...) =i(v2+v3+ﬂv4+...j
h 2 3 h? 12
Similarly, D3= % (VS + §V“ + ) and so on.
h 2
(3) Stirling’s central difference interpolation formula is
u (Ayg +Ay_4 u? 9 u@w? -12) A3y_1 + A3y_2
y=y0+1_!( 2 )Tt g 2
2,2 12 2 42y,,2 o2 5 5
u (u”-1%) uw® - 1°)u” —2°) [ Ny, + Ny_
TA4y_2 + 51 [ Y2 2 4 3] + (19)
where u= ad l_z 4 ...(20)
Differentiating eqn. (19) with respect to u, we get
2 3 3
ﬂ:Ay0+Ay_l+uA2y,1+ 3u” —1[Ay  +Ay,
du 2 6 2
4u® — 2u 5ut —15u” +4 | Ay o + Ay_
+[T]A4y_2+( = ][ “2 Y8 @D
Differentiating eqn. (20) with respect to x, we get
du 1
= ...(22)
. dy_dy du
oW dx du dx
2 3 3
_ 1Ayt Ay, rully_ + 3ut 1Ay 1+Ay,
h 2 6 2

3 4 2 5 5
- - A A
(%]Mf 1o 4}( vt yJ} 8)

d
Expression (23) provides us the value of d_z at any x which is not tabulated.
Putx =a,wehaveu =0

Putting u = 0 in eqn. (23), we get

(ﬂ) _1 (Ayo +Ay1)_1 Ny, +8y ), 1( Ny, +Nys]
dx)._, h 2 6

2 30 2

...(24)
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Differentiating eqn. (23) with respect to x, we get

d_zyzi(d_yjﬂ
dx®> dul\dx) dx

1 A3y_ + A3y_ 6u? -1
= ﬁ lAzyl + u( 1 9 2 + 12 A4y_2

3 5 5
o 2B\ [AYa ¥ Ay | | (95)
12 2
Putting u = 0 in eqn. (25), we get

d? 1 1 1
[dxg_j :h—z(A2y_1 —EA4y_2 +%A6y_3 —) ...(26)

and so on.

Formulae for computing higher derivatives may be obtained by successive differentiation.
(4) Bessel’s central difference interpolation formula is

1
uu-1|u-—=
Yo+ 1 uw=1) ( Ny, + Ay, ( 2)
[ ——E |+ |u—-=|Ay, + N 4 A8
y‘( 2 ) (“ 2) T 2 * TS

1
+(u+1)u(u—1)(u—2)(A4y_2+A4y_1] . (u+1)u(u—1)(u—2)(u—2J

5
4! 2 51 A2
6 6
N Ww+2)u+Duluw-Du-2)u-3) [ Ny 3 +ANy_, . (27
6! 2
where u = ad l_z 4 ...(28)
Differentiating eqn. (27) with respect to u, we get
1
2
dy _ o (2u-1) [ Ay + A% ) Ty A3
du Yo 21 2 3! V-1
4ud —6u® - 2u+2 [ Aty , + Aty | 5ut —10u® +5u—1
+ 1 + APy
! 2 5! 2
. 6u’® — 15u — 20u® + 45u® + 8u — 12 | Ay 5 + A%y, 29)
6! 2
Differentiating eqn. (28) with respect to x, we get
du_1
dx h
Now  dy_dv du
dx du dx
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S| =

1
2_ —_—
- 2u—1)( A2y_, + A2y, . 3u 3u+2 ;
L 2 2 31 AV

4!

—20u® + 45u® + 8u —

51

4u® —6u® - 2u + 2J[A4y_z +A4y_1]+[5u4 ~10u® +5u—1
+
2

5 4
.\ (6u —15u
6!

2

12] (A6y3 +A%y

Expression (30) provides us the value of % at any x which is not tabulated.
x

Putx =a,wehaveu =0
Putting u = 0 in eqn. (30), we get

-1

12

2

]} (80

2 2
(AR S VRS - S 7 1 I ST
dx)._, h 2 2 12

4 4
+L[A Yo tA y-1}

1

120

5

-2

60

2

1 [AGy—s + A%y,

Differentiating eqn. (30) with respect to x, we get

d’y _d (dy :i(ﬂ)@
dx?  dx \dx du \ dx ) dx

Aty o + Aty

2 2 B 2
_ i2 Ay + A%y, & (Zu 1) Ay 6u” —6u—1
h 2 2 12

(4u3 —6u’+1
+ —_—

2

24

. [15u4 — 30u® — 30u? + 45u + 4J (A6y3 + A%y,
2

360
Putting u = 0 in eqn. (32), we get

..(31)

o
J+ } ...(32)

d’y _ 1 Ny i + Ny, 1 A3y 1 Ay, + Ay,
dx*) b 2 2777 12 2
+ iA5 +i M + (33)
o4 Y_o 20 2 vee
and so on.
(5) For unequally spaced values of the argument
(i) Newton’s divided difference formula is
flx) = flxg) + (x — x5) Aflxy) + (x —x)(x —x;) A%fxy) + (x — x)(x — x,)
(x —x5) A3flxy) + (x — x)x —x) (6 —x)(x —x5) A*fx) + ... ...(34)
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f’(x) is given by
fx) = Aflxg) + {2x — (xy + x)} A%Ax) + {8x% — 2x(xy + 2, + X))
+ (g, + X%y + X%} A3fxy) + ... ...(35)
(i1) Lagrange’s interpolation formula is

(x — xg ) — x9) ... (x — x,,)
(x]_ —xo)(xl —x2) (xl —xn)

(x—x)(x—x9)...(x — x,,)
(xg — 2)(xg — 29) ... (xg — x,,)

flx) = flxg) + flx) + ...

...(36)
f’(x) can be obtained by differentiating flx) in eqn. (36).

Note 1. Formula (8) can be extended as

2
d—";v =i2(A2—A3+£A4—EA5+ﬂA"'—lA7+@A8+...ij
%) h 12° 6 180 10~ " 560

2. Formula (17) can be extended as

2
d_;z =%[V2+V3+£V4+§V5+£V6+1V7+@V8+...)y_
ax*) . h 12 6 180 10 560 n

5.11 MAXIMA AND MINIMA OF A TABULATED FUNCTION

Since maxima and minima of y = flx) can be found by equating % to zero and solving the
X

equation for the argument x, the same method can be used to determine maxima and minima
of tabulated function by differentiating the interpolating polynomial.

e.g., if Newton’s forward difference formula is used, we have
uw -1 u(w—Du-2)

2
y:y0+uAy0+ 21 Ay0+ 31 A3y0+... ...(1)

Differentiating eqn. (1) with respect to u, we get

dy 2u-1 , 3u®-6u+2

E—Ayo +TA Yo +TA3}O+
For maxima or minima,

@,

du

2u-1,  3u”-6u+2

= Ay, + 21 Ay0+—3! Ay, +...=0 (2

If we terminate LHS series after third differences for convenience, eqn. (2) being a
quadratic in u gives two values of u.

Corresponding to these values, x = a + uh will give the corresponding x at which function
may be maximum or minimum.

2 2
. y ..
For maximum, F = (—)ve; For minimum, d—z = (+)ve.
u u
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EXAMPLES

Example 1. Find % at x = 0.1 from the following table:
x

x: 0.1 0.2 0.3 0.4
y: 0.9975 0.9900 0.9776 0.9604.
Sol. Take a = 0.1. The difference table is

x y Ay APy Ay
0.1 0.9975
- 0.0075
0.2 0.9900 —0.0049
—-0.0124 0.0001
0.3 0.9776 —0.0048
—-0.0172
0.4 0.9604
Here h=0.1 and Yo = 0.9975
= =—| Ay, - =A%y, +=A
[dx oL Yo 9 Yo 3 Yo

= i[— 0.0075 - 1(— 0.0049) + l(0.0001)} =-0.050167.
0.1 2 3

Example 2. The table given below reveals the velocity v’ of a body during the time ‘t’

specified. Find its acceleration at t = 1.1. (U.P.T.U. 2014)
t: 1.0 1.1 12 1.3 14
v: 43.1 47.7 52.1 56.4 60.8.
Sol. The difference table is
t v Av A% A A
1.0 43.1
4.6
1.1 47.7 -0.2
ox
1.2 52.1 -0.1 0.1
1.3 56.4 0.1
4.4
1.4 60.8
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Let a=1.1,
v,=47.Tand h=0.1

Acceleration at ¢ = 1.1 is given by

[%l_ T % [Avo —%A%O + % ASUO:| = T11[4'4 - %(— 0.1) +§(0.2)} = 45.1667
Hence the required acceleration is 45.1667.
Example 3. Find f'(1.1) and f”(1.1) from the following table:

x: 1.0 1.2 14 1.6 1.8 2.0
fix): 0.0 0.1280 0.5540 1.2960 2.4320  4.000.

(G.B.T.U. 2010)

Sol. Since we are to find f’(x) and f”(x) for non-tabular value of x, we proceed as follows :

Newton’s forward difference formula is

ulu—-1 o ulu — D(u —2)
Y=y, +u Ay, + 71 Ay0+TA3yO
u(u — D —2)(w - 3)
+ 11 Aty + ... (D
where u= *-a ..(2)
h
Differentiating eqn. (1) with respect to u, we get
dy 2u-1) o 3u? —6u+2) ., . [20°-9u®+1lu-3) ,
—=A A T | Ay, + Aty +... ..(3
du y0+( 2 j y0+[ 6 Yo 12 Yo (3)
Differentiating eqn. (2) with respect to x
du 1
2= ...(4)
dx h
dy_dy du
dx du dx
1 2u-1) o 3u® — 6u + 2
- Z[Ay‘) o257 [TJ oEC
2u® - 9u® +1lu-3) 4
+ Ayg +... ...(d
[ 12 J Yo } ®)
1.1-10 1 Herea=1.0
Also, atx=1.1,u=T—§ and A =02
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Forward difference table is as follows:

x flx) =y Ay A%y A3y Aty APy

1.0 0.0
1.2 0.1280 0.298

0.4260 0.018
1.4 0.5540 0.316 0.06

0.7420 0.078 -0.1
1.6 1.2960 0.394 —0.04

1.1360 0.038
1.8 2.4320 0.432

1.5680

2.0 4.000

From eqn. (5),

_ 2 3 _ 2 _
ﬂ—l{Ayo+(2u 1]A2y0+(3u 6u+2jA3y0+(2u 9u? + 1u 3] Ay,

dx h 2 6 12
5ut — 40u® + 105u% — 100w + 24\ 5
A
+ ( 120 } Yo + (6)
Atx = 1.1, we get
d 1 2 G -1
, _ | ’ L _\a)
£/(1.1) = (dx)x:u =93 0.1280 + 5 (0.298)
1) 1 3 2
3(_] _6[L)se 2(1) _9(1] +11(1)_3
2 2] [ 0.018)+ |2 2 2)__ [ (0.06)
+ 6 . + 19 .
4 3 2
5 (1] - 40 (1) +105 (1) -100 (1) +24
+)\2 2 2 2 (-0.1)
120
= 0.66724.

Differentiating eqn. (6), with respect to x, we get

d’y d (dy\du 11|, 3 6u? -18u+11) 4,
d_d_(d_)d_h_{A Yor = DAY Ty A

2u® - 12u% + 21 - 10 5
+ 12 Ayo +...
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At x = 1.1, we get

d2
£7(1.1) = [—Z] — 8.13125.
dx x=1.1

Example 4. The distance covered by an athlete for the 50 metre race is given in the
following table:

Time (sec): 0 1 2 3 4 5 6
Distance (metre): 0 2.5 8.5 15.5 24.5 36.5 50
Determine the speed of the athlete at t = 5 sec correct to two decimals. (U.P.T.U. 2009)

Sol. Here we are to find derivative at ¢ = 5 which is near the end of the table hence we
shall use formula obtained from Newton’s backward difference formula. Backward difference

table is as follows:

t s Vs Vs V3s Vis Vos V6s
0 0
2.5
1 2.5 3.5
6 -25
2 8.5 1 3.5
7 1 -3.5
3 15.5 2 0 1
9 1 - 2.5
4 24.5 3 - 2.5
12 -1.5
5 36.5 1.5
13.5
6 50

Speed of athlete at ¢ = 5 sec is given by

(éj =l|:V35 ‘|‘1 V285 +1V335 +1V485 +1V535:|
dt),_s h 2 3 4 5

1 1 1 1 1
=—[12+=@)+-D+=0)+=(-3.5

1[ 2() 3() 4() 5( )}
= 13.1333 = 13.13 metre/sec.

Example 5. A rod is rotating in a plane. The following table gives the angle 0 (in radians)
through which the rod has turned for various values of time t (in seconds)

t: 0 0.2 0.4 0.6 0.8 1.0 1.2
6: 0 0.12 0.49 1.12 2.02 3.20 4.67.

Calculate the angular velocity and angular acceleration of the rod at t = 0.6 sec.
[G.B.T.U. (C.0.) 2011]
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Sol. Forward difference table is

t 0 AB A2 A30 A0
0 0
0.12
0.2 0.12 0.25
0.37 0.01
0.4 0.49 0.26 0
0.63 0.01
0.6 1.12 0.27 0

0.01
0.8 2.02 0

1.18 0.01
1.0 3.20 0.29
1.47
1.2 4.67
Here a=0.6

6,=112 and A =02
Since we are to find derivatives at ¢ = 0.6 sec which is in the middle of the table, hence
we shall use formula obtained from Stirling’s or Bessel’s central difference formula.
Let us choose formula obtained from Bessel’s central difference formula.
Angular velocity at ¢ = 0.6 sec is given by

2 2
(ﬁ) Y DY ELE Tt/ I ST
dt ),_os 2 2 12

0.9-+ wj + L 0.01| = 3.81667 rad./sec.
7T 2 12

_ 1
02

Angular acceleration at ¢ = 0.6 sec is given by

d’o _ 1 |[A% + A%, 1 s,
d® ), s b’ 2 2= !

= ! B (0.27 i 0'28) . (0.01) | = 6.75 rad./sec?.
(0.2) 2 2

Note. In case we choose formula obtained from Stirling’s formula, at ¢ = 0.6 sec.,

3 3
angular velocity (@j = 1 (M) 1 A0+ A0,
dt) h 2 6 2

L ij — % (MH = 3.81667 rad./sec.

0.2 2 2
2
and angular acceleration d_29 = iZ (A%0_;) = ! 5 (0.27) =6.75 rad./sec?.
dt h (0.2)
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Example 6. From the following table of values of x and y, obtain Zy and 12 for x=12,
X X
2.2 and 1.6.
x: 1.0 1.2 14 1.6 1.8 2.0 2.2

y:  2.7183 3.3201 4.0552 4.9530 6.0496 < 7.3891  9.0250.
Sol. The forward difference table is

x y Ay A%y A%y Aty Ady ASy
1.0 2.7183

0.6018
1.2 3.3201 0.1333

.@ 0.0294
1.4 4.0552 0.0067
0.8978 0.0013
16 4.9530 0.1988
1.0966 0.0441
1.8 6.0496 0.2429
1.3395
2.0 7.3891
2.2 9.0250

(i) Here a=12
: Yo = 3.3201; A =0.2

[Q} 1 [0 7351 - — (0 1627) + — (O 0361) — — (O 008) +— (O 0014)}
dx],_19 T 0.2

=3.3205

2
ay L [0.1627 ~0.0361+ = (0.0080) - > (0.0014)} = 3.318
de* |, (0.2 12 6

(i1) Here a=22,
y,=9.02 and A =02

[Q} 1 [1 6359 + —(0 2964) + —(O 0535) + —(0 0094)
dx |, _99 T 0.2

+ %(0.0014) + %(0.0001)} =9.0229

2
{—Z J 1 ot [0 2964 + 0.0535 + 1 (0 0094) + > (0 0014) + E (. 0001)}  8.9939.
X 2.2

(ii1) Here a=1.6
Yo =4.9530,y , =4.0552,y ,=3.3201,y ;,=2.7183 and h=0.2
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By using Stirling formula for derivatives, we get

[Q} _ 1 (1.0966+O.8978)_l(0.0441+ 0.0361)
drl,_16 0.2 2 6 2

1 (0.0014 +0.0013
+— =4,
20 ( 5 ﬂ 9530

2
and dyi 1 [0.1988 -1 (0.0080) + X (0.0001)} = 4.9525.
dc® |, 0.04 12 90

Example 7. The table below gives the result of an observation. 0 is the observed tem-
perature in degrees centigrade of a vessel of cooling water, t is the time in minutes from
the beginning of observations:

t: 1 3 5 7 9
0: 85.3 74.5 67.0 60.5 54.3

Find the approximate rate of cooling at t = 3 and 3.5.
Sol. Forward difference table is

t 0 A A%0 A%0 A%9
1 85.3
~10.8
3 4.5 3.3
~15 ~2.3
5 67.0 16
~65 —0.7
7 60.5 0.3
~6.2
9 54.3

(1) When t = 3,0, = 74.5. Here h = 2

do
Rate of cooling = —

dt
(@) =1[A60 _1 A%, +1 AP0, —lA“eo}
dt),_s h 2 3 4
1

1 1
== |-7B5-=(D+=(=0.7|=-4. °C/min.
2[ 5 D+ )] 4.11667°C/min

(i1) t = 3.5 is the non-tabular value of ¢ so, we have from Newton’s forward difference
formula,

p— 2 —
de =l|:A60 +(2u2 1) Ao, +(3u 66u+2]A360

dt h
3 _ 2 _
+[2“ Ju” + 1u 3]A490+..} (1)

12
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Att = 3.5, u=@=%=o.z5 | Herea = 3.0 and A =2
From (1),
— 2 —
(@) Y R, {2(0.25) 1} ()4 13025 -60.25)+2]
dt ),_gs 2 2 6

=—3.9151°C/min.
Example 8. Find x for which y is maximum and find this value of y
x: 1.2 1.3 14 1.5 1.6
y: 0.9320 0.9636 0.9855 0.9975 0.9996.
Sol. The difference table is as follows:

x y Ay A%y Ady Aty

0.0316
1.3 0.9636

0.0219 —0.0002

14 0.9855 —0.0099 0.0002
0.0120 0

1.5 0.9975 —0.0099
0.0021

1.6 0.9996

Let Yo=0.9320 and a = 1.2

By Newton’s forward difference formula,

u(u-1)
y:y0+uAyO+ 9 A2y0+...

1
= 0.9320 + 0.0316 u + ”(”2 ) (£0.0097) | Neglecting higher differences
00316+ (2” - 1) (- 0.0097)
du 2
A . y
t a maximum, —— =0
du
1
- 0.0316 = (u _E) (0.0097) = u=3.76

x=a+hu=12+(0.1) (3.76) = 1.576

To findy_ ., we use backward difference formula,
x=x,+hu
= 1576 =16+ 0.1)u = u=-0.24
y(1.576) =y +uvVy + Xt Dgs,  uutDu+d) ;)f” *2 g8y
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-0.24)(1-0.24
=0.9996 — (0.24 x 0.0021) + ( )(2 ) (- 0.0099)

= 0.9999988 = 0.9999 nearly
Maximum y = 0.9999 approximately.
Example 9. Derive the formula y;=(y , -8y ,+8y,—-y,)/12h
for numerical differentiation at mid-point of a table. (U.P.T.U. 2009)
Sol. Take a = 0 Difference table is

x y Ay Ay Ay Aty

-2 Yo
Y 1= Yo

-1 y_l y0_2y_1+y_2
y()_y_l y1_3y0+3y_1_y_2

0 Yo y1_2y0+y_1 y2_4y1+6y0_4y_1+y_2
yl_y() y2_3y1+3y0_y_1

1 y1 y2_2y1+y()
Yo=N

2 Yo

By using Stirling’s formula for first derivative, we get

, 1] Ay +Ay, ) 1Ay +4A%,
Vo= - — +...
h 2 6 2
RN 2 T T E 1 S R N SO S SR
Al P TRE 1 0~ Yty 0 17 Y2
1] yYi—y_ 1
=7 _(%) —E(yz -2y +2y, - y_2)}
Y= i[83’1 -8y_1 -2 +y—2]
12h

Example 10. State the three different finite difference approximations to the first
derivative f'(x,) together with the order of their truncation errors. Derive the forward difference
approximation and its leading error term.

Sol. (i) Newton’s forward difference approximation is given by

uw-1
2

flx) =fy +u Afy + A%f,

- 1
where u= ad hxo and E = 8 uw(u—1) (u—2) h3 f()
df du 1 [ 1 9 }
h )= .= == | My +Qu-DA
Webave, /') du dx h o 2 “ fo
h2
and |E'(x)| = |E(w=0)] < 5 M, where M, = max|f”(x)|

Xy Sx <Xy
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(ii) Newton’s backward difference approximation is given by
1
ﬂx)=f2+qu2+§ u(u +1) V2 f,

- 1
where =2 and E=gu(u+1)(u+2)h3f'"(§)

h
’ 1 1 2
We have, ['(x) = Z[VfQ +§ Qu+1DV fz}
h2

and |E’(x2)|=|E’(u=O)|S?M3

(iii) Central difference approximation is given by
u xX—x
fa)=fo+ 35 &fyy + 8 ) where u= ; 9

1 1 1
We have ['(x) = E(Sfm +0f 1) = o ([(f; = 1) + (o= D] = ﬁ(fl -1

2

and |E(x)| < % M,.
ASSIGNMENT
1. (@) Find y’(0) and y”(0) from the given table:
x: 0 1 2 3 4 5
y: 4 8 15 7 6 2
(i) Find the first and second derivatives for the function tabulated below at the point x = 3.0:
X 3 3.2 3.4 3.6 3.8 4.0
y: -14 -10.032 -5.296 0.256  6.672 14
2. (1) From the following table, estimate y’ (1.05):
x: 1 1.05 1.10 1.15 1.20 1.25
y: 11 1.1347 1.1688 1.1564 1.2344 1.2345 (G.B.T.U. 2013)
(i7) Find the derivative of flx) at x = 0.4 from the following table:
x: 0.1 0.2 0.3 0.4
flx): 1.10517 1.22140 1.34986 1.49182 (M.T.U. 2013)

d2
3. Find di (Jp) and _dxz (J,) at x = 0.1 from the following table:
X

x: 0.0 0.1 0.2 0.3 0.4
Jy(x): 1 0.9975 0.99 0.9776 0.9604.
4., (2) Find the numerical value of y’(10°) for y = sin x given that:
sin 0° = 0.000, sin 10° = 0.1736, sin 20° = 0.3420, sin 30° = 0.5000, sin 40° = 0.6428.
(i1) Compute y’ (1.1) from the following table:
x: 1.0 1.1 1.2 1.3 1.4 1.5
y (x): 7.989 8.403 8.781 9.129 9.451 9.750 (G.B.T.U. 2012)
5. (i) Find f’(1.5) and f”(1.5) from the following table:
x: 0.0 0.5 1.0 1.5 2.0
fix):  0.3989 0.3521 0.2420 0.1245 0.0540 [U.P.T.U. (MCA) 2006]
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(i) The population of a certain town is given below. Find the rate of growth of the population in

1961:

Year: 1931 1941 1951 1961 1971

Population:  40.62 60.80 71.95 103.56 132.65 (M.T.U. 2012)
(in lacs)

6. Find first and second derivative of the function tabulated below at x = 0.6
[G.B.T.U. (C.0.) 2010]

x: 0.4 0.5 0.6 0.7 0.8
y: 1.5836 1.7974 2.0442 2.3275 2.6511.
7. Find the values of f'(5), f”(5) and f”(0.5) from the following table:
(G.B.T.U. 2012, U.P.T.U. 2007)
x: 0 1 2 3 4 5
flx): 4930 5026 5122 5217 5312 5407

8. (i) Aslider in a machine moves along a fixed straight rod. Its distance x cm along the rod is given
below for various values of the time ¢ seconds. Find the velocity of the slider and its accelera-

tion when ¢ = 0.3 second.
t: 0 0.1 0.2 0.3 0.4 0.5 0.6
x: 30.13 31.62 32.87 33.64 33.95 33.81 33.24.
(i) A slider in a machine moves along fixed straight rod. Its distances x (m.) along the rod are
given at various times (sec.)
t: 1 1.1 1.2 1.3 1.4 1.5
x: 16.40 19.01 21.96 25.29 29.03 33.21

Find the velocity of the slider at ¢ = 1.1 sec.
9. Aslider in a machine moves along a fixed straight rod. Its distance x(in cm) along the rod is given

at various times ¢ (in secs).
t: 0 0.1 0.2 0.3 0.4 0.5 0.6

x: 30.28 31.43 32.98 33.54 33.97 33.48 32.13

Evaluate % at t=0.1 and att=0.5.

10. Given the following table:
x: 1 1.05 1.1 1.15 1.2 1.25 1.3
flx) = Vx: 1 1.0247 1.04881 1.07238 1.09544 1.11803 1.14014

Apply the above results to find £’(1), (1) and f”(1).
11. (i) Using Newton’s divided difference formula, find f’(10) from the following data:

x: 3 5 11 27 34
flx): -13 23 899 17315 35606
(i) Given the following data, find y’(6):
X 0 2 3 4 7 8
flx): 4 26 58 112 466 922

(U.P.T.U. 2008)
(i) Find f’(6) from the following table:

x: 0 1 3 4 5 7 9
f): 150 108 0 -54 -100 -144 -84
12. (i) From the table below, for what value of x, y is minimum? Also find this value of y.
X 3 4 5 6 7 8
y: 0.205 0.240 0.259 0.262 0.250 0.224.
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(i) Find the minimum value of y from the following table:
X 0.2 0.3 0.4 0.5 0.6 0.7
y: 0.9182 0.8975 0.8873 0.8862 0.8935 0.9086
13. Ify =f(x) and y, denotes f(x, + nh), prove that, if powers of & above A° be neglected,
(ﬂj :i[m—yfl—l(yz —3’72)+i(y3 —y,;;)]
dx e m3 5 45 (U.P.T.U. 2006)
14. The following table gives values of pressure P and specific volume V of saturated steam:
P: 105 42.7 25.3 16.7 13
\%& 2 4 6 8 10
Find
(a) the rate of change of pressure w.r.t. volume at V = 2
(b) the rate of change of volume w.r.t. pressure at P = 105.
15. yisafunction of x satisfying the equation xy” + ay’ + (x —b) y = 0, where @ and b are integers. Find
the values of constants a and b if y is given by the following table:
x: 0.8 1 1.2 1.4 1.6 1.8 2 2.2
y: 1.73036 1.95532  2.19756  2.45693 2.73309  3.02549 2.3333  3.65563.
16. (a) When does the need of numerical differentiation arise? (U.P.T.U. 2008)
1 A2 A .
(b) Prove that D = 7 (A Y + 5 ], the symbols used have usual meanings.
[U.P.T.U. (MCA) 2007]
Answers
1. ()-27.9,117.67 (i) 18, 18
2. (i) 3.5856 (i) 1.4913 3.-0.05,-0.5
4. () 0.9848 (i) 3.945833
5. (1)-0.2051,0.194 (i) 5.167 lacs/year 6. 2.64442, 3.6475
7. 94.15,-3.4166, 1.6458 8. (i) 5.33 cm/sec, — 45.6 cm/sec? (ii) 27.7 m/sec.
9. 32.44166 cm/sec., — 24.05833 cm/sec. 10. 0.50024, — 0.256, 0.4
11. () 232.869 (i) 125.4744 (i1) — 23
12. (i) 5.6875, 0.2628 (i) 0.4623
14. (a)-52.4(b)-0.01908 15.a=8,b=6.

5.12 ERRORS IN NUMERICAL DIFFERENTIATION

In numerical differentiation, the error in the higher order derivatives occurs due to the reason
that, although the tabulated function and its approximating polynomial would agree at the
set of data points, their slopes at these points may vary considerably. Numerical differentia-
tion is, therefore, an unsatisfactory process and should be used only in rare cases.

The numerical computation of derivatives involves two types of errors: truncation

errors and rounding errors.

The truncation error is caused by replacing the tabulated function by means of an inter-

polating polynomial.

Truncation error in first derivative is

1

_ A3y_2 + Asy—l
iy Br-a—

2
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Truncation error in second derivative is

1
12h2

|A4y_2 l.

. . 1. . G 1 .
The rounding error is o< % in case of first derivatives while it is < WZ in case of second

derivatives, and so on.

) . ... 3E
Max. Rounding error in first derivative is = 27
Max. Rounding error in second derivative is = WE
where ¢ is the maximum error in the value of y,.

Example. Assume the table of values given in previous. Example 6 and the function

. . . d
values are correct to the accuracy given, estimate the errors in d_y at x = 1.6.
X

Sol. Since the values are correct to four decimals, it follows that € = 0.5 x 10~4
1

Truncation error = _—
6h

Ny, + ANy,
2

__1_(00361+00441
1.2 2
=0.03342

] | See difference table in Example 6

3 3x05x10™

=—= = 0.00038.
2h 2x0.2

Rounding error

5.13 NUMERICAL INTEGRATION

Given a set of tabulated values of the integrand .Y

flx), to determine the value of J. "f(x)dx is ™S

called numerical integration. We subdivide the T
given interval of integration into a large number
of subintervals of equal width 4 and replace the
function tabulated at the points of subdivision
by any one of the interpolating polynomials like
Newton-Gregory’s, Stirling’s, Bessel’s over each
of the subintervals and evaluate the integral.
We have several formulae for numerical ©O Xo X, +hX,+2h X, + nh
integration which we shall derive in the sequel.

Yo| Yi| Ve Yn
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5.14 NEWTON-COTE’S QUADRATURE FORMULA
[M.T.U. 2013, U.P.T.U. (MCA) 2009]

b
Let I= J y dx, where y takes the values y,, y;, yg, --..... , ¥, forx =xy, xq, xg, ... ,X .
a

Let the interval of integration (a, b) be divided into n equal sub-intervals, each of width
b-a
n

h =

sothatx,=a,x, =x,+h,x,=x,+2h, ..,x, =x,+nh =b.

xy +nh
I= j " f) dx
%o
Since any x is given by x = x, + rh and dx = hdr
1=h j"f(xo +rh) dr
0

" rir=1 o rr—-D(r-2) ;
_h.[o [3’0 +rAy, +2—!A Yo +TA Yo +...|dr

[By Newton’s forward interpolation formula]

r2 1 7"3 r2 2 1 r4 3 2 3 "
=h ry0+?Ay0+§ ?—7Ay0+g Z—r +r Ay0+...

0

n n2n-3) , nn-272% 4
I=nh +—=Ayy + Ay, + Ayy +... ..(1
n {yo 9 \Yo 12 Yo 24 Yo @8]

This is a general quadrature formula and is known as Newton-Cote’s quadrature
formula. A number of important deductions viz. Trapezoidal rule, Simpson’s one-third and
three-eighth rules, can be immediately deduced by putting n = 1, 2 and 3 respectively, in
formula (1).

5.15 TRAPEZOIDAL RULE (n = 1) ([UP.T.U. MCA (SUM) 2008]

Putting n = 1 in formula (1) and taking the curve through (x,, y,) and (x,, y,) as a polynomial
of degree one so that differences of order higher than one vanish, we get

X +h 1 h h
J f(x)dx=h(y0 +§Ay0)=5[2yo +(y1—y0)]=§(yo +y1)

0

Similarly, for the next sub-interval (x, + &, x, + 2h), we get

xo + 2h h xg +nh h
dx=—(y; + yeeens , dx=—(y, 1+
-[xo +h f(x) x 2 (yl yz) Jxo +(n-Dh f(x) x 2 (yn 1 yn)
Adding the above integrals, we get
Xo +nh h
j fx)dx =2 [(yo +¥n) +2(y1 + ¥z +oeeee +¥n-1)]
X0

which is known as Trapezoidal rule. By increasing the number of subintervals, thereby
making & very small, we can improve the accuracy of the value of the given integral.
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5.16 SIMPSON’S ONE-THIRD RULE (n = 2) (G.B.T.U. 2013)

Putting n = 2 in formula (1) and taking the curve through (x,, y,), (x;, y,) and (x,, y,) as a
polynomial of degree two so that differences of order higher than two vanish, we get

Xy +2h 1 9

Xo

2h h
= ? [6y +6(y1 — ¥o) + (yg —2y1 + ¥o)] = g(yo +4y; +y;5)

L xXo +4h h
Slmllarly,J. o f(x)dx = 3 Wy +4yg + 5y, e ,

Xo +
x0+12h h
| oy [ @A=L s+, 43
xg +(n—

Adding the above integrals, we get

Xo +nh h
J‘ f(x) dx :E [(Yo+y) +4(y; + Vg + e # Y, )+ 2(Y, + YV, + e + Y, 5]

X9

which is known as Simpson’s one-third rule.

While using this formula, the given interval of integration must be divided
into an even number of sub-intervals, since we find the area over two sub-intervals at a
time.

5.17 SIMPSON’S THREE-EIGHTH RULE (n = 3) (U.P.T.U. 2015)

Putting n = 3 in formula (1) and taking the curve through (x, y,), (x{, y,), (x5, ¥,) and (x5, y,) as
a polynomial of degree three so that differences of order higher than three vanish, we get

xo + 3h
[""" redx=3n (yo + 3y, + 307, +1A3y0)
xo 2 4 8

3h
=3 [8y, + 12(y, —y,) + 6(y, — 2y, +y) + (3 — 3y, + 3y, —y,)]

A
"8

Xy +6h
Similarly, j
X

[yo + 3y, + 3y, + 5l

3h
f(x) dx=? lys + 3y, + 3y5 +ygl, ...

o +3h

xo +6h 3h
Lo +(n-3)h f(x) dze = 8 g + 3,0+ 3V, +,]

Adding the above integrals, we get

Xo +nh 3h
J' f(x) dx = o [(Yo+¥,) +3(Y, + Yo + ¥y + Y5+ cves + Y0 + Yo y)

X9

which is known as Simpson’s three-eighth rule.

While using this formula, the given interval of integration must be divided
into sub-intervals whose number n is a multiple of 3.
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5.18 ERRORS IN QUADRATURE FORMULAE

If y,isa polynomial representing the function y = f{x) in the interval [a, b] then error in the
quadrature formulae is given by

E-= jb fx) dax — jb y, dx (D)

5.18.1. Error in Trapezoidal Rule [U.P.T.U. (MCA) 2006, U.P.T.U. MCA (SUM) 2008]
Expanding y = flx) in the neighbourhood of x = x, by Taylor’s series, we get

’ (x_xo)z ”
y=y0+(x—x0)y0+2—!y0 + .. (2

X1 xo+h — 2
L ydx=_[0 |:y0+(x—x0)y0'+My "+...| dx
0

*o 21 0
h? B3
=hy, + ETRL. + ayo + ... ...(3)
. . . h
Now, area of the first trapezium in the interval [x), x,] = A, = B o+ ..(4)
Puttingx =x, + A,y =y, in (2),
h2
Y=Y+ hyl+ e Yo+ ...(5)
From (4) and (5), we get
h , R, R R
A= 5 Yo +¥o +hyo +2—!y0 +o| = hyy + ETRL + 291 %0 +... ..(6)
Subtracting eqn. (6) from eqn. (3) gives the error in [x, x,],
[P yax-a,=|m-om| 2y, R’ | Neglecting other t
R N TR T Y Yo = — 12yO eglecting other terms
h3 _ 33
Similarly, the error in [x,, x,] is — = y{ andin [x, ;, x,]1is =TS Yo
Hence the total error is
- h3 ” ” ”
E=F P 24 SR S Y
Let y"(8), a <& <b be the maximum of | yJ' |, | ¥7 |,..., | y,_;| then, we have
— nh? ®-a)
E< ") =— ——= h2y” “ b-a=nh
TR &) 5 y"(&) | a=n

Hence the error in the Trapezoidal rule is of order A2.
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5.18.2. Error in Simpson’s 1/3' Rule.
Integrating eqn. (2) w.r.t. x between the limits x, and x,.

xg xo+2h L (x-x9)?
J ydx:J. Yo +(x —x0) yo + ——2—y," +...| dx
Xo Xq 21

8n® , 16h* ,, 32n°

(U.P.T.U. 2008)

= 2hy, + 2h%y; + 37 Y0 EREL + 51 Yo + .. (D)
h
Now, A= 3 o+ 4y, +y5) ...(8)
where A, is the area of the curve in the interval [x, x,].
Puttingx =x, + h,y =y, in (2), we get
’ h2 ” h3 ”r
y1=y0+hy0+ 2—!3’0 +§ Yo t - ...(9)
Putting x = x, + 2k, y =y, in (2), we get
,, 4, 8k,
Yo=Y+ 2hy, + gr Y0t gy Yo ...(10)
Substituting eqns. (9) and (10) in eqn. (8), we get
4h® , 2n* . BA®
A =2hy,+2h%y  + L + 5 Y0 + 18 Y 4+ ..(11)
Now, the error in interval [x,, x,] is given by
J'xz 43 5w
_ - ——— 23]
. ydx—A = 15 18 h>yg? + ...
R
~— 30 y | Neglecting terms of order h®, A7, ...
.
Similarly, the principal part of error in interval [x,, x,] is = — %0 y4%) and so on.

Hence total principal error is

5

E=—— [y +y®+ . +y50 ]

90
Let y%) (&) be the maximum of | y{* |, | y5% |,..., | ¥§2,
R ~b-a)h*
Th h E <—- =y -7 7 NG
en, we have, 90 Yy (&) 180 @) (€)

Hence, the error in the Simpson’s (1/3)rd rule is of order A*.

5

3h .
Note. Similarly, the principal part of the error for Simpson’s (3/8)th rule is — 80 @) in the interval

[xy, x5].
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EXAMPLES

2
Example 1. Evaluate | y dx, wherey is given by the following table:
0.6

x: 0.6 0.8 1.0 1.2 14 1.6 1.8 2.0
y: 123 1.58 2.03 4.32 6.25 8.36 10.23 12.45.

Sol. Here the no. of sub-intervals is 7 which is neither even nor a multiple of 3. Also this
number is neither a multiple of 4 nor a multiple of 6 hence using Trapezoidal rule, we get

2 h
J.OGydxza (Vo +y) + 20y, + Yo + Y3+ Y, + V5 + Y]

= — [(1.23 + 12.45) + 2(1.58 + 2.03 + 4.32 + 6.25 + 8.36 + 10.23)]
| Here A = 0.2

0.2
2

= 7.922.

Example 2. Find, from the following table, the area bounded by the curve and the x-axis
from x = 7.47 to x = 7.52.

x: 7.47 7.48 7.49 7.50 7.51 7.52
flx): 1.93 1.95 1.98 2.01 2.03 2.06.
Sol. We know that

7.52
Area = I f(x) dx with A = 0.01, the trapezoidal rule gives,
7.47
0.01
Area = 5 [(1.93 + 2.06) + 2(1.95 + 1.98 + 2.01 + 2.03)] = 0.09965.

0.3
Example 3. Use Simpson’s rule for evaluating J. f(x) dx from the table given below:
-0.6

x: -06 -05 -04 -03 -02 -0.1 0 0.1 0.2 0.3
flx): 4 2 5 3 -2 1 6 4 2 8

Sol. Since the no. of sub-intervals is 9(a multiple of 3) hence we will use Simpson’s 3/8th
rule here.

J'0-3 3(0.1) :
f(x)dsz [(4+8)+3(2+5+(=2)+1+4+2}+2(3+6)] =2475.
0.6

Example 4. A river is 80 m wide. The depth ‘y’ of the river at a distance x’ from one bank
is given by the following table:

x: 0 10 20 30 40 50 60 70 80

y: 0 4 7 9 12 15 14 8 3

Find the approximate area of cross section of the river using Simpson’s 1/3 rule.

80
Sol. The required area of the cross section of the river = y dx ..(1)
0
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Here no. of sub-intervals is 8. By Simpson’s 1/3™ rule,
80 h
jo ydng[(y0+y8) + 4y, +yg+ Y5 +y) + 20y, +y, + Y6

=%[(0+3)+4(4+9+15+8)+2(7+12+14)]=710

Hence the required area of the cross section of the river = 710 sq. m.

Example 5. The speed, v metres per second, of a car, t seconds after it starts, is shown in
the following table:

t 0 12 24 36 48 60 72 84 96 108 120

v 0 3.60 10.08 18.90 | 21.60 | 18.54 10.26 540 | 450 | 540 | 9.00

rd
Using Simpson’s (éj rule, find the distance travelled by the car in 2 minutes.

Sol. If s metres is the distance covered in ¢ seconds, then

ds _
dr =Y
=120 190
[s} = J. vdt
=0 0

Since the number of sub-intervals is 10 (even), hence, by using Simpson’s 1/3™ rule,

120
jo vdt:% [(Vy +vyg) + 4V + Vg + Vg + U +0g) + 2V, + U,y + Vg + V)]
12
=3 [(0O+9)+4(3.6+18.9+18.54 +5.4+5.4)

+2(10.08 + 21.6 + 10.26 + 4.5)]
= 1236.96 metres.
Hence, the distance travelled by car in 2 minutes is 1236.96 metres.

Example 6. A train is moving at the speed of 30 m/sec. Suddenly brakes are applied.
The speed of the train per second after t seconds is given by

Time (1): 0 5 10 15 20 25 30 35 40 45
Speed (v): 30 24 19 16 13 11 10 8 7 5

Apply Simpson’s three-eighth rule to determine the distance moved by the train in
45 seconds.

Sol. If s metres is the distance covered in ¢ seconds, then

ds
—=D
dt
t=45 4=
= [s} =J- vdt ...(1)
t=0 0

th
Since the no. of sub-intervals is 9 (a multiple of 3) hence by using Simpson’s (gj rule,
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45
f vdt=% [(Vg + vg) + 3V + Uy + Uy + Vg + U, + Ug) + 2(vg + V)]
15
8
= 624.375 metres.

Hence the distance moved by the train in 45 seconds is 624.375 metres.

[(BO+5)+3(24 +19+13+11+8+7)+2(16 + 10)]

1
Example 7. Evaluate J 7 a 5 using
0

(i) Simpson’s é rule taking h = [U.P.T.U. (MCA) 2007]

(i) Simpson’s % rule taking h = [G.B.T.U. 2010, U.P.T.U. (MCA) 2006]

Hence compute an approximate value of © in each case.

Sol. (i) The values of f(x) = 1 5 atx =0, l, z, E, 1 are given below:
l+x 4744
1 1 3
X 0 Z E Z 1
16
flx): 1 17 0.8 0.64 0.5
Yo Y1 Yo Y3 Yy

1
By Simpson’s 3 rule,

1 dx h

= i 1+0.5)+4 E + 0.64} +2(0.8) | =0.785392156
12 17
1 d !
Also j * - tan'x| =tant1= r
0 1+x2 o 4

%z 0.785392156 = n = 3.1415686

.. 1 12345 .
(i1) The values of flx) = 5 atx=0, -, —,—,—,—, 1 are given below:
1+x 66 6 66
. 1 2 3 4 s )
3 6 6 6 6 6
36 9 4 9 36 1
: 1 = = = = = =
@ 37 10 5 13 1 2
Yo Y1 Yo Y3 Yy Vs Ve
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. , 3
By Simpson’s 3 rule,
1 dx 3h
J‘om:? (Yo +¥e) + 3y, + ¥y + ¥, +¥5) + 2y4]
3(1
-5 (1+1)+3{%+i+i+§}+2(é) = 0.785395862
-8 2 37 10 13 61 5)|
1 dx v
Al =—
50 J. 1+x2 4
T
i 0.785395862 = m =3.141583
6 dx )
Example 8. Evaluate Jo T by using
(1) Stmpson’s one-third rule [M.T.U. (MCA) 2012]

(i) Simpson’s three-eighth rule
(iti) Trapezoidal rule.
Sol. Divide the interval (0, 6) into six parts each of width 4 = 1.

1
The values of flx) = 1o a2 are given below:

+ X
x: 0 1 2 3 4 5 6
1
f0): 1 0.5 0.2 0.1 1 1 1
17 2 37
Yo Y1 Yo Y3 Ya Y Ve

(i) By Simpson’s one-third rule,

6 dx _h
J =5 [+ 39 + 40, + 35+ 3 + 20, + 3]

1 1

== (1+—)+4(0.5+0.1+i)+2(0.2+i) =1.366173413.
3 37 26 17

(i1) By Simpson’s three-eighth rule,

dx 3h
J0m=? (Yo +ye) + 3y, + o + ¥, +¥5) + 2y4]

3 1 1 1
=—||1+—|+3[{0.5+02+—+—|+2(0.1)| = 1.357080836.
8[( 37) ( 17 26) ( )}
(tit) By Trapezoidal rule,
6 dx h
Jo 1+22 2 (g +5g) +2(y; + Yy +y3 + 5, +Y5)]
= 1 (1+i)+2(0‘5+0.2+0.1+i+i) =1.410798581.
2 37 17 26
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1
Example 9. Evaluate J-O % by dividing the interval of integration into 8 equal parts.
x

Hence find log, 2 approximately. [U.P.T.U. (MCA) 2008]

Sol. Since the interval of integration is divided into an even number of sub-intervals,
we shall use Simpson’s one-third rule.

Here, YE1ra flx)
1 1 1 8 2] 4
= = — = 1 = — | = = — = — ==
Yo=0=775=1 n f(s) 179’ Y2 f(S 5
1+—
3 8 4\ 2 5 8
y3—f(§)—ﬁ, y4—f(§)—§, y5—f(§j—1—3
6) 4 7\ 8 1
yg‘f(§)—7> y7_f(8)_15 and yg_ﬂl)_2
Hence the table of values is
- 0 1 2 3 4 5 6 7 1
8 8 8 8 8 8 8
: 1 8 4 8 2 8 4 8 1
Y 9 5 11 3 13 7 15 2
Yo Y1 Yo Y3 Y4 Y5 Ye Yq Ys
By Simpson’s 1/3" rule,
1 dx h
Jo Tex =§ (g +yg) + 4y, + g +y5 +y7) + 20y, + ¥, + o)
=i (1+1j+4(§+i+i+ij+2(é+g+i) | Here h = 1/8
24 2 9 11 13 15 5 3 7
= 0.69315453
1 4 1
Since, I * {loge(1+ x)} =log, 2
01l+x o ¢
log, 2 = 0.69315453.
Example 10. Using Simpson’s 3/8" rule on integration, evaluate
6
j - i dx [G.B.T.U. 2009; G.B.T.U. (M.Tech.) 2011]
0 x
Sol. The table of values is as follows: (Here 2 = 1)
x: 0 1 2 3 4 5 6
1 1 1 1 1 1 1
= : 1 = = = = = =
=1 2 3 4 5 6 7
Yo Y1 Yo Y3 Yy Vs Yo
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By Simpson’s 3/8 rule,

6 1 3h
J. dx:?[(y0+y6)+3(y1+y2+y4+y5)+2y3]

0 1+x
=§ (1+1)+3(1+1+1+1)+2(1) =1.96607.
8 7 2 3 5 6 4

ex
I+x

6
Example 11. Find -[o dx approximately using Simpson’s 3/8" rule on integration.

[U.P.T.U. (MCA) 2009, U.P.T.U. 2006, 2014]

Sol. Divide the given integral of integration into 6 equal sub-intervals, the arguments
are 0,1,2,3,4,5,6; h =1.

ex

x) = ; =f0)=1
R 1+x Yo= 1
2 3
e e e
y1=ﬂ1)=§7 y2=f(2)=?7 y3=f(3)=z,
4 5 6
e e e
=fl4 =5 =f(5 = =f(6)= —
¥y =14) : ¥5=1(5) 5 ¥e =[(6) -
The table is as below:
x: 0 1 2 3 4 5 6
e o2 e? et e? e®
y: 1 — — - - z =z
2 3 4 5 6 7
Yo Y1 Yo Y3 Yy Y5 Ye

Applying Simpson’s three-eighth rule, we have

6 ¥ 3h
J dx=— [(yo +ye) + 30, +yy + ¥, +¥5) + 2y,]

01+x 8
6 2 4 5 3
1+5 |48 8+ 8 18 48 1428
7 2 3 5 6 4

[(1+57.6327) + 3(1.3591 + 2.463 + 10.9196 + 24.7355 + 2(5.0214)]

3
8
3
8
= 70.1652.

X

6
Note. It is not possible to evaluate J- 1e+
0

dx by using usual calculus method. Numerical integration
x

comes to our rescue in such situations.
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1
9 _ L
Example 12. Evaluate J. e 2" dx using four intervals.
1

Sol. The table of values is:
x: 1 1.25 1.5 1.75 2
y =e¥2; 0.60653 0.53526 0.47237 0.41686 0.36788
Yo Y3 Yy

Yo Y1
Since we have four (even) sub-intervals here, we will use Simpson’s 1/3™ rule.

2 -1y h
Jle 2" dyx =3 (g + 50 + 4y, +y3) + 2y,]
0.25
=3 [(0.60653 + 0.36788) + 4(0.53526) + 0.41686) + 2(0.47237)]

= 0.4773025.
%P

1

Example 13. Compute I, = |
xamp ompute I, 0 23110
Use Trapezoidal rule with number of points 3, 5 and 9.

Sol. Forp =0

11
IO:JO N

dx forp =0, 1.

1-0
(i) Dividing the interval (0, 1) into 2 equal parts, each of width A = N = o the values

of f(x) = are given below:

x3 +
: 0 1 1
o) 1 8 1
fle: 10 81 11

By Trapezoidal rule,
h ({1 1 16
I, = B [y +5) + 29,1 = Z[(I_O+E) +a} =0.0971099

(i) Dividing the interval (0, 1) into 4 equal parts, each of width A = % =1 the values

are given below:

1
f =
of ) = F 10

1 1 3
x: 0 Z 5 Z 1
1 64 8 64 1
fle): 10 641 81 667 11

By Trapezoidal rule,
h
Ly=75 [0 +y9) + 20, + 55 +5)]

K ! 1)+2(64 b2, 0 H = 0.0975039

10 11 641 81 667

2
1
8
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(ii1) Dividing the interval (0, 1) into 8 equal parts, each of width A = %, the values of

1
x) = are given below:
f x3+10 &t
. 0 1 1 3 1 5 3 1 1
© 8 4 8 2 8 4 8
) i 512 ﬂ 512 i 512 ﬁ 512 1
fx): 10 5121 641 5147 81 5245 667 5463 11
By Trapezoidal rule,

h
IO=E[(yo+y8)+2(y1+y2+y3+y4+y5+y6+y7)]

1 1 1 512 64 512 8 512 64 512
=—||l—+—|+2| ——+—+ +—+ + +
16 [( 10 11) (5121 641 5147 81 5245 667 5463 H

= 0.0976012
Repeating the above process for p = 1 so that

dx

1 X
Il_-[0 x% +10

and dividing the interval (0, 1) into 2, 4 and 8 equal parts respectively, we get I, as 0.0480733,
0.0481145 and 0.0481164 respectively.

Example 14. A solid of revolution is formed by rotating about x-axis, the lines x = 0 and
x = 1 and a curve through the points with the following co-ordinates.
x: 0 0.25 0.5 0.75 1
y: 1 0.9896 0.9589 0.9089 0.8415
Estimate the volume of the solid formed using Simpson’s rule.
Sol. If V is the volume of the solid formed then we know that

V=nJ.01 y2 dx

Hence we need the values of y2 and these are tabulated below correct to four decimal
places

X

0

0.25

0.5

0.75

2

Y

1

0.9793

0.9195

0.8261

0.7081

With A =0.25, Simpson’s rule gives

V= n@ [(1+0.7081) + 4(0.9793 + 0.8261) + 2(0.9195)] = 2.8192.
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Example 15. A tank is discharging water through an orifice at a depth of x metre below
the surface of the water whose area is A m?. Following are the values of x for the corresponding
values of A.

A:  1.257 139 1.52 1.65 1809 1962 2.123 2.295 2462 2.650 2.827
x: 1.5 1.65 18 195 2.1 2.25 2.4 2.55 2.7 2.8 3

30 A
Using the formula (0.018) T = L 5 T dx, calculate T, the time (in seconds) for the level
5 Ax

of the water to drop from 3.0 m to 1.5 m above the orifice.
Sol. Here A =0.15

A
The table of values of x and the corresponding values of T is
x

X 1.5 1.65 1.8 1.95 2.1 2.25 2.4 2.55 2.7 2.85 3
y = % 1.025 | 1.081 | 1.132 | 1.182 | 1.249 1.308 1.375 | 1.438 | 1.498 | 1.571 | 1.632
X
Using Simpson’s 1/3™ rule, we get
3 A 0.15
J — dx=——-[(1.025 + 1.632) + 4(1.081 + 1.182 + 1.308 + 1.438 + 1.571)
15 x 3

+2(1.132 + 1.249 + 1.375 + 1.498)]
=1.9743

Using the formula

3 A
= —d
(0.018)T -[1.5 Tx X
We get 0.018T =1.9743 = T =110 sec. (approximately).

ASSIGNMENT

2
1. (i) Evaluate I L dx by Simpson’s 1/3" rule with four strips and determine the error by direct
1 x
integration. [G.B.T.U. (MCA) 2010]

1
(i1) Evaluate the integral J e**1dx using Simpson’s 1/3 rule by dividing the interval of
0

integration into 8 equal parts. (G.B.T.U. 2013, 2011)

/2 TC

2. Compute IO sin x dx using Simpson’s three-eighth rule of integration, taking 4 = 18
(U.P.T.U. 2007)

5.2
3. Evaluate J log, x dx by Simpson’s 8/8% rule. [G.B.T.U. (C.0.) 2011]
4

/2
4. (i) Find the value of J y1-0.162 sin? x dx using Simpson’s one-third rule taking 6 sub-
0
intervals. (U.P.T.U. 2007)
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(i) Find the approximate value of the following integral using Simpson’s rule by dividing the

T
interval into six equal parts: IO y1+3 cos? x dx. (M.T.U. 2012)
. . . sin (x) |

5. (i) Use Simpson’s 1/3 rule to evaluate the integral of flx) = with respect to x between
x =0 and x = 1 with a value of 2 = 0.25. [G.B.T.U. MCA (SUM) 2010]

8
(ii) Evaluate I x sec x dx using eight intervals by Trapezoidal rule. (U.P.T.U. 2009)

0

(i) State the need and scope of numerical integration. Use the Trapezoidal rule to estimate the
2

integral J e dx taking the number of intervals 10. [G.B.T.U. (C.0.) 2010, U.P.T.U. 2008]
0

6. (a) Evaluate using Trapezoidal rule

T 2
(i)j tsint dt (ii)J. tdt
0 2 5+2t

21
(b) Evaluate the integral J‘ ¢! sin 10 ¢ d¢ using
0

(i) Simpson’s 3/8 rule. (M.T.U. 2012)
(i) Simpson’s rule with eight intervals. (U.P.T.U. 2014)

4
7. (i) Evaluate J e* dx by Simpson’s rule, given that e = 2.72, e? = 7.39, 3 = 20.09, e = 54.6 and
0

compare it with the actual value.

(i) Using Simpson’s 1/3 rule, evaluate J‘03(2x - x%) dx by taking n = 6. (G.B.T.U. 2013)
8. (i) The velocities of a car running on a straight road at intervals of 2 minutes are given below:
Time (in minutes: 0 2 4 6 8 10 12
Velocity (in km/hr: 0 22 30 27 18 7 0
Apply Simpson’s rule to find the distance covered by the car. (G.B.T.U. 2011)
(i) The velocity v of a particle at distance s from a point on its path is given by the table below:
s (in meter): 0 10 20 30 40 50 60
v (m/sec): 47 58 64 65 61 52 38
Estimate the time taken to travel 60 meters by using Simpson’s % rule. Compare the result
with Simpson’s 3/8 rule. (U.P.T.U. 2007, 2015 ; G.B.T.U. (C.0.) 2011]
(zi1) The velocity ‘v’ of a particle at distance ‘s’ from a point on its linear path is given in the
following table:
s (m): 0 2.5 5 7.5 10 12.5 15 17.5 20
v (m/sec): 16 19 21 22 20 17 13 11 9
Apply Simpson’s rule to estimate the time taken by the particle to traverse the distance of 20
meters. (G.B.T.U. 2011)

9. The velocity of a train which starts from rest is given by the following table, time being reckoned
in minutes from the start and speed in kilometres per hour:

Minutes: 0 2 4 6 8 10 12 14 16 18 20
Speed (km/hr): 0 10 18 25 29 32 20 11 5 2 0

. . 2
Estimate the total distance in 20 minutes. [Hlnt- Here step-size A = %}
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10.

11.

12.

13.

14.

15.

16.

A rocket is launched from the ground. Its acceleration is registered during the first 80 seconds
and is given in the table below. Using Simpson’s 1/3™ rule, find the velocity of the rocket at
t = 80 seconds. (G.B.T.U. 2012)

t(sec): 0 10 20 30 40 50 60 70 80
flem/sec?): 30 31.63 33.34 3547 37.75 40.33 43.25 46.69 50.67.

(1) Find an approximate value of log, 5 by calculating to 4 decimal places, by Simpson’s 1/3"4

5 d
rule, J. ad dividing the range into 10 equal parts.
0 4x+5

x2

1
(i7) Find the value of log, 2 from JO dx using Simpson’s 1/3™ rule by dividing the range of

1+ %3
integration into four equal parts. Also find the error.

In an experiment, a quantity G was measured as follows:

G(20) = 95.9, G(21) = 96.85, G(22) = 97.77, G(23) = 98.68, G(24) = 99.56, G(25) = 100.41,
G(26) = 101.24.

26
Compute J G(x) dx by Simpson’s rule.
20

11
Using the data of the following table, compute the integral J xy dx by Simpson’s rule:
0.5

x: 0.5 0.6 0.7 0.8 0.9 1.0 1.1
y: 0.4804 0.5669 0.6490 0.7262 0.7985 0.8658 0.9281

1
Apply Simpson’s 1/8" rule to evaluate the integral I = I e* dx by choosing step size A = 0.1
0

Show that this step size is sufficient to obtain the result correct to five decimal places.

(i) Use Simpson’s rule dividing the range into ten equal parts to show that:

Jlde =0.173

0 1+ 22

2
(i1) Evaluate J L to three decimals, dividing the range of integration into 8 equal parts.

0 x“+x+1

(U.P.T.U. 2007)

15
(zi1) Compute I = I

2
e * dx using Simpson’s (%)Td rule with four subdivisions.
0.2

1
(iv) Using Simpson’s 1/3™ formula, evaluate J 3&
0x"+x+1

choose with steplength 0.25.

(U.P.T.U. 2009)

6
(i) Using 3/8* Simpson’s rule, Evaluate: J. dx

0o 1+x*

dx by using Simpson’s three-eighth rule. [G.B.T.U. (M.Tech.) 2010]

9
(i) Evaluate J. 3

01+x
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(i1) State Simpson’s three-eighth rule. Using this rule, evaluate the following integral

6
J‘ X dx (U.P.T.U. 2015)
0 1+x5

17. A solid of revolution is formed by revolving the area y = fix) from x = 1 to x = 3 about the x-axis.
The following table gives relation between x and y for this curve:

x: 1 1.5 2 2.5 3
y: 1 0.9896 0.9589 0.9089 0.8415
Using Simpson’s one-third rule, estimate the volume of the solid formed. (M.T.U. 2013)

18. (i) Find the distance between two stations from the following data consisting of the speeds v(¢) of
an electric train at various times ¢ after leaving one station until it stops at the next station.
Apply Simpson’s rule:
v (miles/hr): 0 13 33 395 40 40 36 15 0
¢t (min): 0 05 1 1.5 2 2.5 3 3.5 4

120

(i) The speed of a train at various times after leaving one station until it stops at another station
are given in the following table:

. 1
[Hmt. Here h = —} (G.B.T.U. 2012)

Speed (in mph): 0 13 33 39.5 40 40 36 15 0
Time (in minutes): 0 0.5 1 1.5 2 2.5 3 3.25 3.5
1
Find the distance between the two stations using trapezoidal rule, Simpson’s 3 rule and
. 3
Simpson’s 3 rule. (M.T.U. 2013)

Hint. Since time interval is not same, hence,

35 3 3.5
s=J. vdt=J. vdt+J~ vdt (taking A =05 and 0.25)

0 0 3
19. A curve is drawn to pass through the points given by the following table:
x: 1 1.5 2 2.5 3 3.5 4
y: 2 2.4 2.7 2.8 3 2.6 2.1
Find
(i) Centre of gravity of the area. (i) Volume of the solid of revolution.

(iii) The area bounded by the curve, the x-axis and lines x = 1, x = 4.

20. (i) Obtain the global truncation error term of trapezoidal method of integration.

(i1) Derive an expression for error estimation in Simpson’s one-third rule. (U.P.T.U. 2008)
(iii) Derive Simpson’s 3/8t" rule. [UP.T.U. (MCA) 2009; U.P.T.U. 2009]
Answers
1. () 0.69325; 0.0001 (i) 4.67078 2. 0.974353 3. 1.8278
4. (1) 1.505103 (ii) 5.4059
5. (1) 0.946058 (1) — 6.435936 (tir) 17.1702
6. (a)(@)3.14 (i) — 0.747 (b) (1) — 0.24245 (i) 0.39466
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7. (1)53.87,53.60 (i) 0

8. ()3 % km (1) 1.063521 sec, 1.0643752 sec (i) 1.26164 sec

9. 5.156 km 10. 30.87 m/sec 11. ) 1.61 (z7) 0.693255; 0.0001078
12. 591.85333 13. 0.358487 14. 1.718282782
15. (ii) 0.824 (7ir) 0.658596 (iv) 0.6305
16. (i) 1.019286497 (i) 1.124955 (i) 0.646382112
17. 5.638478 18. () 1.8 miles (i) 1.666 miles, 1.666 miles, 1.6671875 miles
19. () (2.53,1.31)  (ii) 64.07 (zii) 7.7833

5.19 INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS

A physical situation that concerns with the rate of change of one quantity with respect to
another gives rise to a differential equation.

Consider the first order ordinary differential equation

d
o =f) (D)
x
with the initial condition y(xy) =, ...(2)
Many analytical techniques exist for solving such equations. But these methods can be

applied to solve only a selected class of differential equations.

However, a majority of differential equations appearing in physical problems cannot be
solved analytically. Thus it becomes imperative to discuss their solution by numerical
methods.

In numerical methods, we donot proceed in the hope of finding a relation between
variables but we find the numerical values of the dependent variable for certain values of
independent variable.

5.20 INITIAL-VALUE AND BOUNDARY-VALUE PROBLEMS M.T.U. 2012)

Problems in which all the conditions are specified at the initial point only are called initial-
value problems. For example, the problem given by eqns. (1) and (2) is an initial value
problem.

Problems involving second and higher order differential equations, in which the condi-
tions at two or more points are specified, are called boundary-value problems.

To obtain a unique solution of nth order ordinary differential equation, it is necessary to
specify n values of the dependent variable and/or its derivative at specific values of independ-
ent variable.

5.21 SINGLE-STEP AND MULTI-STEP METHODS

The numerical solutions are obtained step-by-step through a series of equal intervals in the
independent variable so that as soon as the solution y has been obtained at x = x, , the next
step consists of evaluating y, , at x = x,,;. The methods which require only the numerical
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value y, in order to compute the next valuey, , for solving equation (1) given above are termed
as single-step methods.

The methods which require not only the numerical value y; but also at least one of the
past valuesy; 1,y o, ... are termed as multi-step methods.

5.22 COMPARISON OF SINGLE-STEP AND MULTI-STEP METHODS

The single-step method has obvious advantages over the multi-step methods that use several
past values (y,, y, 1, - , ynfp) and that require initial values (y,, y,, ...... ,y,,) that have to be
calculated by another method.

The major disadvantage of single-step method is that they use many more evaluations
of the derivative to attain the same degree of accuracy compared with the multi-step methods.

5.23 NUMERICAL METHODS OF SOLUTION OF O.D.E.

Here, we will discuss various numerical methods of solving ordinary differential equations.

We must know that these methods will yield the solution in one of the two forms:

(a) A series for y in terms of powers of x from which the value of y can be obtained by
direct substitution.

(b) A set of tabulated values of x and y.

Picard’s method belong to class (a) while those of Euler’s, Runge-Kutta, etc., belong to
class (b). Methods which belong to class (b) are called step-by-step methods or marching
methods because the values of y are computed by short steps ahead for equal intervals of the
independent variable.

In Euler’s and Runge-Kutta methods, the interval range 4 should be kept small hence
they can be applied for tabulating y only over a limited range.

5.24 PICARD’S METHOD OF SUCCESSIVE APPROXIMATIONS

Emile Picard (1856-1941) was a distinguished Professor of Mathematics at the University
of Paris, France. He was famous for his researches on the Theory of Functions.

Consider the differential equation

d
o=y Y =g (1)

Integrating eqn. (1) between the limits x, and x and the corresponding limits y, and y,
we get

j; dy = j flx, y) dx

= y—y0=J.: f(x,y)dx

or, Y=y, + J:) f(x,y) dx ..(2)

In equation (2), the unknown function y appears under the integral sign. Such type of
equation is called integral equation.
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This equation can be solved by the method of successive approximations or iterations.
To obtain the first approximation, we replace y by y, in the RHS of eqn. (2).
Now, the first approximation is

Y=y, + j fx, yo) dx (3)

The integrand is a function of x alone and can be integrated.
For a second approximation, replace y, by yin f (x, y,) which gives

y(2) =y, + J.x f{x,y(l)}dx ..(4)
Xo

Proceeding in this way, we obtain y®, y®, ... , ¥y and y® where

X
Y =y, + J fla,y ™"V} dx with y(x,) = v,
Xo

As a matter of fact, the process is stopped when the two values of y viz. y*~1 and y are
same to the desired degree of accuracy.

Picard’s method is of theoretical value considerably. Practically, it is unsatisfactory
because of the difficulties which arise in performing the necessary integrations. However,
each step gives a better approximation of the required solution than the preceding one.

EXAMPLES

Example 1. Use Picard’s method to obtain y for x = 0.2. Given:

& x —y with initial condition y = 1 when x = 0.

dx
Sol. Here fle,y)=x-y, x,=0,y,=1
We have first approximation,

X X x2
y<1)=y0+'|.0 f(x, yy) dx =1+J0(x—1)dx :1—x+7

Second approximation,

y? =y, + J.o floe,yPldx =1+ -[0 {x —yVYdx

2 3
=1+ J-x x—ltx-2|de=1-x+x2- "=
0 2 6
Third approximation,

YO =y jo fle,yPYdx =1+ jo {x—y®}dx

3 3 4
* x X X
=1+J- —1+x-— 2+_d =1l—-x+4+x2__4=
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Fourth approximation,

YO =y, + jo Flx, y®)dx =1+ J‘O = y®) dx

. 3 4
=1+j x-lrx—a2+2 % |dx
0 3 24

= 1—x+x2—£+£—£
3 12 120
When x = 0.2, we get
vy =0.82, y? = 0.83867, y® = 0.83740, y¥ = 0.83746
Since y® and y¥ are same upto four decimal places, therefore,
$(0.2) = 0.8374.

Example 2. Using Picard’s method of successive approximations, obtain a solution up

d
to fifth approximation of the equation d_y =y + x such that y = 1 when x = 0.
X

Sol. We have,

ﬂx,y) =y +x,x,= O;y()z 1
First approximation,

x x
y(l) =y, + J.x f(x,yo) dx =Y, + -[0 (x +y0) dx
0

x 2
=1+J.0 (x+1)dx=1+x+x7

Second approximation,

¥ =y, + Jo fle, y V) dx =1 + .[o {x +yV} dx

=1+I x+1l+x+— dr=1+x+x2+ —
0 2 6

Third approximation,

X X
¥ =y, + J.o fle, yPydx =1+ J.o {x +y?} dx

3

x 3 4
2 X x x
=1+_“0 (x+1+x+x +—6jdx:1+x+x2+—+—

Fourth approximation,

x 3
Yy =y, + jo e,y dx

. 3 4
=1+ JO [x+1+x+x2+%+;—4jdx

1 9 o xt X
=l+x+x2+ —+"—+—"—
3 12 120
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Fifth approximation,

N @
YO =y, + jo flx, v'*} dx

12 120

3 x4 x5 x6

Y R R A A
3 12 60 720

. 3 .4 5
=1+J [x+1+x+x2+%+x—+x de
0

Example 3. If % =)= x, find the value of y at x = 0.1 using Picard’s method. Given
x y+x

that y(0) = 1.
Sol. First approximation,

yV=y,+ xyo—xdle_'_J-x(l—dex
0 yo+x 0 \{1+x

x( 2
=1+J.0 (1+x—1)dx=1—x+2log(1+x)

Second approximation,

x x dx
yP=1+x-2 Io 1+2log (1+x)
which is difficult to integrate.
Thus, when x = 0.1, y»=1-0.1+2log (1.1) = 1.09062
Here in this example, only I approximation can be obtained and so it gives the approxi-
mate value of y for x = 0.1.

2

Example 4. Given the differential equation Z_y = 2x 7 with the initial conditiony =0
X yo+

when x = 0. Use Picard’s method to obtain y for x = 0.25, 0.5 and 1.0 correct to three decimal
places.
Sol. The given initial value problem is

2

dy x
— =flx,y) = h =0 atx,=0
T flx, y) a1 where y, at x,,
We have first approximation,
x v x? 1
D=y + J flx, yo)dx =0 + J. dx = =x3 (D)
Y Yo % 0 00+1 3

Second approximation,

* §)
¥ =yy+ [ fley ) d
%o
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x 2 3
=O+I x—zdx:tan‘lx_
0 (,3 3
— | +1
=1x3—1133+ =lx3—ix9+ (2)
3 3 3x =g 1

3
From (1) and (2), we see that y and y? agree to the first term X To find the range of

values of x so that the series with the term 1x3 alone will give the result correct to three
decimal places, we put

L 9<0.0005
g1¥ =V

which gives, x% <0.0405 or x<0.7

1 1
Hence, (0.25) = 3 (0.25=0.006 and y(0.5) = §(O.5)3 =0.042

To find ¥(1.0), we make use of eqn. (2) which gives,

(10)—l i—0321
y(1.0)= o — o7 =0.321.

5.25 PICARD’S METHOD FOR SIMULTANEOUS FIRST ORDER DIFFERENTIAL
EQUATIONS

d
Let /4

dz
dx =0(x,y,2) and

ax =12

be the simultaneous differential equations with initial conditions y(x,) = y; 2(x,) = z,,.
Picard’s method gives

x X
y D=y, + J 0(x, ¥o, 29) dx; z(1>=20+J. f(x, ¥9,20) dx
X o

X X
yP =y, + J ofx, y'V, 2P}y dac; 2@ = 2 + J flx, yP, 2V} dx
X Xo

and so on as successive approximations.

5.26 PICARD’S METHOD FOR SECOND ORDER DIFFERENTIAL EQUATIONS

Consider the second order differential equation

d? d
Tg:f(x,y9_y)
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d
By putting d—z =z, it can be reduced to two first order simultaneous differential equa-

tions:

dy dz
dx =2 and dx =flx,y, 2)

which can be solved easily as explained in art. 5.25.

EXAMPLES
Example 1. Approximate y and z by using Picard’s method for the particular solution of
d d,
d—z =x+2z d_z =x —y? given thaty = 2, z = 1 when x = 0. (G.B.T.U. 2011)
Sol. Let Ox,y,2)=x+2z, flx,y,2) =x —y?
Here, %,=0,y,=2,2,=1
d x
We have, 2 0, y,2) = y=y,+ J o(x, y, 2) dx (1)
dx Xo
dz
Also, =flx,y,2) = z=z,+ J. fx,y,2)dx ..(2)
First approximation,
yV=y,+ J. o(x, ¥g,20) dx =2 + Jx (x +2y) dx
X 0
=2+J. x+Ddx =2 +x + —
0 2
and 2V =2z +J. f(x, yo,zo)dx_1+J (x — y,%) dx

x 2
=1+_[0 (x — 4) dx =1_4x+%

Second approximation,

X X
y@ =y, + J.xo ofx, yP, 2P dx = 9 4 Jo {x+2"} dx

x 2 3 3
=2+J x+1—dx+2- dx=2+x——x2+—x
0 2 2 6

X
2=zt [ fle,y®, 2V dx
Xo

3
=1—4x — —x2 —x3—x—
2 4

T z

+IO 2+x+ }
x
20
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. , . . . dy dz 4
Example 2. Solve by Picard’s method, the differential equations T z, e 2 (y+2)
X x
1

where y=1, z= 3 at x = 0. Obtain the values of y and z from III approximation when
x=0.2andx =0.5.

Sol. Let Ox,y,2) =2, flx,y,2)=x3y +2)

1
Here x,=0, y,=1, 20=§

First approximation,

. : 1
y<1>=y0+J0 ¢(x,y0,zo)dx=1+j Zdr=1+7x
0

2V =z + JCf(x z)dx:l+ xx?’( +2,) d =1+—x
0" )y » Y0» 20 PR Yo T 2p)ax :

Second approximation,

y? = 1+Ix 2 dx =1+Jx (l+—x )dx =1+£+ix5
0 0 2

1 X
2@ §+J‘ Bly® 4+ 20} gy

Third approximation,
4 5 8
y¥ =1+ Jx 2Pdx =1+ r 1,30 % 3% |\
0 ol2 8 10 64

5 xe x9

. A A
2 40 60 192

1 x
2® = Pl I Ay?® + 2} da
0

+J-xx3 §+£+§x4+lx5+ix8 dx
2 2 8 40 64

—+ix8 + Lxg + ix
10 64 360 256
When x=0.2
3 02°% 1
3) _ 2 5y - 9
y 1+0.1+ 40 (0.2 + 60 192 (0.2)

= 1.100024 (leaving higher terms)

1 3 02° 3 g 1 9. 1 12
= g0+ =+ (02 + o(0.2)° + 0.2)

256
=0.500632 (leaving higher terms)
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When x = 0.5
05 3 05° 1
@ =1+ —"—"4+"(0.5P%+ ——+—— (0.5)° = 1.25234375
yUEIA 0 O Te0 10 (0P
1. 3 05)° 3 7 1
(6 I 4 2 8, ' 9, = 12
z 2 8(0.5) + 0 + o (0.5)° + 360 (0.5) + 256(0.5)
= 0.5234375.
Example 3. Use Picard’s method to approximate y when x = 0.1 given that
d?y dy dy
— +2x —— = =0.5, — =0.1 =0.
Ix + xdx+y 0 andy = 0.5, dr 0.1 when x =0
Sol. We h d_zy + 2 Ll +y=0 (D
ol. We have, 12 Xty =

dy dz
Let dr =% so that eqn. (1) becomes dx +2xz+y=0

Now the equations to be solved are

d,
d—y =flx,y,2) =2 .(2)
X
dz
e = 00y, 2) == (22 +y) ..(3)
with the conditions ¥0o=05,2,=0.1atx,=0

First approximation
yV =y, + LO flx, ¥4, 2,) dx = 0.5 + jo 2,dx=0.5+0.1x
2D — 2+ J Ox, yg, 2) dx = 0.1 + jo [ (2x 2, +y,)] dx
Xo

~0.1- jo (0.2x +0.5) dx = 0.1 — 0.5x — 0.1x2

Second approximation

¥ =y, + J.o fle, yV, 21y dx = 0.5 + J-o 2 dx
=05+ [ (0.1-050-0.1x) dx
0.1
=0.5 + 0.1x — 0.25x2 — 3 x3
2P =z, + Io o {x, yV, 2V} dx = 0.1 - J-o [2x 21 + y V] dx

=01- Jo [2x(0.1 — 0.5x — 0.1x2) + (0.5 + 0.1x)] dx
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~0.1- J'O (0.3x — x2 — 0.2x% + 0.5) da

2 3 4
~01-05v_03% 4%  0lx
2 3 2

Third approximation

X X
¥ =y, + Io fle, y®, 2} dx = 0.5 + Jo 2@ dx

X g &° 4
=0_5+j0 0.1-05% - 0.15%% + -+ 0.05x* | e

4
= 0.5 + 0.1x — 0.25x2 — 0.05x3 + % +0.01x5

2=z, + Io 0 fx, y®, 2@} dx = 0.1 - -[o [2x 22 + y?)] dx

3
01— [F12x]0.1-05x-0.15x2 + = +0.05x* |+ 05+0.1x— 0.25x2 — 21 43 d
’ 0 3 3 X

2.5 2 0.1
=0.1-0.5x + 0.15x2 — ?x3 +0.2x% + 1—5x5 + ?xﬁ

Now when x = 0.1, y¥ = 0.51, y® = 0.50746667, y® = 0.50745933
Since y® and y® are same up to four decimal places hence y(0.1) = 0.5074.

ASSIGNMENT
. . dy : . . :
1. Find the solution ofa =1+xy,y (0)=11in the interval (0, 0.5) correct to 3 decimal places taking
h=0.1.
. dy . . . .
2. Solve numerically o 2x —y,y(0) = 0.9 at x = 0.4 by Picard’s method with three iterations and

compare the result with the exact value.

d
3. Apply Picard’s method to find the solution of the initial value problem 2 y—x,y (0) =2. Show

dx
that the iterative solution approaches the exact solution. (M. T.U. 2012)
4. Use Picard’s method to approximate the value of y when x = 0.1 given that y = 1 when x = 0 and
dy 2
dr = 3x + y2. (M.T.U. 2013)

d
5. (i) For the differential equation d_iic =x —v%, y(0) = 0, calculate y(0.2) by Picard’s method to

third approximations and round off the value at 4! place of decimals.

d
(i1) Find an approximate value of y when x = 0.1 if 2 x—y?andy = 1 at x = 0 using Picard’s

dx
method.
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d
6. Employ Picard’s method to find y (0.2) and y (0.4) given that d_y =1+y%andy (0)= 0.
X

d
7. Employ Picard’s method to obtain the solution of —i =x2+y%2 for x=0.4correctto four places

d

of decimal given that y = 0 when x = 0.

d
8. Find y(0.2) if d_z = log,, (x +y); y(0) = 1. Use Picard’s method.

2
9. Solve by Picard’s method: ﬂ = x3(ﬂ + yj wherey =1, ﬂ = 1 when x = 0, obtain the results
dx? dx dx 2

up to third approximation.

Answers
1. «x: 0 0.1 0.2 0.3 0.4 0.5
y: 1 1.105 1.222 1.355 1.505 1.677
2. 0.7432,0.7439
2 13 Kt
3. y=2+2x+ Y + o 2 (up to third approx.); exact solution: y = 1 + x + ¢*
4
4, y=1+x+ gxz + §x3 +%x4 + %x5 (up to second approx.)
5. (i) 0.019984, 0.0200 (i) 0.9138 6. 0.2027, 0.4227
7. 0.0213 8. 1.0082

5 5 6 9
x x 3x x 3x x x
9. YW =Ta oy = o Sy = o S S T e

5.27 EULER’S METHOD [G.B.T.U. (MCA) 2010]

It is the simplest one-step method and has a limited application because of its low accuracy.
This method yields solution of an ordinary diff. eqn. in the form of a set of tabulated values.

In this method, we determine the change Ay is y
corresponding to small increase in the argument x. Consider Y4
the differential equation

A
N
S

‘_O\OQ Q2

dy _

dx
Let y = g(x) be the solution of (1). Let x, x,, x, ...... be
equidistant values of x. P,

f,y), yxgd=y, .1

Y2

In this method, we use the property that in a small
interval, a curve is nearly a straight line. Thus at the point >
(x,¥,), we approximate the curve by the tangent at the point % Xo X4 X
(x4, ¥¢)-
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The equation of the tangent at P (x,, y,) is

dy
Y=Y = (ajp (x = %9) = flxy, y,) (x —x,)

= Y=y + 0 —x0) floeg, yo) (2)
This gives the y-coordinate of any point on the tangent. Since the curve is approximated
by the tangent in the interval (x,, x,), the value of y on the curve corresponding to x = x, is
given by the above value of y in eqn. (2) approximately.
Putting x = x,(= x, + &) in eqn. (2), we get
Y1=Yot+ hf(xo’ yo)
Thus Q, is (x, ¥;)
Similarly, approximating the curve in the next interval (x;, x,) by a line through
Q,(x,, y,) with slope flx,, y,), we get
Yo=Yt hﬂxl’yl)

In general, it can be shown that,

Vi1 =Y+ A, y,)

This is called Euler’s formula.

d
A great disadvantage of this method lies in the fact that if d_i)c changes rapidly over an

interval, its value at the beginning of the interval may give a poor approximation as compared
to its average value over the interval and thus the value of y calculated from Euler’s method
may be in much error from its true value. These errors accumulate in the succeeding intervals
and the value of y becomes much erroroneous ultimately.

Note. In Euler’s method, the curve of actual solution y = g(x) is approximated by a sequence of short
lines. The process is very slow. If 2 is not properly chosen, the curve P/Q,Q, ...... of short lines representing
numerical solution deviates significantly from the curve of actual solution.

5.28 IMPROVED EULER’S METHOD

The improved Euler’s method gives greater improvement in accuracy over the original Euler’s
method. Here the core idea is that we use a line through (x, y,) whose slope is the average of
the slopes at (x,, y,) and (x,, y,'V) where y,"V =y + 2fix,, y,). This line approximates the curve
in the interval (x, x,).

Geometrically, if L, is the tangent at (x,, y,), Ly is Y4

_ (X1, 1)
a line through (x,, ¥,'V) of slope flx,, ;') and L is the 1 |13

line through (x,, y,") but with a slope equal to the aver-
age of flx,,y,) and flx;,y,'V) then the line L through

I

(xy,y,) and parallel to L is used to approximate the curve (X0 Yo)
in the interval (x, x,). Thus the ordinate of the point B A o L
will give the value of y,. Now, the eqn. of the line AL is *y1 )

given by

f(x0,30) + Flay, 3™ 5 >X
2

¥1= Yo+ (g — %)
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fxg, yo) + f(xbyl(l))

=y, +h 5 (1)
A generalized form of improved Euler’s formula is

(n+1) — ﬁ (n) e = 1.2 2

¥4 =y + 9 (flxy, yo) + Axy, v, |30 =0,1,2, ... ..(2)

where y,™ is the n'® approximation to y,.
The above iteration formula can be started by choosing y,V from Euler’s formula
v,V =y, + Bflxg, yo) ..(3)
Since this formula attempts to correct the values of y,  , using the predicted value of
Y41 (by Euler’s method), it is classified as a one-step predictor-corrector method.

5.29 MODIFIED EULER’S METHOD

In this method, the curve in the interval (x, x,), where
x, = X, + h is approximated by the line through (x, y,) Y4 (s, ¥1) L

2

slope at the middle point whose abscissa is the aver-
age of x, and x,. (Xor Yo)

with slope f {xo + g , Yo + h o, ¥ )}, which is the

In the adjoining figure, line AL through A(x,, y,) 79 e
which is parallel to the line PL with slope

+

hg
Yo Yo 2 o o) Y1

f {xo + g , Yo + g (o, 50 )} approximates the curve in

the interval (x, x,). The ordinate at x = x,, meeting the
line L at B, will give the value of y,.

The equation for line AL is

Xo Xo + L X4

h h
¥y =yo=(x—xp) {f{xo t5 Yo +§f(xo’yo)H (D)

Putting x = x, in (1), we get

h h
Y1 =Y+ (0 —xp) {f{xo +§,yo +§f(xo ,yo)H

X +£ +ﬁf(x )
= y1=y0+hf 0 ZayO 9 0>Yo
Proceeding in the same way, we obtain
h h ( )
Yo =Y+ A1+ 5 Yn 5 [0, 3 .(2)

which is the generalized form of modified Euler’s formula.
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EXAMPLES

Example 1. Given % =Y=% with y =1 for x = 0. Find y approximately for x = 0.1 by
x y+x
Euler’s method.

Sol. We have
dy y—x
— = , =—; =0, =1’h=0_1
dx 1, 7) y+x %o Yo

Hence the approximate value of y at x = 0.1 is given by
¥1=Yo + hflxy, ¥y | Usingy,,, =y, + hf(x,,y,)

=1 (Ol)ﬂ—ll
i T Bl

Much better accuracy is obtained by breaking up the interval 0 to 0.1 into five steps.
The approximate value of y at x, = 0.02 is given by,

1-0
Y1 =yo + hflxy, yy) =1 +(0.02) (_) =1.02

1+0
1.02-0.02
At Xg = 0.04, Yo=Yt hﬂxl,yl) =1.02 + (0.02) [m] =1.0392
At x = 0.06, y5 = 1.0392 + (0.02) 103920041 _4 577
1.0392 + 0.04
1.0577 - 0.06
At x, = 0.08, vy, =1.0577+(0.02) | ——————— | = 1.0756
1.0577 + 0.06
1.0756 — 0.08
At x, =0.1, y5 =1.0756 + (0.02) | ——— | = 1.0928
1.0756 + 0.08
Hence y = 1.0928 when x = 0.1
YA E
D
C
A B
> X
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d
Example 2. Solve the equation D1~ Yy with the initial condition x = 0, y = 0 using

dx
Euler’s algorithm and tabulate the solutions at x = 0.1, 0.2, 0.3.
Sol. Here, fle,y)=1-y

Taking h = 0.1, x,= 0, y, = 0, we obtain
Y1=Yo + hflxg, ) =0+(0.1)(1-0)=0.1

. y(0.1)=0.1
Again, Yo =y, +hflx;,y)=0.1+(0.1)(1-0.1)=0.1+0.09 =0.19
(0.2) = 0.19
Again, Yy =Yg + hflxy, y,) = 0.19 +(0.1) (1 -0.19) = 0.271
¥(0.3) = 0.271
Tabulated values are

X y(x)

0 0

0.1 0.1

0.2 0.19

0.3 0.271

Example 3. Use Euler’s method to obtain an approximate value of y(0.4) for the equation
¥ =x+y,y0) =1withh=0.1.

Sol. Here, fe,y)=x+y
Taklng h = 0.1, _’)CO = O, yo = 1’ we Obtain
y1=y+hflag,y)=1+(0.1)(0+1)=1.1

. y(0.1)=1.1

Again, Yo =y, +h flx;,y,) =1.1+(0.1) (0.1 + 1.1) = 1.22

¥(0.2) = 1.22

Again, Vg =yg +h flay, yy) = 1.22 +(0.1) (0.2 + 1.22) = 1.362
¥(0.3) = 1.362

Again, Yy =y3+h fleg, y.) =1.362 + (0.1) (0.3 + 1.362) = 1.5282

¥(0.4) = 1.5282

Example 4. Solve the following differential equation using Euler’s method from x = 0 to
x=0.2 when h = 0.05.

d
o4 +xy=0,y0) =1
dx

Sol. Here, fx,y) =—xy
Taking h = 0.05, x, = 0, y, = 1, we obtain
Yi=Yo+hf(xyy,)=1+(0.05){-(0x1D}=1

. y(0.05) =1

Again, Yo =y, +hfx;,y,)=1+(0.05) {-(0.05 x 1)} = 0.9975

¥(0.1) = 0.9975

Again, Yg=Yo+hflxy,y,)=0.9975 +(0.05) {~ (0.1 x 0.9975)} = 0.9925125

(0.15) = 0.9925125
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Again, Yy =y5+ h flg, y5) = 0.9925125 + (0.05) {—(0.15) (0.9925125)}
= 0.985068656
y(0.2) = 0.985068656
Hence in tabular form, we can write

x 0 0.05 0.10 0.15 0.2

y 1 1 0.9975 0.9925125 0.985068656

Example 5. Find y(0.1) using improved Euler’s method and then y(0.2) by using modified

d
Euler’s method, given that d_ic/ =log (x +y), y(0) = 1.0 (U.P.T.U. 2007)
Sol. Here flx,y) =log (x +y)
Also, x,=0,9,=1,h=0.1

Using improved Euler’s method, we get
yV=y,+ hﬂxo, ) =1+0.1)log(0+1)=1

(2) —

Vi7" =Yty [ﬂxoayo) +ﬂx1,y1 M
=1+ (021) [0 + 1og(0.1 + 1)] = 1.0047655
(3) h (2)
Y17 =Yyt E [ﬂxoayo) +f{x1,y1 Hl
0.1
=1+ T [0 + log (0.1 + 1.0047655)] = 1.0049816
y{4) =Yoot o [ﬂxoa yo) + f{xp y1(3)}]

=1+ (02—1) [0 + log(0.1 + 1.0049816)] = 1.0049914

Since y,® and y,¥ are same up to four decimal places
- y, =(0.1) = 1.0049

Again, x,=0.1,y, =1.0049, h = 0.1
Using modified Euler’s method, we get

h h
i 21 +§f(x1, yl)}

y2=y1+hf{x1+2

=1.0049 + (0.1) log [0.1 + 0.05 + 1.0049 + (0.05) log (0.1 + 1.0049)]
= 1.0197323
¥(0.2) =1.0197323
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Example 6. Apply modified Euler’s method to solve
d,
d_ic} =e* + xy, y(0) = 0 to compute y(0.1) and y(0.2).
Sol. Here, flx,y) =e* + xy
We have, x,=0,y,=0,h=0.1
Using modified Euler’s method, we obtain
h h
Y1=Yo+hf 1% +E’y0 +§f(x0,y0)
=0+ (0.1) [%9 4+ (0.05) (0.05) (e° + 0)] = 0.105377
y(0.1) = 0.105377
. h h
Again, Yo=y,+hf x1+5,y1+§f(x1,y1)
=0.105377 + (0.1) [e>15 + (0.15) {(0.105377) + (0.05) (e°1 + 0.0105377)}]
= 0.105377 + (0.1) [e*1% + (0.15) (0.16116243)] = 0.22397786
(0.2) = 0.22397786.
ASSIGNMENT
1. Using Euler’s method, compute y(0.04) for the differential equation
% =-y; y0)=1 Take 2 = 0.01. (U.P.T.U. 2007)
x
2. Apply Euler’s method to solve j—y =x +y; y(0) = 0 choosing & = 0.2 and compute y(0.4), y(0.6),
x
y(0.8) and y(1.0).
3. If % = 1 +y2,9(0) = 1, find y(0.4) by using Euler’s method. Take A& = 0.2.
x
[G.B.T.U. (C.0.) 2011]
4. Given that % =log;, (x +y); ¥(0) =1
x
Find y(0.2) and ¥(0.5) using improved Euler’s method.
o . . . dy
5. Using improved Euler’s method, obtain a solution of the equation T CEt | \/; | =fx, y)
with initial condition y = 1 at x = 0 for the range 0 <x < 0.6 in steps of 0.2.
6. Use Euler’s modified method to obtain y(0.25) given that y" = 2xy, y(0) = 1
7. Solvey’ =x2+7y,y(0) =1 to obtain y(0.02) and y(0.04) using Euler’s modified method.
dy 2x . .
8. Solve G =Y 7; y(0) =1 in the range 0 <x < 0.2 using

d.
(i) Improved Euler’s method (it) Modified Euler’s method.
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Answers

1. ¥(0.04) = 0.960596
2. y(0.4) =0.04, y(0.6) = 0.128, y(0.8) = 0.2736, y(1.0) = 0.48832
3. »(0.4) =1.992 4. y(0.2) = 1.0082, y(0.5) = 1.0490
5. y(0.2) = 1.2309, y(0.4) = 1.5253, y(0.6) = 1.8861
6. y(0.25) =1.0625 7. y(0.02) = 1.0202, y(0.04) = 1.0408
8.

x Improved Euler’s Modified Euler’s

method method
0 1 1
0.1 1.095 1.0954762
0.2 1.1828 1.1832984

5.30 RUNGE-KUTTA METHODS

More efficient methods in terms of accuracy were developed by two German Mathematicians
Carl Runge (1856-1927) and Wilhelm Kutta (1867-1944). These methods are well-known
as Runge-Kutta methods. They are distinguished by their orders in the sense that they
agree with Taylor’s series solution upto terms of 4", where r is the order of the method.

These methods donot demand prior computation of higher derivatives of y(x) as in Taylor’s
method. In place of these derivatives, extra values of the given function flx, y) are used.

Fourth order Runge-Kutta method is widely used for finding the numerical solutions of
linear or non-linear ordinary differential equations.

Runge-Kutta methods are referred to a single step methods. The major disadvantage of
Runge-Kutta methods is that they use many more evaluations of the derivative flx, y) to obtain
the same accuracy compared with multi-step methods. A class of methods known as Runge-
Kutta methods combines the advantage of high order accuracy with the property of being one
step.

5.30.1. First Order Runge-Kutta Method

Consider the differential equation

d
=,y ¥ ) =, (1)

Euler’s method gives
y1=y0+hf(x0ay0)=y0+hy0, ...(2)
Expanding by Taylor’s series, we get
2

¥y =y, +h) =y, +hy + 91 Yot e ..(3)

Comparing (2) and (3), it follows that Euler’s method agrees with Taylor’s series solution
up to the term in . Hence Euler’s method is the first order Runge-Kutta method.
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5.30.2. Second Order Runge-Kutta Method
Consider the differential equation
¥y = flx, y) with the initial condition y(x,) =y,

Let A be the interval between equidistant values of x then in second order Runge-Kutta
method, the first increment in y is computed from the formulae

ky=hflxy+ h,y,+ k) }
Ay =Lk, + k)
taken in the given order.
Then, X, =%+ h
Y1=Yot Ay =yo+ 5 (ky + ky)

In a similar manner, the increment in y for the second interval is computed by means
of the formulae,

ky = hf (xy, 51)
ko =hf(x;+h,y, +k)
Ay = %(k1 + ky)

and similarly for the next intervals.

The inherent error in the second order Runge-Kutta method is of order A3.

5.30.3. Third Order Runge-Kutta Method
This method gives the approximate solution of the initial value problem

d
d—i =1, y); y(xy) =y, as

Yi=Yo+ Ay ..(1)
h
where Ay = E(k1 + 4k, + k)
Here, ky=1(xyy,

h k
k, =f{x0 50 Y0 +?1}
hy=f g+ hyyg + B B = hf (g + v + )

Formula (1) can be generalised for successive approximations. Expression in (1) agrees
with Taylor’s series expansion for y, up to and including terms in A3. This method is also
known as Runge’s method.

5.31 FOURTH ORDER RUNGE-KUTTA METHOD (U.P.T.U. 2015)

It is one of the most widely used methods and is particularly suitable in cases when the
computation of higher derivatives is complicated.
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Consider the differential equation y” = flx, y) with the initial condition y(x)) = y,. Let A
be the interval between equidistant values of x then the first increment in y is computed from
the formulae

ki =hf(xq,y,)

k2:hf(x0 +%,yo+ﬁ)

2
h k
kqy = hf (xo t50 0 +32) (D)

ky=hf(xqg+h,y,+ k)
1
Ay = s (ky + 2ky + 2ky + k)
taken in the given order.
Then, X, =x,+h and y,=y,+Ay

In a similar manner, the increment in y for the second interval is computed by means of
the formulae

kl = hf(xl’ yl)

h k
k2=hf(x1+§,y1+?l)

h k
k3=hf(x1+5,y1+72)

ky=hf(x;+h,y, +kg)
1
Ay = E(kl + 2ky + 2k + k)
and similarly for the next intervals.

This method is also termed as Runge-Kutta’s method simply.

It is to be noted that the calculations for the first increment are exactly the same as for
any other increment. The change in the formula for the different intervals is only in the values
of x and y to be substituted. Hence to obtain Ay for the n™ interval, we substitute x,_;, Yoo, I
the expressions for k., k,, etc.

The inherent error in the fourth order Runge-Kutta method is of order A°.

5.32 RUNGE-KUTTA METHOD FOR SIMULTANEOUS FIRST ORDER EQUATIONS

Consider the simultaneous equations

d
_di = fi(x, ¥, 2) (1)
d
o =f&,2) -2)

with the initial conditions y(x) =y, and z(x,) = z,. Now, starting from (x, y,, z,), the increments
k and / in y and z are given by the following formulae:

ky = hf (g, Yo, 20); Ly = hfy(xg, Yo, 20)
h k l h k l
by = 150+ 20+ B2+ s Ly =0+ 0 + 20+ 2
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h k l h k l
kg = hfy (xo +§,yo +72,20 +52)? Iy = hf, (xo +§,yo +?2,20 "‘52)
k,=hfi(xy+h,y,+ kg, 2, +1); ly=hfyxqg+h,y,+ky,zq+1,)
1 1
k= g(k1 + 2k, + 2ky + k,); = E(l1 + 20+ 203 +1)
Hence, y,=y,+k, z2y=25+1

To compute y,, z,, we simply replace x, y,, 2, by x, y;, 2, in the above formulae.

5.33 RUNGE-KUTTA METHOD FOR SECOND ORDER DIFFERENTIAL EQUATIONS

Consider a second order differential equation

dzy d
£ o)
with initial conditions y(x)) =y, ¥'(x,) =y, ..(2)
dy d?y _dz
Let dc ~ 250 that o dx
Substituting in equation (1), we get
dz
e =0y 2)

with initial conditions y(x,) = y,, 2(x,) = 2,
Hence, the problem is reduced to solving the simultaneous equations
d dz
d—i:z:fl(x,y,z) and Ezfg(x;y’z)
subject to y(x,) = y,, 2(x,) = 2,
Above simultaneous equations can be solved as explained in art. 5.32.

EXAMPLES
. dy S .
Example 1. Solve the equation e x +y with initial condition y(0) = 1 by Runge-Kutta
rule, from x = 0 to x = 0.4 with h = 0.1. (M.T.U. 2014)
Sol. Here flx,y)=x+y,h=0.1,x,=0,y,=1
We have,

Ry = hf(x,y) = 0.1(0+1)=0.1

ky = hf(xo +%, Yo +%1j =0.1(0.05 + 1.05) = 0.11

ky = hf(xo +%, Yo +%2j = 0.1105

ky=hf Gy +h, y,+ky)=0.12105
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1
Ay = 5 (ky + 2k, + 2ky + k) = 0.11034

Thus, x;,=x,+h=01 and y,=y,+Ay=1.11034
Now for the second interval, we have
ky=hf(x;,y,)=0.1(0.1+1.11034) = 0.121034

ky = hf (xl +%, v +%1j = 0.13208

ky = hf(xl +%, » +%2) = 0.13263

Ry = hf Gey + Ry, + ky) = 0.14429

1
Ay = E(k1 + 2k, + 2ky + k,) = 0.132460

Hence x,=0.2 and y,=y;+Ay=1.11034 + 0.13246 = 1.24280
Similarly, for finding y,, we have
k= hf (x,,y,) = 0.14428, k, = 0.15649, k, = 0.15710, &, = 0.16999
vy = 1.3997
and  for y, =y(0.4), we calculate
ky=0.16997, k, = 0.18347, k, = 0.18414, k, = 0.19838
v, = 1.5836.

Example 2. Given % =y -x, y(0) = 2. Find y(0.1) and y(0.2) correct to four decimal
X

places. (Use both second and fourth order methods) (U.P.T.U. 2014, 2015)
Sol. By second order Method
To find y(0.1)
Here ¥y =fl,y)=y-x%x=0,y,=2and 2 =0.1
Now, ky=hf(xy,y,) =0.1(2-0)=0.2
ky=hf (xy+ h,y,+ k) =021

1
Ay = 5 (ky+ ky) = 0.205

Thus, x,=x,+h=01 and y,=y,+Ay=2.205
To find y(0.2) we note that,

x,=0.1,y, =2.205,h=0.1
For second interval, we have,

ky = hf (x,y,) = 0.2105

ko =hf (x; + h,y, + k) = 0.22155

1
Ay = E(kl + ky) = 0.216025
Thus, Xy=%x;+h =02 and y,=y,+Ay=24210
Hence y(0.1) = 2.205, y(0.2) = 2.421.
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By fourth order method
¥y =fl,y)=y—-x,2=0, y,=2 and A =0.1
ki =hflx,y,) =0.1(2-0)=0.2

h k

k,=h = =11=0.205

2 f(xo + 9 » Yo + 92 )

h k

ky = hf (xo + 5550 +—2) = 0.20525
2 2

and ky=hf(xy+h,y,+ky) =0.210525
1
Ay = g(k1 + 2ky + 2k, + k) = 0.2052

Thus, ¥ =x,+h=0+01=0.1

Y1 =Y+ Ay =2+ 0.2052 = 2.2052
Now to determine y, = y(0.2), we note that

xy=x,+h =01y, =22052,h=0.1
For II interval, ky = hf (x;,y,) = 0.21052

k, = hf (xl P ﬁ) = 0.21605
2 2
ky
ky=hf| 1+ /2,y + 7 | = 0216323
and k, = hf(x, +h, y, +ky) = 0.221523

1
Ay = gk, + 2ky + 2k + k) = 0.21613

Thus, Xy=%,+h=01+0.1=0.2
and ¥y =y, + Ay = 2.2052 + 0.21613 = 2.4213
Hence, y(0.1) = 2.2052, y(0.2) = 2.4213.

Example 3. Given the initial value problem:y =1 +y2 y(0) =0
Find y(0.6) by Runge-Kutta fourth order method taking h = 0.2. (U.P.T.U. 2008, 2006)
Sol. Here, floe,y)=1+y* h=0.2,x,=0,y,=0

We have, ki=hf(xy,y,) =02
h k
k, = hf(xo +35 Y0 +?1) = 0.202

ky=h f(xo +%,y0 +%2) = 0.2020402

ky=hf(xy+h,y,+ky = 02081640

1
Ay = £ (ky + 2y + 2y + k) = 0.2027074
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Thus, ¥y, =(0.2) =y, + Ay = 0.2027074,x, =x, + h = 0.2
Again, f,y)=1+y2 h=0.2, x,=0.2,y, =0.2027074
We have, ky=hf(x,,y,)=0.208218

h k
key = hf(xl t5o 0 +71) = 0.218827

ky = hf(xl +%,y1 +%2) = 0.219484
By=hf(x, +h,y, +ky)=0.235649

1
Ay = 2y + 2Ry + 2k + k) = 0.22008

Thus, Yo =y(0.4) =y, + Ay = 0.4227874,x, =x, + h = 0.4
Again, flx,y)=1+y% h=02x,=04,y,=04227874
We have, ky=hf(xyy,) =0.235749

h ky
ky=hf|%2 5,2+ | =0.258463

2 2
ky=hf(x,+h,y, +ky) = 0.293498

h ky
ky=hf|%+ o, T | =0.260945

1
Ay = E(k1 + 2k, + 2k, + k) = 0.261344

Thus, y5 =y(0.6) =y, + Ay = 0.6841314.
Example 4. Use the Runge-Kutta fourth order method to find the value of y when x = 1
given that y = 1 when x = 0 (taking n = 2) and ﬂ =u. [U.P.T.U. (MCA) 2008]
dx y+x
y—x
Sol. Here, fle,y)=——,%,=0,y,=1,h=0.5
y+x
We have, ki=hf(xy,y,) =05

h k
k,=h +=,y,+—2|=0.333
2 f(xo 9 Yo 2)

k3:hf(x0 +%,y0 +k72) :03235

ky=hf(x,+h,y,+ks) =0.2258
Ay = %(k1 + 2k, + 2k + k,) = 0.3398

Thus, ¥y, =(0.5) =y, + Ay =1.3398,x, =x, +h = 0.5
Again, ky=hf(x,,y,) =0.22823

h k
k, =hf(x1 toon +?1) = 0.15969
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h k
k3=hf(x1 tgN +?2) = 0.15432
ky=hf(x, +h,y, +ky)=0.09906

Ay = %(k1 + 2k, + 2kg + k) = 0.159218

Thus, ¥y =y(1.0) =y, + Ay = 1.499018.
Example 5. Use Runge-Kutta method of fourth order to approximate y when x = 0.1
d
given thaty =1 at x = 0 and d—i =3x +y2 [U.P.T.U. MCA (C.0.) 2008]
Sol. Here, fle,y)=8x +y%4, h=0.1,x,=0,y,=1
We have, ki=hf(x,y,)=0.1

h ky
ky=hf|% *5:Y 5| =0.12525

h k
ky=hf| %0+, ¥+ 5 | =0.127917

Ry =hfxy+h,y, +ky) = 0.15722

1
Ay = E(k1 + 2k, + 2kg + k) = 0.127259

Thus, ¥(0.1) =y, + Ay = 1.127259.
Example 6. Find the value of y(1.1) using Runge-Kutta method of fourth order, given
d
that > =y +x, y(1) = 1.0, take h = 0.05. (G.B.T.U. 2011, 2012; M.T.U. 2013)
Sol. Here, fle,y)=y2+xy,2,=1,y,=1,h =0.05
We have, ky=hf(xy,y,=0.1

h ky
ky=hf|% *5,Y0 + 75 | =0.10894

h ks
ky=hf|% 5%+~ | =0.109637

ky=hfxy+h,y,+ky)=0.119821
1
Ay = E(kl + 2k, + 2kg + k) = 0.109496
Thus, ¥y, =y(1.05) =y, + Ay = 1.109496, x, = x, + h = 1.05
Again, ky=nhf(x;,y;) =0.119798

h ky
ky=hf|%1+5,01+5 | =0.13123

h ks,
ky=hf|*1 +§,y1 +? =0.13221

ky=hf(x, +h,y, +ky)=0.145385
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1
Ay = E(kl + 2ky + 2k; + k,) = 0.13201

Thus, Yo =y(1.1) =y, + Ay = 1.241506
Example 7. Use Runge-Kutta IV order method with h = 0.1 to find x(0.1) and x(0.2)

d
where d—: =t—x and x(0) = 0.

Sol. Here, fit,x)=t—x,t,=0,x,=0
ky=hf(ty,x) =0

; h ky
ky = hf 0+§,x0+? =0.005

; h ks,
kg = hf | %o +§,x0+7 =0.00475

ky = hf (£, + h, xy + k) = 0.009525
1
Av = 2k, + 2k, + 2k + k) = 0.0048375

Thus, x(0.1) = x, + Ax = 0.0048375,¢, =t, + h = 0.1
Again, ky = hf (t,, x,) = 0.00951625

k
k, = hf (tl +g,x1 +?1) =0.014040

h k

ky = hf (tl +—, %, +—2j =0.013814
2 2

ky=hf(t, +h, x, + ky) = 0.018135

1
Av = = (ky + 2k, + 2y + k) = 0.013893

Thus, x(0.2) = x; + Ax = 0.0187305.

Example 8. Solve the initial value problem u’ = — 2tu?, u(0) = 1 with h = 0.2 on the
interval [0, 0.4]. Use Runge-Kutta fourth order method and compare your result with exact

solution. [U.P.T.U. 2009, U.P.T.U. (MCA) 2006]
Sol. Here, fit,u)=-2tu® t;=0,uy=1,h=0.2
We have, ki=hf(ty,u,)=0
h k
ky = hf(to 5o +71J =-0.04

2
k,=hf(t,+h,u,+ky) =-0.0739715
. Au = —0.03846725
Thus, u, =u(0.2) = u; + Au = 0.9615328

h k
ky = hf (to oot +—2) =—0.038416
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Again, ky=hf(t,, uy) =—0.0739636
h k
ky = hf(tl +5, Uy +?1) =—-0.1025753

h
ks = hf (tl + 5 U+ %) =—0.0994255

k,=hf(t, +h,u, +ky)=-0.1189166
. Au = —0.0994803
Thus, u, = u(0.4) = u; + Au = 0.8620525
Absolute errors in numerical solutions are
€(0.2) = | 0.961539 — 0.961533 | = 0.000006
€(0.4) = | 0.862069 — 0.862053 | = 0.000016
Example 9. Using Runge-Kutta method of fourth order, find y(0.8) correct to 4 decimal

places if y’ =y — x2, y(0.6) = 1.7379, taking h = 0.1. (U.P.T.U. 2007)
Sol. Here, fle,y) =y —x% x,=0.6,h =0.1,y, = 1.7379
We have, ky = hflxy, y,) = h(y, —x,%) = 0.13779

h k k h)?
ko= (30 + 20+ 5] < {(yo ) (%+5] } = 01384295

h k k n?
k3=hf(x0 +§’y0 +72) :h |:(y0 +72)—(x0 +§) }

= 0.138461475
ky=hf(xy+h,y,+ky) = hl(y, + k) — (x, + )% = 0.1386361475

1
Ay =g (ky + 2k + 2y + k) = 0.138368

Thus, ¥y, =y0.7) =y, + Ay = 1.876268, x, = x, + h = 0.7
Now, x,=0.7,y, =y(0.7) = 1.876268, h = 0.1
Again, k= hflx;, y,) = h(y, — x,%) = 0.1386268
h k k A%
ko = hf (xl Tt ?1) = hl(yl + 51] - (xl + 5) } =0.13830814

2
k3=hf(x1+%,y1+%] =h {(3’1 +k72)—(x1 +%) }

= 0.138292207
ky=hflc, + b, y, + k) = hl(y, + ky) — (x; + h)?] = 0.1374560207

1
Ay = 8 (ky + 2ky + 2kg + k,) = 0.138213919
Thus, ¥y =5(0.8) =y, + Ay =2.0145, x, =x, + h = 0.8.
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1
Example 10. Solve: y’ = P y(0) =1 for x = 0.5 to x = 1 by Runge-Kutta method. Take
x+y
h=0.5.

1
Sol. Here, flix,y) = ——,x,=0,h=0.5,y,=1
x+y

We have, ky=hflxy, y)) =h ( 1 ] =0.5

X0t Yo
h k 1
ko= bz + 2y + F1) 2 p - 0.3333
9 f(xo 9 Yo 2\] ( h kl)
Xo+—+yg+—=
2
Ry = hf(xo +ﬁ,y0 +k—2) -h. 1 - 0.3529
2 2 (x +ﬁ+ +kZ)
0Ty Yo 9
1
ky=hf(x,+h,y,+k)=h =0.2698
2= Yo Fs (xg +h+yy +Fk3)
1
Ay:E(k1+2k2+2k3+k4)=0.3570
Thus, vy, =5(0.5) =y, + Ay =1.3570,x, =x,+ A = 0.5
Now, x,=0.5,y, =1.3570, h = 0.5
. h
Again, ky=hf(x;,y,) = 1t = 0.2692
k,=h (x +§ +ﬁ)_ h =0.2230
2_f 1 2’y1 9 x+ﬁ+y+h—-
179 7717 9
k,o=h (x +£ +k—2)_ h =0.2254
3_f 1 2,_)’1 9 x+ﬁ+y+k72_.
179 7717 9
k,=hf( h k)—+—01936
4 T T Yy R Cxthty thky
1
By = 5 Uky + 2hy + 2ky + k) = 0.2266
Thus, Yo=y(1) =y, + Ay =1.5836, x,=x,+h=1.

d
Example 11. If d_i =x + 2, use Runge-Kutta method of fouth order to find an approximate

value of y for x = 0.2 given that y = 1 when x = 0. (Take h = 0.1) (U.P.T.U. 2009)
Sol. Here, flx,y)=x+y%x,=0,y,=1,A=0.1
We have, ky=hf (xg, 5 = hlxy +y,%) =0.1

h k h k)
k. =hf(x0 +§,y0 +?1)=h{xo +§+(y0 +?1) } =0.11525

h k h ko \’
ky = hf(xo 5% +?2j: h{xo +§+(y0 +?2) } =0.116857
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k, = hf (g + R, yo + kg) = hlxy + h + (y, + kg)?] = 0.134737

1
Ay = (ky + 2k, + 2y + k) = 0116492

Thus, ¥, =y0.1) =y, + Ay =1.116492,x, =x,+ h = 0.1
Now, x,=0.1,y, =1.116492, h = 0.1
Again, ky = hf (x;,y,) = hx, + y,%) = 0.134655
h k h k)
ky = hf(xl PR +?1) = h{xl +§+(y1 +?1J } =0.155143
h k h ky )
ky= hf(xl PR +?2) =h {xl +§+(y1 +?2J } =0.157579

ky=hf(x;+h,y, +ky)=hlx; +h+(y, +ky)? =0.1823257
1
Ay = E(kl + 2k, + 2kg + k) = 0.15707

Thus, ¥, =5(0.2) =y, + Ay = 1.273562, x,=x, +h =0.2.

Example 12. Solve: Z—y =yz + X, % =xz +y; given that y(0) = 1, z(0) =- 1 for y(0.1),
X x

2(0.1).
Sol. Here, fi(x,y,2)=yz+x, f)(x,y,2) =xz +y
h=01,x,=0,y,=1,2z,=-1
ky = hify (e, 9, 29) = h (g 2+ %)) == 0.1
1 = hy(xy, ¥o, 2o) = h(xozo +y,)=0.1

h

ky= hfl(xo Yot 2 —IJ = —0.08525
2 2
h

1, = hf, (xo oY ] 0.09025

5 +— L2 + ) —0.0864173

h
Z3 = hfz (xo +§
k4 = hfl(xo +h,y0 +k3,20 +l3) = - 0.073048
L, = hfyxy + B, yo + kg, 2 + L) = 0.0822679

k l
s Yo +72,zo +§) = 0.090963125

k= %(k1 + 2k, + 2kg + k) = — 0.0860637

1
and I= 20+ 20+ 21, +1) = 0.0907823

Thus, ¥, =5(0.1) =y, + £ =1-0.0860637 = 0.9139363
2,=2(0.1) =2, +1=-1+0.0907823 = -0.9092176.
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10.

11.

ASSIGNMENT

Use Runge-Kutta method to approximate y when x =0.1 given that x =0 wheny =1 and
dy

- =Xx+y.

dx

: dy
Use Runge-Kutta Fourth order formula to find y(1.4) ify (1) = 2 and PRl Take 2 = 0.2.
Use Runge-Kutta method to find y when x = 1.2 in steps of 0.1 given that

dy
2 2, .2 _
e = ° +y4 and y(1)=1.5

(i) Write the main steps to be followed in using the Runge-Kutta method of fourth order to solve

d
an ordinary diff. equation of first order. Hence solve d_y =x% +y3,y(0) = 1 and step length
X

h = 0.1 up to three iterations.
(i1) State Runge-Kutta method of fourth order. Using this method, find the values of y(0.2), y(0.4)

d,
and y(0.6) for the following initial value problem d_y = x° — y3 with condition that y(0) = 1.
X

(U.P.T.U. 2015)
Use classical Runge-Kutta method of fourth order to find the numerical solution at x = 1.4 for

dy :
xSV y(1) = 0. Assume step size & = 0.2.
Given thaty’ =x2 —y, y(0) = 1, find ¥(0.1), y(0.2) using Runge-Kutta method of fourth order.

(i) Estimate y(1) if 2yy” = 2 and y(0) = 2 using Runge-Kutta method of fourth order by taking
h = 0.5. Also compare the result with exact value. (G.B.T.U. 2011)

(i) Estimate y (0.8) using Runge-Kutta method of fourth order (perform two iterations) for the
d
differential equation 2y d_i =x2,y (0) = 2. Also compare the result with exact value.

(G.B.T.U. 2013)

d 1
Using Runge-Kutta method, find y(0.2) given that d—y =3x + 5 y(0) = 1 taking ~ = 0.1.
x

d
Given that d_i =1 + xy; y(0) = 2. Using Runge-Kutta fourth order method, find y(0.1), ¥(0.2).

[G.B.T.U. MCA (SUM) 2010]

Use Runge-Kutta method of fourth order to solve the following differential equation in the interval
[0, 0.4]:

ﬂ: Y+ x
dx  y—x’ y(0)=1. Takeh =0.2. [G.B.T.U. (C.0.) 2011]

Using Runge-Kutta method of fourth order, solve the following differential equation:

2

5 with y(0)=1 atx=0.204. (G.B.T.U. 2010)

dy _y -
dx y2+x

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

552 A TEXTBOOK OF ENGINEERING MATHEMATICS
12. Use Runge-Kutta formula of fourth order to find the numerical solution at x = 0.6 and 0.8
for the differential equation y’ = \/x + ¥, y (0.4) = 0.41. Assume the step length 2 = 0.2.
[M.T.U. 2012, G.B.T.U. (MCA) 2011]
d
13. (i) Apply Runge-Kutta fourth order method to solve 10 d_z =x2+y2;y(0)=1for0<x<0.4 and
h=0.1. (G.B.T.U. 2013, 2011)
(i) Apply Runge-Kutta method of fourth order to solve the initial value problem:
5ﬂ=x2+y2, y(0)=1
dx
and find y in the interval 0 <x < 0.2, taking 2 = 0.1. (G.B.T.U. 2012)
14. Using Runge-Kutta method of fourth order, solve for y(0.1), ¥(0.2) and y(0.3) given that
¥y =xy +y2% y(0) =1 IM.T.U. (MCA) 2012, G.B.T.U. (C.0.) 2010}
2
15. Using fourth order Runge-Kutta method, solve the initial value problem d_%/ —x Z_y +y2=0
dx X
with initial conditions y = 1 and % = 0 when x = 0 in the interval [0, 0.2] and step size 2 = 0.1.
x
(M.T.U. 2013)
16. Solve % =x+2z, % =x —y2fory (0.1), z (0.1) given that y (0) = 2, z (0) = 1 by Runge-Kutta
X X
IV order method.
17. Given the initial value problem % 22xy . y(1)=3,
X x" =y
Find the numerical solution at x = 1.2 and x = 1.5 by using Runge-Kutta method of fourth order.
(U.P.T.U. 2014)
Answers
1. 1.11034 2. y(1.2) = 2.4921, y(1.4) = 3.2320
3. y(1.1) =1.8955, y(1.2) = 2.5041
4, (1) 1.118057, 1.291457, 1.584057 (1) 0.8456, 0.7510, 0.7015
5. (1.2)=0.246326, y(1.4) = 0.622751489
6. v(0.1)=0.9051627, y(0.2) = 0.8212695
7. (i) 2.0816705
(i) ¥(0.4) = 2.005326, y(0.8) = 2.042221; y(0.8) [Exact value] = 2.042221829
8. 1.1749 9. 2.110359, 2.24309
10. y(0.2) =1.23923, y(0.4) = 1.54892 11. 1.195999, 1.375269
12. y(0.6) = 0.61035, y (0.8) = 0.84899
13. (1) y(0.1) =1.0101, ¥(0.2) = 1.0206, y(0.3) = 1.0317, (0.4 ) = 1.0437
@) x: 0 0.1 0.2
y: 1 1.020475 1.04221
14. y(0.1) =1.1168873, y(0.2) = 1.2773914, y(0.3) = 1.50412
15. «x: 0 0.1 0.2
y: 1 0.995 0.98
16. 2.0845, 0.586.
17. y(1.2) =2.8233

y(1.5) = 2.39265
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10.
11.

12.

13.
14.

15.
16.
17.
18.
19.

20.

12.

TEST YOUR KNOWLEDGE

What do you mean by initial value problem? (U.P.T.U. 2014)
What do you mean by numerical differentiation? Explain in brief. (M.T.U. 2012)

X3
LetI= j f(x) dx where flx) is a third degree polynomial. Write the formula you will like to use
Xo

to find the approximate value of I. It is given that the data are equispaced. (M.T.U. 2012)
Derive Newton-Cote’s quadrature formula for numerical integration. (M. T.U. 2013)
, 1 15 1.3 15
Show thaty’ = —|Ay - = Ay + = A’y — — Ay + ... |. (M.T.U. 2013)
h 2 3 4
5.2
Calculate the value of L log, x dx by trapezoidal rule. (M.T.U. 2013)
Explain two types of errors in numerical differentiation. [M.T.U. (MCA) 2012]
6
Evaluate J. i 3 by using Simpson’s one-third rule. [M.T.U. (MCA) 2012]
0 1+x

Discuss and explain the working of Runge-Kutta’s II and IV order methods.
What is the disadvantage of Picard’s method?

Given the table:

X 0 0.5 1

y: 1 0.8 0.5

1
then find J‘ y dx by trapezoidal rule.
0

i (taking A = 1/4) by Simpson’s 1/3 rule.

1
Evaluate J.

0 1+x2

Derive Picard’s method of successive approximations.

Derive Simpson’s 1/3rd rule from Newton-Cote’s quadrature formula. Explain its limitations and
usefulness.

Derive Simpson’s 3/8th rule from Newton-Cote’s quadrature formula. (M. T.U. 2014)
Derive Trapezoidal rule from Newton-Cote’s quadrature formula.

What are the single-step and multi-step methods? Differentiate.

What do you mean by a boundary value problem?

Explain Milne’s Simpson predictor-corrector method for solution of an ordinary differential
equations numerically.
Write a short note on numerical differentiation.

Answers

Simpson’s 3/8th rule 6. 1.82765 8. 1.366173413 11. 0.775
0.7854.
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U.P.T.U., LUCKNOW NAS-301

B. Tech. [SEMESTER-III]

(ODD SEM.) THEORY EXAMINATION, 2014-2015
MATHEMATICS -III

(PAPER ID: 199320)

Time: 3 Hours Total Marks: 100

Note: Attempt All Questions. All Questions carry equal marks.

1. Attempt any four parts of the following: (5 x4 =20)

(a) State Cauchy-Riemann theorem for an analytic function. Test the analyticity of the
following function :

(x® =y +i (% +y®)
f(z): x2+y2
0

, if x#0and

, ifz=0
(b) State Cauchy-integral theorem for an analytic function. Verify this theorem by

integrating the function 23 + iz along the boundary of the rectangle with vertices
+1,-1,1,—1.

1
(c) Show that the function u = 5 log(x? + ¥2) is harmonic. Find the harmonic conjugate

of u.

(d) Evaluate the integral I =dz, around the boundary of the circle | z | = 2.

eZz
(z+1)
(e) Find the Taylor series expansion of the function tan™! z about the point z = /4.

cos? 30
0 5—4cos 20

2. Attempt any two parts of the following: (10 x 2 = 20)

(a) Find the Fourier transform of the following function flx) =1 -«2,if | x | <1 and
flx) =0, if |x| > 1.
(b) Using z-transform, solve the following difference equation

Y, .,—(2cos)Y, ,+Y, =7 with the conditions that Y, =5,Y, = 1.

(f) Evaluate the integral

(¢) State the convolution theorem for Fourier transform. Prove that the Fourier transform
of the convolution of the two functions is equal to the product of their Fourier
transforms.

3. Attempt any two parts of the following: (10 x 2 = 20)

(a) Define skewness and kurtosis of a distribution. The first four moments of a
distribution are 0, 2.5, 0.7, and 18.71. Find the coefficient of skewness and kurtosis.
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(b) Fit a second degree parabola to the following data:

x 1 2 3 4 5 6 7 8 9

y 2 6 7 8 10 11 8 13 5

(c) Define coefficient of correlation and regression. If 6 is the acute angle between the

2
1-r GxGy

two lines of regression then prove that tan 6 = R
r  o,+0y

wherer, o, o, have their usual meanings. Give the significance of the formula when
r=0andr==*1.
4. Attempt any two parts of the following: (10 x 2 = 20)

(a) Derive Newton-Raphson’s method to find a root of the equation flx) = 0. Prove that
this method has quadratic convergence.

(b) Apply Newton’s divided difference method to obtain an interpolatory polynomial for

the following data:
x 3 5 7 9 11 13
flx) 31 51 17 19 90 110

(c) Obtain Lagrange’s Interpolatory for the following data:

x 1 3 5 7 10

Ax) 13 31 25 37 101

Find the values of f{4) and f(8.5).
5. Attempt any two parts of the following: (10 x 2 = 20)
(a) Solve the following system of linear equations using Gauss-Seidel method
10x + 3y + 7z =41
3x + 20y + 17z = 101
x+ 19y + 23z = 201
Perform three iterations.
(b) State Simpson’s three-eighth rule. Using this rule, evaluate the following integral

6
J. x5 dx.
0 1+x

(c) State Runge-Kutta method of fourth order. Using this method, find the values of

v(0.2), y(0.4) and y(0.6) for the following initial value problem % = x% — y3 with
x
condition that y(0) = 1.
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U.P.T.U., LUCKNOW AS-303

B. Tech. [SEMESTER-III]

(ODD SEM.) THEORY EXAMINATION, 2014-2015
ENGINEERING MATHEMATICS -I1I

(PAPER ID: 990303)

Time: 3 Hours Total Marks: 100
UNIT-1
1. Answer any four from the following: 4 x5=20)
2 2
(@) If fiz) is a regular function of z, then prove that (8_2 + 8_2] |f2)|2=4 |f(2)]2
™ dy

(b) Find the analytic function f{z) = u + iv, given that v = e (x sin y + y cos y).

4 -3z
(c) Evaluate the following integral using Cauchy’s integral formula Jcm dz

where C is the circle |z| =

N | o

(d) Expand f(z) = forl<|z|<2.

(z-1(z-2)

(e) Determine the poles of the following function and residue at each pole:

22 22dz

flz) = —————— and hence evaluate J ———5 - whereC | z | =3.
(z-D"(z+2) C(z-1"(z+2)
2n do
(f) Evaluate J.o 9+ cos by contour integration in the complex plane.
UNIT-2
2. Answer any four from the following: (4 x5 =20)

(a) Find Fourier sine transform of flx) = L .
x

o 2
(b) Using Parseval’s identity, show that % =z
0 (x“+1) 4
Cu_ P . y
(c) Solve the equation m = 8—2, x>0, ¢t > 0 subject to the condition:
X
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. .. 1,0<x<1
@u=0whenx=0,£>0 (Ll)u={0,x21 when ¢ =0

(ii1) u(x, t) is bounded.
(d) Solve the difference equationy, , ; ~2y, ; =0,k >1,y, =1
(e) Find the Z-transform of sin ok, & > 0.

923
AFndZ!——F——.
P (Bz-1%(z-2)
Answer any four from the following: (4 x5 =20)

(a) Three urns contains 6 red, 4 black; 4 red, 6 black, 5 red, 5 black balls respectively.
One of the urns is selected at random and a ball is drawn from it. If the ball drawn
is red, find the probability that it is drawn from the first urn.

(b) Using Poisson distribution, find the probability that the ace of spades will be drawn
from a pack of well-shuffled cards at least once in 104 consecutive trials.

(¢) Find the mean and standard deviation of Normal distribution.

(d) A manufacturer of envelopes knows that the weight of the envelopes is normally
distributed with mean 1.9 gm and variance 0.01 square gm. Find how many envelopes
weighing (i) 2 gm or more, (i7) 2.1 gm or more, can be expected in a given packet of
1000 envelopes.

[Given: If t is the normal variable, then ¢(0 <¢<1) =0.3413 and ¢(0 <t <2) =0.4772]
(e) Find the moment generating function of Binomial distribution about its mean.
() If the probability density function of a random variable x is

flx) = Rx* '1-xP "1 0<x<1l,0>0,p>0
0, otherwise
Find £ and mean of x.
Answer any two from the following: (2 x 10 = 20)

(a) If an approximate root of the equation x(1 — log, x) = 0.5 lies between 0.1 and 0.2,
find the value of the root correct to three decimal places by Newton-Raphson method.

(b) Solve the system of equations
x+y+ 54z =110
27x + 6y —z =85
6x + 15y + 22 = 72
Using Gauss-Seidel iteration method.

(c) Find the cubic spline approximation for the function y = flx) from the following data,
given thaty, =y, =0

x -1 0 1 2

y -1 1 3 35
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5. Answer any two from the following: (2 x 10 = 20)
(a) The velocity V of a particle at distances from a point on its path is given by the table:
S 0 10 20 30 40 50 60 feet
\% 47 58 64 65 61 52 38 feet/sec

Estimate the time taken to travel 60 feet by using Simpson’s one-third rule. Compare
. . 3
the result with Simpson’s 3 rule.

(b) By applying the fourth order Runge-Kutta Method find y(0.2) from y’ =y —x, y(0) = 2
taking A = 0.1

d,
(c) The differential equation ﬁ =y — x? is satisfied by y(0) = 1, ¥(0.2) = 1.12186,

y(0.4) = 1.46820, y(0.6) = 1.7379. Compute the value of y(0.8) by Milne’s predictor-
corrector formula.
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U.P.T.U., LUCKNOW
B. Tech. (SEM. III) ODD SEMESTER THEORY AS-303
EXAMINATION 2013-2014
MATHEMATICS -III

(PAPER ID: 1226)

Time: 3 Hours Total Marks: 100

Note: Attempt all questions from each Section as indicated. The symbols have their usual meaning.

SECTION-A

1. Attempt all parts of this Section. Each part carries 2 marks: (2 x 10 = 20)
(a) Define Conformal Transformation.

2

(b) Find residue of flz) = 22— at the pole — 1.
z2°+3z+2

(c) Define Fourier Transform of a function flx).
(d) Find the Z-Transform of {a*}, £ > 0.
(e) Define coefficients of Skewniess.
(/) What is Total Probability Theorem?
(g) Define Spline Function.
1 1
(h) Show that 8= E2 - E 2.
(i) Define rate of convergence.
(/) What do you mean by initial value problem?

SECTION-B
2. Attempt any three parts of this Section. (10 x 3 = 30)
2
(a) State and prove Cauchy integral formula. Also evaluate § z+1 dz, where C is the
cz® -1
circle:
. .. 1
@]z-1|=1 @ |z]|==.
2
. . dy _ %y
(b) Using Fourier Transform, solve 5 = 8_2 ,—oo<x <oo, t>0;y(x,0)=flx).
X

(c) The first four moments of a distribution about the value ‘4’ of the variables are — 1.5,
17,—30 and 108. Find the moments about mean and about origin. Also find Skewness
and Kurtosis.
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(d) Use Gauss-Seidel method to solve the following system of simultaneous equations:
Y +4y +z=-17
x—2y—6z=14
x+6y=4
Perform four iterations.

d
(e) Given ﬁ =y —x,y(0) =2. Find y(0.1) and y(0.2) correct to four decimal places by

Runge-Kutta fourth order method.

SECTION-C

Note: All questions of this Section are compulsory. Attempt any two part from each question:
(5x2x5=50)

3. (a) Verify Cauchy’s theorem by integrating 23 along the boundary of a square with vertices
at1+i,1-i,—1+iand—-1-1i.

T cos 20
(b) Evaluate the following integral by using complex integration Jo 5+ 40056 de.

(c) Determine the analytic function f{z) = u + iv, in terms of z, whose real part is
e™ (x siny —y cos y).

4. (a) Find the Fourier transform of: F(x) = {(1)’ || 9; || i Z. Hence evaluate
. [~ sinap cos px . [Fsinp
il i} dp.
@) J._m . P @i1) _L p P

1
(b) Find the inverse Z-transform of: F(z) = m for

@) |z] <2 (i) 2< |z|<38 @) |z| > 3.
(c) Solve by Z-transform the difference equation:
Yerot 61+ 9, =28 vy =y, =0).
5. (a) State and prove Baye’s theorem.
(b) A continuous random variable X has a p.d.f. fix) = 3x2, 0 <x < 1. Find ¢ and b such

that:
(1) P(x <a) = P(x >a), and (i1) P(x > b) = 0.05.
(c) Fit a Poisson distribution to the following data and calculate theoretical frequencies:
Death 0 1 2 3
Frequencies 122 260 15 2

6. (a) Find a positive value of (17)3 correct to four decimal places by Newton-Raphson
method.
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(b) Obtain cubic spline for the following data:

X

0

1

2

3

flx)

1

2

32

244

With the end conditions M, = M, = 0 for (0, 1). Hence compute f(0.5).

(c) From the following table of half-yearly premium for policies maturing at different
ages, estimate the premium for policies maturing at age of 46.

Age

45

50

55

60

65

Premium (in rupees)

114.84

96.16

83.32

74.48

68.48

(a) The table given below reveals the velocity v’ of a body during the time ‘¢’ specified.
Find its acceleration at ¢t = 1.1.

t

1.0

1.1

1.2

1.3

1.4

v

43.1

47.7

52.1

56.4

60.8

(b) Evaluate jo

6

X

x+1

dx by Simpson’s 3/8" rule.

(c) Using Milne’s method, solve %: 1 + y2 with initial condition y(0) = 0, y(0.2) =

X

0.2027, y(0.4) = 0.4228, y(0.6) = 0.6841, obtain y(0.8).
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B. Tech. [SEMESTER III/IV]

THEORY EXAMINATION, 2013-2014
MATHEMATICS -III

Time: 3 Hours Total Marks: 100

Note: Attempt all questions.

1. Attempt any four parts of the question: (5 x4=20)
(a) Define analytic function. Discuss the analyticity of f{z) = Re(z®) in the complex plane.
(b) Show that v(x, y) = e™ (x cos y + y sin y) is harmonic. Find its harmonic conjugate.
(c) Integrate f(z) = Re(z) fromz=0toz = 1 + 2i.
(i) along straight line joiningz =0toz =1 + 2i.
(i) along the real axis from z = 0 to z = 1 and then along a line parallel to imaginary
axis fromz =1toz =1+ 2.

(d) Evaluate (1(;2';531;2 dz, where C is the circle|z — i| = 2 counter-clockwise.
z p—
(e) Find all Taylor and Laurent’s series expansion of the following function about z = 0:
—-2z+3
z)= 57—
R 22— 3z+2

de
3-2cosB+sin®

2n
(f) Use contour integration to evaluate j
0

2. Attempt any two parts of the following: (2 x 10 = 20)
(a) Define moment generating function. Why is it called moment generating function?

1
IfPX=x)= 2—x ,x=1,2,3,...find the moment generating function of x. Hence obtain

the variance.
(b) Determine the normal equation if the curve y = ax + bx? is fitted to the data (x;,y,),
1=1,2, ..., m. Hence fit this curve to the data:
X 1 2 3 4 5
y: 1.8 5.1 8.9 14.1 19.8

(c) Calculate the coefficient of correlation between the following ages of husband (x)
and wife (y) by taking 30 and 28 as assumed mean in case of x and y respectively:
x: 24 27 28 28 29 30 32 33 35 35 40

y: 18 20 22 25 22 28 28 30 27 30 32

3. Attempt any two parts of the following: (2 x 10 = 20)
(a) Out of 800 families with four children each, how many families would be expected to
have
(7) 2 boys and 2 girls (i1) at least one boy
(i17) no girl (iv) atmost two girls.

Assume equal probabilities for boys and girls.
563

www.cgaspirants.com


http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com
http://www.cgaspirants.com

www.cgaspirants.com

564 A TEXTBOOK OF ENGINEERING MATHEMATICS

(b) The groups of 100 people each were taken for testing the use of a vaccine. 15 persons
contracted the disease out of the inoculated persons, while 25 contracted the disease
in the other group. Test the efficiency of the vaccine using chi-square test. (the value
of 2 for one degree of freedom at 5% level of significance is 3.84)

(c) Calculate the trend values by the method of least square fit to a straight line and
hence estimate profit for 1981:
Year : 1971 1972 1973 1974 1975 1976 1977
Profit (in thousands) : 60 72 75 65 80 85 95

4. Attempt any four parts of the following:

(a) Explain Newton-Raphson method and use it to find the positive root of x* = x + 10
correct to three decimal places.

(b) Find the root of the equation 2x (1 —x2 + x) In x = x2 — 1 lying in the interval [0, 1]
using Regula-Falsi method.

1 2

(c) Prove that 1 + &%u? = (1 +§52j , where symbols have their usual meanings for
finite differences.

(d) Use Newton-Gregory formula to interpolate the value of y at x = 36 from the following
data:
X 21 25 29 33 37
y: 184 17.8 17.1 16.3 15.5

(e) Find f (x) as a polynomial in x for the following data using Newton’s divided difference
formula:
X -4 -1 0 2 5
flx) : 1245 33 5 9 1335

(/) Using Lagrange’s interpolation formula, find polynomial which takes the values 3,
12, 15, — 21 when x has the values 3, 2, 1, — 1.

5. Attempt any two parts of the following:

4 1 1
(a) Decompose A= |1 4 —2|inthe form LU, where L is lower triangular matrix and
3 2 -4

U is the upper triangular matrix and hence solve the system of equations:
dxy + x5 +x3=6
Xy +4xy—2x4 =4
3x, + 2x,—4x, =6
(b) (i) A slider in a machine moves along fixed straight rod. Its distances x(m) along
the rod are given at various times (sec.)
t: 1 1.1 1.2 1.3 1.4 1.5
X 16.40 19.01 21.96 25.29 29.03 33.21
Find the velocity of the slider at £ = 1.1 sec.

2
(1) Evaluate J‘ i (e~ sin 10¢) dt using Simpson’s rule with eight intervals.
0

(c) Given the initial value problem dy = 22xy 5,y(1) =3
X x—y

Find the numerical solution of x = 1.2 and x = 1.5 by using Runge-Kutta method of
fourth order.
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B. Tech. (SEM. III) ODD SEMESTER THEORY AS301
EXAMINATION, 2013-2014
MATHEMATICS -II1

Time: 3 Hours Total Marks: 100

Note: Attempt all questions from each Section as indicated. The symbols have their usual meaning.

SECTION-A
1. Attempt all parts of this Section. Each part carries 2 marks: (2 x 10 = 20)

(a) Find residue of flz) = 222—+1 at the pole z = — 1.
2 —z-2

(b) Define harmonic function.

(c) State Convolution theorem for Fourier Transform.
(d) Find the Z-Transform of {"C,}, 0 <k <n.

(e) Define coefficients of kurtosis.

(f) Define marginal and conditional distribution.

(g) Prove that: |(X, Y)| < |X|| |[Y]I-

(h) Define Abelian group.

(i) Define rate of convergence.

(/) Write the formula for Simpson’s 3/8 rule.

SECTION-B
Note: Attempt any three parts of this Section. (10 x 3 =30)
2. (a) Apply calculus residues t that: [~ %he% g 1.0
o calc S resi es 1o prove at: = — —-.
@) PPy w & prov 0 coshmx 2 2

B)IfF (p) = 1 tan~! l, then find flx).
c 9 p2

(c) Show that Poisson distribution is a limiting form of binomial distribution when p is
avery small and n is very large. Also find mean and variance of Poisson distribution.
(d) Ifp =plx) =p,+px +pyx? and g = qx) = Qo+ qx + g,x?, then the inner product is
defined by:
(0, @) =pyq, + P14, + Pog, for the vectors X, = 1 + 2x + 3x%, X, = 3 + bx + 5x2,
X, =2 + x + 8x2. Find the orthogonal vectors.
(e) Use Gauss-Seidel method to solve the following system of simultaneous equations:
83x + 11y — 4z = 95
Tx + 52y + 13z = 104
3x+8y+292="T1
Perform four iterations.
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SECTION-C

Note: All questions of this Section are compulsory. Attempt any two parts from each question:

(10 x 5 = 50)
3. (a) In a two-dimensional fluid flow, the stream function is

y=-— Y 5 find the velocity potential ®.
x“+y

(b) Expand fiz) =

m in Laurent series vaild for region:

@]z-1|>1 @Wo<|z-2|<1.
(c) State and prove Cauchy’s Theorem.

1
4. (a) Find Fourier cosine transform of 1 - and hence find Fourier sine Transform of 1
+x tx

923
(-2 (32—
(c) Solve by Z-transform the difference equation:
Vieo— 2V, 1+Y,=3k+5,y(0)=0,y(1)=1.
5. (a) In a certain factory manufacturing razor blades, there is a small chance of 0.002 for
any blade to be defective. The blades are supplied in packets of 10. Use suitable

distribution to calculate the approximate number of packets containing no defective,
one defective and two defective blades respectively in a consignment of 20,000 packets.

(b) Find the inverse Z-transform of F(z) =

(b) Find the moment generating function of the exponential distribution:

1
flx)= = e™*, 0 <x <o, c>0. Hence find its mean and S.D.
c

(c) Calculate the first four moments about the mean for the following data:
Class-interval: 0-10 10-20 20-30 30-40 40-50
Frequency: 10 20 40 20 10
6. (a) Examine the following vectors for linear dependence and find the relation, if it exists:
X,=(1,2,1),%X,=(3,1,5), X, =(3,-4,5).
(b) Let V be the vector space of all real valued continuous functions over R. Then show
that the solutions set W of the differential equation:

d’ d :
3—g+ 1Y _ 4y = 0, is a subspace of V.
dx dx
(c) Show that the intersection of any two subspaces of a vector space is also a space of
the same.

7. (a) Use Newton’s Divided difference formula to find flx) from the following data:
x: 0 1 2 4 5 6
f(x): 1 14 15 5 6 19
(b) Compute the rate of convergence of Newton-Raphson method.
(c) Apply Runge-Kutta fourth order method to find an approximate value of y when

x = 0.2, given that % = x + y with initial conditiony = 1 at x = 0.
x
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APPENDIX

Table 1: NORMAL TABLE

AREAS UNDER THE STANDARD NORMAL

2
1oz
CURVE = —— _[ e 2 dz
J2m Jo
z=0 z
z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 0714 0754
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 1141
0.3 1179 1217 1255 .1293 .1331 .1368 .1406 1443 .1480 1517
0.4 .1554 .1591 .1628 .1664 .1700 1736 1772 .1808 .1844 .1879
0.5 1915 .1950 .1985 2019 2054 2088 2123 2157 .2190 2224
0.6 2257 2291 2324 2357 2389 2422 2454 2485 2517 2549
0.7 2580 2611 .2642 2673 2704 2734 2764 2794 .2823 2852
0.8 2881 .2910 .2939 2967 2995 .3023 .3051 .3078 .3106 3133
0.9 .3159 .3186 3212 .3238 .3264 .3289 3315 .3340 .3365 .3389
1.0 3413 .3438 .3461 .3485 .3508 3531 .3554 3577 .3599 .3621
1.1 .3643 .3665 .3686 .3708 .8729 .3749 3770 .3790 .3810 .3830
1.2 .3849 .3869 .3888 .3907 .3925 .3944 .3962 .3980 .3997 4015
1.3 4032 .4049 4066 4082 4099 4115 4131 4147 4162 4177
1.4 4192 4207 4222 4236 4251 4255 4279 4292 .4306 4319
1.5 4332 4345 4357 4370 4382 4394 4406 4418 4429 4441
1.6 4452 4463 4474 4484 4495 4505 4515 4525 4535 4545
1.7 4554 4564 4573 4582 4591 .4599 4608 4616 4625 4633
1.8 4641 .4649 4656 4664 4671 4678 4686 4693 4699 4706
1.9 4713 4719 4726 4732 4738 4744 4750 4756 4761 4767
2.0 4772 4778 4783 4788 4793 4798 4803 4808 4812 4817
2.1 4821 4826 4830 4834 4838 4842 4846 4850 4854 4857
2.2 4861 .4864 4868 4871 4875 4878 4881 4884 4887 4890
2.3 4893 .4896 4898 4901 4904 4906 4909 4911 4913 4916
2.4 4918 .4920 4922 4925 4927 4929 4931 4932 4934 4936
2.5 4938 .4940 4941 4943 4945 4946 4948 4949 4951 4952
2.6 4953 4955 4956 4957 4959 4930 4961 4962 4963 4964
2.7 4965 4966 4967 4968 4969 4970 4971 4972 4973 4974
2.8 4974 4975 4976 4977 4977 4978 4979 4979 4980 4981
2.9 4981 4982 4982 4983 4984 4984 4985 4985 .4986 4986
3.0 4987 4987 4987 4988 4988 4989 14999 4989 4990 14990
3.1 4990 4991 4991 4991 4992 4992 4992 4992 4993 4993
3.2 4993 4993 4994 4994 4994 4994 4994 4995 4995 4995
3.3 4995 .4995 4995 4996 4996 4996 4996 4996 .4996 4997
3.4 4997 4997 4997 4997 4997 4997 4997 4997 4997 4998
3.5 4998 4998 4998 4998 4998 4998 4998 4998 4998 4998
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Table 2 : SIGNIFICANT VALUES t_ (o) OF t-DISTRIBUTION
(TWO TAIL AREAS) [I t | >t ()] =0

d.f. Probability (Level of Significance)
) 0.50 0.10 0.05 0.02 0.01 0.001
1 1.00 6.31 12.71 31.82 63.66 636.62
2 0.82 0.92 4.30 6.97 6.93 31.60
3 0.77 2.32 3.18 4.54 5.84 12.94
4 0.74 2.13 2.78 3.75 4.60 8.61
5 0.73 2.02 2.57 3.37 4.03 6.86
6 0.72 1.94 2.45 3.14 3.71 5.96
7 0.71 1.90 2.37 3.00 3.50 5.41
8 0.71 1.80 2.31 2.90 3.36 5.04
9 0.70 1.83 2.26 2.82 3.25 4.78
10 0.70 1.81 2.23 2.76 3.17 4.59
11 0.70 1.80 2.20 2.72 3.11 4.44
12 0.70 1.78 2.18 2.68 3.06 4.32
13 0.69 1.77 2.16 2.05 3.01 4.22
14 0.69 1.76 2.15 2.62 2.98 4.14
15 0.69 1.75 2.13 2.60 2.95 4.07
16 0.69 1.75 2.12 2.58 2.92 4.02
17 0.69 1.74 2.11 2.57 2.90 3.97
18 0.69 1.73 2.10 2.55 2.88 3.92
19 0.69 1.73 2.09 2.54 2.86 3.88
20 0.69 1.73 2.09 2.53 2.85 3.85
21 0.69 1.72 2.08 2.52 2.83 3.83
22 0.69 1.72 2.07 2.51 2.42 3.79
23 0.69 1.71 2.07 2.50 2.81 3.77
24 0.69 1.71 2.06 2.49 2.80 3.75
25 0.68 1.71 2.06 2.49 2.79 3.73
26 0.68 1.71 2.06 2.48 2.78 3.71
27 0.68 1.70 2.05 2.47 2.77 3.69
28 0.68 1.70 2.05 2.47 2.76 3.67
29 0.68 1.70 2.05 2.46 2.76 3.66
30 0.68 1.70 2.04 2.46 2.75 3.65
oo 0.67 1.65 1.96 2.33 2.58 3.29
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Table 3 : F-Distribution
Values of F for F-Distributions with 0.05 of the Area in the Right Tail

Degrees of freedom for numerator
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120

161
18.5
10.1
7.71
6.61
5.99
5.59
5.32
5.12
4.96
4.84
4.75
4.67
4.60
4.54
4.49
4.45
4.41
4.38
4.35
4.32
4.30
4.28
4.26
4.24
4.17
4.08
4.00
3.92
3.84

200
19.0
9.55
6.94
5.79
5.14
4.74
4.46
4.26
4.10
3.98
3.89
3.81
3.74
3.68
3.63
3.59
3.55
3.52
3.49
3.47
3.44
3.42
3.40
3.39
3.32
3.23
3.15
3.07
3.00

216
19.2
9.28
6.59
541
4.76
4.35
4.07
3.86
3.71
3.59
3.49
3.41
3.34
3.29
3.24
3.20
3.16
3.13
3.10
3.07
3.05
3.03
3.01
2.99
2.92
2.84
2.76
2.68
2.60

225
19.2
9.12
6.39
5.19
4.53
4.12
3.84
3.63
3.48
3.36
3.26
3.18
3.11
3.06
3.01
2.96
2.93
2.90
2.87
2.84
2.82
2.80
2.78
2.76
2.69
2.61
2.53
2.45
2.37

230
19.3
9.01
6.26
5.05
4.39
3.97
3.69
3.48
3.33
3.20
3.11
3.03
3.96
3.90
2.85
2.81
2.77
2.74
2.17
2.68
2.66
2.64
2.62
2.60
2.53
2.45
2.37
2.29
2.21

234
19.3
9.94
6.16
4.95
4.28
3.87
3.58
3.37
3.22
3.09
3.00
2.92
2.85
2.79
2.74
2.70
2.66
2.63
2.60
2.57
2.55
2.53
2.51
2.94
2.42
2.34
2.25
2.18
2.10

237
19.4
8.89
6.09
4.88
4.21
3.79
3.50
3.29
3.14
3.01
2.91
2.83
2.76
2.71
2.66
2.61
2.58
2.54
2.51
2.49
2.46
2.44
2.42
2.40
2.33
2.25
2.17
2.09
2.01

239
19.4
8.85
6.04
4.82
4.15
3.73
3.44
3.23
3.07
2.95
2.85
2.77
2.70
2.64
2.59
2.55
2.51
2.48
2.45
2.42
2.40
2.37
2.36
2.34
2.27
2.18
2.10
2.02
1.94

241
19.4
8.81
6.00
4.77
4.10
3.68
3.39
3.18
3.02
2.90
2.80
2.71
2.65
2.59
2.54
2.49
2.46
2.42
2.39
2.37
2.34
2.32
2.30
2.28
2.21
2.12
2.04
1.96
1.88

242
19.4
8.79
5.96
4.74
4.06
3.64
3.35
3.14
2.98
2.85
2.75
2.67
2.60
2.54
2.49
2.45
2.41
2.38
2.35
2.32
2.30
2.27
2.25
2.24
2.16
2.08
1.99
191
1.83

244
19.4
8.74
591
4.68
4.00
3.57
3.28
3.07
2.91
2.79
2.69
2.60
2.53
2.48
2.42
2.38
2.34
2.31
2.28
2.25
2.23
2.20
2.18
2.16
2.09
2.00
1.92
1.83
1.75

246
19.4
8.70
5.86
4.62
3.94
3.51
3.22
3.01
2.85
2.72
2.62
2.53
2.46
2.40
2.35
2.31
2.27
2.23
2.20
2.18
2.15
2.13
2.11
2.29
2.01
1.92
1.84
1.75
1.67

248
19.4
8.66
5.80
4.56
3.87
3.44
3.15
2.94
2.77
2.65
2.54
2.46
2.39
2.33
2.28
2.23
2.19
2.16
2.12
2.10
2.07
2.05
2.03
2.01
1.93
1.84
1.75
1.66
1.57

249
19.5
8.64
5.77
4.53
3.84
3.41
3.12
2.90
2.74
2.61
2.51
2.42
2.35
2.29
2.24
2.19
2.15
2.11
2.08
2.05
2.03
2.01
1.98
1.96
1.89
1.79
1.70
1.61
1.52

250
19.5
8.62
5.75
4.50
3.81
3.38
3.08
2.86
2.70
2.57
2.47
2.38
2.31
2.25
2.19
2.15
2.11
2.07
2.04
2.01
1.98
1.96
1.94
1.92
1.84
1.74
1.65
1.55
1.46

251
19.5
8.59
5.72
4.46
3.77
3.34
3.04
2.83
2.66
2.53
2.43
2.34
2.27
2.20
2.15
2.10
2.06
2.03
1.99
1.96
1.94
191
1.98
1.87
1.79
1.69
1.59
1.50
1.39

252
19.5
8.57
5.69
4.43
3.74
3.30
3.01
2.79
2.62
2.49
2.38
2.30
2.22
2.16
2.11
2.06
2.02
1.98
1.95
1.92
1.89
1.86
1.84
1.82
1.74
1.64
1.53
1.43
1.32

253
19.5
8.55
5.66
4.40
3.70
3.27
2.97
2.75
2.58
2.45
2.34
2.25
2.18
2.11
2.06
2.01
1.97
1.93
1.90
1.87
1.84
1.81
1.79
1.77
1.64
1.58
1.47
1.35
1.22

254
19.5
8.53
5.63
4.37
3.67
3.23
2.93
2.71
2.54
2.40
2.30
2.21
2.13
2.07
2.01
1.96
1.92
1.88
1.84
1.81
1.78
1.76
1.73
1.71
1.62
1.561
1.39
1.25
1.00
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Table 4 : CHI-SQUARE
Significant Values y2 (o) of Chi-Square Distribution Right Tail Areas
for Given Probability o,
P=P (2> () =a
And v is Degrees of Freedom (d.f.)

Degree of Probability (Level of Significance)
freedom (v)

0.99 0.95 0.50 0.10 0.05 0.02 0.01

1 .000157 .00393 .455 2.706 3.841 5.214 6.635
2 .0201 .103 1.386 4.605 5.991 7.824 9.210
3 115 .352 2.366 6.251 7.815 9.837 11.341
4 .297 711 3.357 7.779 9.488 11.668 13.277
5 .554 1.145 4.351 9.236 11.070 13.388 15.086
6 .872 2.635 5.348 10.645 12.592 15.033 16.812
7 1.239 2.167 6.346 12.017 14.067 16.622 18.475
8 1.646 2.733 7.344 13.362 15.507 18.168 20.090
9 2.088 3.325 8.343 14.684 16.919 19.679 21.669
10 2.558 3.940 9.340 15.987 18.307 21.161 23.209
11 3.053 4.575 10.341 17.275 19.675 22.618 24.725
12 3.571 5.226 11.340 18.549 21.026 24.054 26.217
13 4.107 5.892 12.340 19.812 22.362 25.472 217.688
14 4.660 6.571 13.339 21.064 23.685 26.873 29.141
15 4.229 7.261 14.339 22.307 24.996 28.259 30.578
16 5.812 7.962 15.338 23.542 26.296 29.633 32.000
17 6.408 8.672 15.338 24.769 27.587 30.995 33.409
18 7.015 9.390 17.338 25.989 28.869 32.346 34.805
19 7.633 10.117 18.338 27.204 30.144 33.687 36.191
20 8.260 10.851 19.337 28.412 31.410 35.020 37.566
21 8.897 11.591 20.337 29.615 32.671 36.343 38.932
22 9.542 12.338 21.337 30.813 33.924 37.659 40.289
23 10.196 13.091 22.337 32.007 35.172 38.968 41.638
24 10.856 13.848 23.337 32.196 36.415 40.270 42.980
25 11.524 14.611 24.337 34.382 37.65 41.566 44.314
26 12.198 15.379 25.336 35.363 38.885 41.856 45.642
27 12.879 16.151 26.336 36.741 40.113 41.140 46.963
28 13.565 16.928 27.336 37.916 41.337 45.419 48.278
29 14.256 17.708 28.336 39.087 42.557 46.693 49.588
30 14.933 18.493 29.336 40.256 43.773 47.962 50.892

Note. For degrees of freedom (v) greater than 30, the quantity 2)(2 —4/2v—1 may be used as a normal

variate with unit variance.
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